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Abstract. The paper is devoted to the integration of the loaded modified Korteweg-
de Vries equation in the class of rapidly decreasing functions. It is well known that
loaded differential equations in the literature are usually called equations containing in
the coefficients or in the right-hand side any functionals of the solution, in particular, the
values of the solution or its derivatives on manifolds of lower dimension. In this paper,
we consider the Cauchy problem for the loaded modified Korteweg-de Vries equation.
The problem is solved using the inverse scattering method, i.e. the evolution of the
scattering data of a non-self-adjoint Dirac operator is derived, the potential of which
is a solution to the loaded modified Korteweg-de Vries equation in the class of rapidly
decreasing functions. A specific example is given to illustrate the application of the
results obtained.

Keywords: loaded modified Korteweg-de Vries equation, Jost solutions, inverse scat-
tering problem, Gelfand-Levitan-Marchenko integral equation, evolution of scattering
data.

1. Introduction

The inverse scattering method (ISM) traces its origins to the work of
Gardner, Greene, Kruskal and Miura [19]. They managed to find a global
solution to the Cauchy problem for the Korteweg-de Vries (KdV) equation
by reducing it to the inverse scattering problem for the Sturm-Liouville
operator. In this direction, the following important result was obtained
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by V.E. Zakharov and A.B. Shabat [6]. They succeded to integrate the
nonlinear Schrodinger equation (NLS). Soon M. Wadati [30], relying on the
ideas of [6], proposed a method for solving the Cauchy problem for the
modified Korteweg-de Vries equation (mKdV):

ug + 6U2’LL$ + Ugzz = 0,

where subscripts denote the corresponding partial derivatives, u is a real
scalar function.

The mKdV equation can be applied in many areas, including Alfven
waves in collisionless plasma [21], hyperbolic surfaces [27], thin elastic rods
[25], etc. Due to the simple expression and rich physical application of
the mKdV equation, there are many results devoted to the integration of
this equation [3;8;11;15;24;31;34]. In addition, some authors have studied
in detail the more extensive form of the mKdV equation, for example,
the paired mKdV [28], the multicomponent form [26;32], and the matrix
form [12;18;29]. In the paper [22], a deformed mKdV equation with a
nonholonomic constraint in the form

1
Uy — 6UUy — Upgy = w(2,1), Wy — 2u (02(15) — w2)§ =0

is considered. V.E.Zakharov, L.A.Takhtadzhyan, L.D.Faddeev [5],
M. Ablowitz, D. Kaup, A. Newell and H. Sigur [17] showed that the ISM can
also be applied to the solution of the sine-Gordon equation. The application
of the ISM to the NLS equation, mKdV and sine-Gordon equations is based
on the scattering problem for the Dirac operator on the entire axis. The
inverse scattering problem for the Dirac operator on the whole axis was
studied in the papers [13;14].

In the works of A.M. Nakhushev [10] the most general definition of a
loaded equation is given and various loaded equations are classified in detail,
for example, loaded differential, loaded integral, loaded integro-differential,
loaded functional equations, etc., and numerous applications are described.
Among the works devoted to loaded equations, one should especially note
the works of A.M. Nakhushev [9;10], A.I. Kozhanov [7] and others.

Note that in the papers [16;20] the loaded KAV equation was studied in
the class of rapidly decreasing complex-valued and real-valued functions,
respectively.

In this paper, we study the loaded mKdV equation, namely, consider
the following equation

wp + 6uuy + Uy + y()u(0, t)uy(x,t) =0, (1.1)

where v(t) is a given continuously differentiable function. The equation
(1.1) is considered under the initial condition

u(z,0) = up(x) (1.2)
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where the initial function ug(z) (—oo < z < c0) has the following proper-
ties:
1) for some € > 0

/ lug(z)| 21l da < oo (1.3)
& —uo()
2) non-self-adjoint operator L(0) = i < dz d > has exactly 2V
—uo(r) —g;

eigen-values &;(0), £2(0),...,&n(0) with multiplicities m1(0), m2(0), ...,
mzN(O).

Suppose that the function u(z,t) has the required smoothness and tends
to its limits rather quickly as x — +oo i.e.

/°° Hu(x,t)
o | OxI

The main goal of this work is to obtain representations for the solution
u(x,t) of the problem (1.1) - (1.4) within the framework of the inverse
scattering method for the non-self-adjoint operator

L(t) =i ( %u(; ;‘)@”’t)d ) .

T dx

eXlldr < 00, j=0,1,2,3. (1.4)

2. Preliminaries

System of equations
LO)Y =&Y, —co<z <00 (2.1)
possesses Jost solutions with the following asymptotics

P, 8) ~ ( ; ) e
Imé =0,

, T — —00,

Imé =0, z— oo.

)
w@7>~(?>éw
¢@£)~<é>e4“ |

(Note that ¢ is not complex conjugation to ). For real {, pairs of vector
functions {p, ¢} and {w, w} are pairs of linearly independent solutions for
the system of equations (2.1). Therefore, the following relations take place:

o = a€)P + b€, } " wzﬂ&W+a®%} 23)
¢ =—a(&)v +b(&)P b=al@e+b&e | ’
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where a(§) = WH{g, v}, b(&) = W {p,¥}. It is easy to see that

a(€) + bE)° =1, a(€) = a(=€), b(&) =b(=E).

The coefficients a(§) and b(§) are continuous functions for Im¢& = 0 and
satisfy the asymptotic equalities:

a©) =1+0(Jg "), e =o(lg"), g o

The function (x,&) satisfies (see [1], p. 33) the following integral
representation

W(x, &) = ( ! > ¢ 4 /:O K (z,s) ¢ *ds, (2.4)
K (z,s)

KQ (.Z', S)
K (z,s) does not depend on ¢ and the equality

where K (z,s) = In the representation (2.4), the kernel

u(z) = —2K; (z,x) (2.5)
holds.

Theorem 1. ( [4] p. 311) If the function u(zx) satisfies condition (1.3),
then the Jost solutions p(x, &), ¥ (x,&) are analytic functions of the variable
& forIm¢& > —e.

Corollary 1. ( /4] p. 314) If the function u(x) satisfies condition (1.3),

then for each € > 0 there exists a constant C; such that |K(z,y)| <
C.e—s@ty),

Moreover, the function a(§) admits an analytic continuation to Im¢ >
—¢e and has the asymptotics below

a() =1 +O(’§‘_1), ‘f‘ — 00,

and has a finite number of (in the general case, multiple) zeros there.
Further, let us denote by m; the multiplicity of the root & of the equation
a(§) = 0. Nonreal zeros {gk}{le of the function a(§) are eigenvalues of the
operator L(0) in Im ¢ > 0. The eigenvalues of the operator L(0) in Im¢ < 0
coincide with the zeros of the function a(§). The zeros of the function a(&)
(a(€)) that lie in —e < Im& < 0 (0 < Im& < ¢) are not eigenvalues of the
operator L(0). So, the set {&, —§k}g:1 is the eigenvalues of the operator
L(0), and this operator has no other eigenvalues. The requirement that
there are no spectral singularities for the non-self-adjoint operator L(0)
means that the function a(§) does not have real zeros, i.e. a(§) #0, £ € R.
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Definition 1. Functions

(8) 0°

(:L‘ gk’) ( aé) ;o os=1,m,—1,

o,
are called associated functions to the eigenfunction p(x,&).

The associated functions to the eigenfunction ¢ (x, &) are defined simi-
larly.
The eigenfunctions and associated functions satisfy the equations

(s) (s) (s—1)
L Qp(l',é'k) = gk Cp(l',é'k) + s 801 (:L'aé.k)a

(0) .
©(x, &) = o(x,&), k=1,N, s=0,my—1.

There is such a chain of numbers {x&, x},..., x%, rl} that the relations

(2], [14])

xgk ZX[ v ' xé.k)a E=1,N, [=0,m;—1 (26)

hold.

Definition 2. Sequence of numbers {x§, X},..., X, 1} are called the
normalizing chain of the non-self-adjoint operator L(0).

The components of the kernel K(z,y) in the representation (2.4) for
y > x are solutions of the Gelfand - Levitan - Marchenko system of integral
equations

Kolavy) + [ Kias)F(s+ )ds =,

—-K(z,y) + F(x +y) + /OO Ky (z,s)F(s+y)ds =0,

where
o0 N mp— 1
1 1 d¥ [(z—&)™
— l&l? \© T Sk) " iz
F(x)_ o / dé. ZZ Z ka v— lV' dzV I: (Z) € 3 )
—00 k=1 v=0 2=k
rt(€) = E?) (Im¢| <€), a(z) is an analytic continuation of the function

a(€) to Imz > —e. Now the potential u(x) is determined from the equality
2.5).

—
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Definition 3. A set of quantities

{rt©. ¢eR & m&>0 x, k=T N; j=0,m—1}

is called the scattering data for the (2.1) system. .

3. Evolution of scattering data

Let the potential u(x,t) in the system of equations (2.1) be a solution
to the equation

g 4 6uPuy + Uppy = G(z,t), (3.1)
where G(x,t) = —y(t)u(0, t)uz(x, t).
Operator
Ao — 4383 4 2iu¢ Au€? + 2iugé — 2ud — ugy (3.2)
T\ —4u€? + 2iugé + 2uB + gy 4363 — 2ju%¢ '
satisfies the Lax relation
o . 0 —6uUy — Uppy
Therefore, the equation (3.1) can be rewritten as
L+ [L, Al = iR, (3.4)
0 -G
where R = a0
Differentiating the equality Ly = £p with respect to ¢, we obtain
Lip + Lot = St
which according to (3.4) can be rewritten as
(L = &) (¢t — Ap) = —iRep. (3.5)
Using the method of variation of constants, we can write
pr — Ap = a(x)y + B(z)p, (3.6)

where the functions a(x) and S(x) are to be defined. Then to determine
a(z) and f(x) we get

Magy + MByp = —Rop, (3.7)

1 0
WhereM—<0 _1>.
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To solve the equation (3.7), it is convenient to introduce the following
notation ¢ = ¥2 ) )= <¢2 ) According to (3.3) and the definition

P1 (1
of Wronskian, the following equalities are true

VMo ="My =a, $"Mp=p"Mp=0
Multiplying (3.7) by ¢7 and T, we get

TRy _ YTRy
Oy = ; ﬁm—_i-

a a

(3.8)

According to (3.2) for z — —oo we have

4483 . &3 .
@t—A¢—>—< 4025 42.053> (é) elg’““:<4205 >e’£x7

therefore, based on (3.6) for  — —oo, we have B(x) — 4i€3, a(z) — 0.
Hence, from (3.8) we can determine

L[ . L[
B(x) = —/ VT Rodx + 4i€3, o (z) = / oI Ry da.
a ) _so aJ_x
Thus, the equality (3.6) has the form
L[ AT I T -3
o — Ap = — @ Rodxy + | —— ' Rpdx 4+ 4i€° ) . (3.9)
aJ_o a J_
According to (2.3), the equality (3.9) takes the form

T

%&+mw—Am¢+w0=i/ T Ropda

+ (—i /_ 1 U Ro dx + 4¢§3> (atp + bip) .
Using (3.2) and passing in the last equality to the limit x — 400, we obtain
ay = — /OO VT Ry da, (3.10)
o0 ) b oo
by = — /_oo ¢TRpdx — - /_OO YT Ro dx + 8i€3b. (3.11)

dr™  bia — asb
Therefore, from the equality ;t e it follows that

(I2
drt ) 1 [
= 8T — a2/ G (¢1 + ¢3) da. (3.12)
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P2 (xvf) (0 (.%,f)

solutions of the equation (2.1), then their components satisfy the equalities

Lemma 1. If vector functions o = < 1 (,¢) > and ) = ( ¥ (2,€) ) are

/ G (11 + p2p2) dz = 0, (3.13)

|6+ ) do = 2igrtu.naleme). (3.14)

Proof. Indeed, using the formulas (1.4), (2.1), (2.2) and (2.3), we have

o0

/OO G (p191 + pat)o) dw = —V(t)U(O,t)/ ug (P11 + p21p2) dx

—00

= _ ngréofy(t)u(o,t) [u(x,t) (@191 + atb2) | ‘}jR
#0000 [ u (o + a0t + s + o) da
- _ R11—I>rcl>o () u(0, ) [u(z, t) (p191 + aths) ] ‘Ij

+7(1)u(0,) / (h (=0 + i€wa) + 0l (—¢h + i€a) + ¢ (V] + i€0n)

—0o0

R
i (¢4 + i€1) )do = — Tim y(0)u(0,8) [ul, 1) (orér + pota) ]|

Ligy(Hu(0, ) / (o182 + o1t da

—0o0

= — lim y(£)u(0,t) [u(z,t) (P11 + path2) + i€ (1102 + p1901) | ‘}jR = 0.

R—o0

The following integral is calculated in the same way:

/ G (¢ + ¢3) do = —'v(t)U(O,t)/ ug (o1 + ¢3) dz
= (ul0.8) u (2 + @3)| T+ 29(t)u(0,1) / (w1, + upagh) da

o

= 2’7(75)“(0775)/ [(—90/2 +ifpa) o1 + () +i€01) wé} dr =

- R
= 2i9(u(0,1) [ (orea) do = 2iEr(0u(0.0) Jim (pr0)|”

= 2iy(t)u(0,t)a () b(E) -
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Corollary 2. According to Lemma 1 and the equality (3.10), we have
a; = 0, therefore

mi(t) = my(0), &(t) =&(0), k=1,N. (3.15)
By (3.12) and (3.14) we have

dr+
% = (8¢ — 2i&y(t)u(0,t)) r™, (Imé| <e). (3.16)
Let us proceed to finding the evolution of the normalizing chain {Xg, X7,
B X%k—l} corresponding to the eigenvalue &,, n = 1,7N To do this, we
rewrite the equality (3.9) as

@t_A@:jl(/ G (o111 + pap2) dx ¢
oo ) (3.17)
_ / G (2 + ¢B) da w) + 4io.

-0
First, using the formulas (1.4) - (2.3), we calculate the following integral:

/1‘ G (o191 + patpa) dx = —~(t)u(0,1) /30 ug (P11 + p21p2) dx

—00 —00

T

= —7(1)u(0,1) lim u- (191 + pa¢ha)

T

+y(t)u(0,t) /_ u (P11 + 1) + Ohihe + paty) da

= =y (0)u(0, tyu(z, 1) (pri1 + p2tb) + if’y(t)U(O,t)/ (P19 + ) da

= —y(t)u(0, t)u(z,t) (w1391 + p2tp2) + 2i&y(t)u(0,t)p2r)r.

The following equality is shown in the same way:

/x G (9] +¢5) d = —y(t)u(0, t)u(z, t) (T + ©5) + 2iEy()u(0, t)p1p2.

—o0
Based on the above, the equality (3.17) can be rewritten as
1
o1 = Ap =~ ['Y(t)U(O, Hu(piy + 930 — patbap — p1e41p)

+2i&y(t)u(0,t) (p2vh1p — @1%2"@} +4i%p (3.18)

= 7(H)u(0,t)u ( _:512 > — 2i&y(t)u(0,1) < ?02 ) + 4ig? < il > '
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Differentiating the equality (3.18) (m,, — 1) times by £ and setting £ = &,,
we get

(mn_l)
0 n (mn—1) (mn—2) mp — 1 mp — 2 (mn—3)
aL_AO Pn _(mn_l)Al Pn _( )( )AZ $n  —
t 2
(my, — 1)(my, — 2)(my, —3) | (mn—4) - (7?0712;1)
— A3 ©n = V(t)u(ov t)u _
6 (mn—1)
P1in
, 0 , 0
=2i§y()u(0,1) | (ma—1) | — 2i(mn — D)y(H)u(0,2) | (m,.—2)
©2on Pon
i€ "3 11202y — 1) "8 11200 (my — 1)(my —2) "8+
iy, — 1) (i — 2)(mn —3) "0 Y, (3.19)

dl
where A; = @A‘gzg , 1=0,1,2,3. Using (1.4), (2.6), taking into account
Corollary 1 of Theorem 1, passing in the equality (3.19) to a redistribution

at x — oo and equating the coefficients at (?) (iz)! - en® | = m, —

1, my,—2,...,0, we get
d n
O (i€l — 20y (H)u(0,) x5,
d n
% = (8i&) — 2y (t)u(0,1)) xT + (24&5 — 2iy(£)u(0,1)) X0,
dxy , , n . : n
2 = (8igy = 2y ()u(0,)) X5 + (2465 — 2i7(£)u(0, 1)) X7
+24i&n X0, (3.20)
dx} . . N . , .
% = (8i&y — 2i&ny(t)u(0, 1)) x5 + (24i&) — 2iy(t)u(0,1)) x5
+24i&n X} + 8ix(
o

o = (8ign = 2i&(B)u(0,1)) 7' + (24i&5 — 20y (H)u(0,1)) i
+24i&px)e + 8ix)y, n=1,2,...,N, =4, 5....,m,—1
Thus, we have proved the following theorem.

Theorem 2. If the function u(z,t) is a solution to the problem (1.1) -
(1.4), then the scattering data of the non-self-adjoint operator L(t) with the
potential u(x,t) satisfy the differential equations (3.15), (3.16) and (3.20).

The obtained equalities completely determine the evolution of the scat-
tering data, which makes it possible to apply the inverse scattering method
to solve the problem (1.1) — (1.4).
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Example 1. Consider the following problem

wp + 6uy 4 Ugzr + Y(E)u (0, t)uy = 0, (3.21)
2
0) =—— 3.22
u(,0) ch2z’ ( )
2 +1

where v(£) = 2(t2 +1) + ———.
W) =2V T

It is not difficult to find the scattering data for the operator L(0):
N=1, r7(0)=0, &(0)=1i, x0(0)=2i.
By Theorem 1, we have
Q) =&(0)=d; rH(t) =0, xolt) = 2ie* 0,
where

ﬁ(t):/o ~(T)u(0, 7)dr.

Consequently F(z,t) = 2e(=2+8t+26(t) Solving the integral equation

Kilo) = Fo+y)+ [ [ Kalo2)F e+ )F(s +y)dsdz =0,
we can get
_ 2exp{—z—y+8t+253(1)}
14 exp{—4x + 16t +48(t)}
Whence we find the solution to the Cauchy problem (3.21) - (3.22)
2

ch2 (:c + arcsh

Ki(x,y)

u(z,t) =—

)

4. Conclusion

The article shows that the method of the inverse scattering problem
can be applied to the integration of the loaded mKdV equation in the
case of multiple eigenvalues of the corresponding spectral problem. Facts
from the theory of inverse problems for the non-self-adjoint Dirac operator
with multiple eigenvalues are presented. The evolution of the normalizing
chains for the associated functions of the non-self-adjoint Dirac operator is
determined.
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O6 wmHTerpupoBaHuUM HarpykeHHoro ypaBHeHusi MKaB B
KJiacce ObICTPOYObIBAIOMINX (DYyHKITUI

A. B. Xacanos!, V. A. Xourmeros?

L Camaprandckuti 2ocydapemesenmonti ynusepcumem, Camaprand, Pecnybauka Y3-
bexucman

2 Xopeamcroe omdesernue Hncmumyma mamemamury um. B. H. Pomarosckozo,
Vpeenuckuii 2ocydapcmeernnuili yrwusepcumem, Ypeenw, Pecnybauxa Ysbexucman

Awnnoranusi.  Pabora moCBsIllieHa WHTETPUPOBAHUIO HATPYZKEHHOTO MOIUMUIIADPO-
BaHHOTO ypaBHeHusi KopreBera — me ®Ppuza B Kiacce OBICTPOYOBIBAIOMINX (DYHKIHIA.
XOopoIIo M3BECTHO, UTO HATPYKEHHBIMU AuU(MOEPEHITNATLHBIMA YPABHEHUSIMA B JINTE-
paType IPHHSITO HA3BIBATH YPAaBHEHMsl, cOojeprKaliye B KOdddUImeHTax min B IIPaBoii
9aCcTh KaKne-aIn00 DYHKIIMOHAJBL OT PEIEHNs], B YJACTHOCTH 3HAYCHUS PEIICHNS WA €rO
MIPOM3BOHBIX HA MHOI00Opa3usiX MEHbIIEH pa3MepHOCTH. B HacTosieil paboTe paccMar-
puBaercs 3ama4da Ko s HarpykeHHOro MonuduinpoBaHHoro ypasuenusi Kopresera
— ne @pusa. ITocraBierHast 3aja4a peIaeTcst ¢ MOMOIIBIO METOIa OOPATHON 3a/a4u pac-
CesTHUS, T. €. BBIBOIUTCS IBOJIIOIUS JAHHBIX PACCEsHUsI HECAMOCOIIPSI?)KEHHOT'O OIIEPATOPA
Hupaka, OTEHIIA KOTOPOTO SIBJISIETCSI PEIIEHNEeM HATPYZKEHHOTO MOIU(MDUITTPOBAHHOTO
ypaBuenunsi Kopresera — ne @pusa B Kjacce ObicTpoybbiBatomux dyukmuit. [Ipusemen
KOHKPETHBIN MIPUMeD, WITIOCTPUPYIONIN TPUMEHEHHUE TIOTy Y€HHBIX PE3yJIbTATOB.

KiroueBble ciioBa: Harpy»keHHoe MoauduimpoBaHHoe ypasHeHue Kopresera —
e @pusa, pemenns Mocra, o6paTHas 3a1a4a TEOPHH PACCESHIS, THTEIPAILHOE YPABHE-
nue [enbdanga — JleButana — MapdeHKO, BOIONMS JAHHBIX PACCESTHUSI.
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