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Abstract. Dual techniques have been used in many engineering papers to deal with
singularity and ill-conditioning of the boundary element method (BEM). Our efforts are
paid to explore theoretical analysis, including error and stability analysis, to fill up the gap
between theory and computation. Our group provides the analysis for Laplace’s equation
in circular domains with circular holes and in this paper for elliptic domains with elliptic
holes. The explicit algebraic equations of the first kind and second kinds of the null
field method (NFM) and the interior field method (IFM) have been studied extensively.
Traditionally, the first and the second kinds of the NFM are used for the Dirichlet and
Neumann problems, respectively. To bypass the degenerate scales of Dirichlet problems,
the second and the first kinds of the NFM are used for the exterior and the interior
boundaries, simultaneously, called the dual null field method (DNFM) in this paper.
Optimal convergence rates and good stability for the DNFM can be achieved from our
analysis. This paper is the first part of the study and mostly concerns theoretical aspects;
the second part is expected to be devoted to numerical experiments.

Keywords: boundary element method, degenerate scales, elliptic domains, dual null
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1. Introduction

Dual techniques have been used in many engineering papers (see [1–3;
11]) to deal with singularity and ill-conditioning of the boundary element
method (BEM). However, it seems to be lack of strict analysis, including
error and stability analysis. In [6], the analysis for Laplace’s equation in
circular domains with circular holes is provided by our group, and this
paper is a continued study of [6] for Laplace’s equation on elliptic domains
with elliptic holes ( [9;12]) by the dual techniques. When the field nodes are
located on the exterior elliptic boundary, the degenerate scales of algorithm
singularity occurs at 𝑎+ 𝑏 = 2 [5], where 𝑎 and 𝑏 are two semi-axes of the
exterior ellipse. It is too complicated to find all pitfall nodes of the null
field method (NFM) causing algorithm singularity, as done in [5]. However,
when the field nodes are confined on the same ellipses, the degenerate scales
may be bypassed, see Section 2.2.

To guarantee the non-singularity of coefficient matrices obtained, other
numerical algorithms should be solicited. In [1], a self-regularized method
is proposed in the matrix level to deal with non-unique solutions of the
Neumann and Dirichlet problems which contain rigid body mode and de-
generate scale, respectively. In [3], they have examined the sufficient and
necessary condition of boundary integral formulation for the uniqueness so-
lution of 2D Laplace problem subject to the Dirichlet boundary condition by
five regularization techniques, namely hypersingular formulation, method
of adding a rigid body mode, rank promotion by adding the boundary
flux equilibrium (direct BEM), CHEEF method and the Fichera’s method
(indirect BEM).

The dual null field method (DNFM) is studied in this paper to avoid the
algorithm singularity. More importantly, the error analysis of the DNFM
can be made for elliptic domains with one elliptic hole to reach the optimal
convergent rates. The bounds of condition numbers of the DNFM of a
simple case are derived to display good stability. This paper with [6] may
shorten some gap between computation and theory of the dual null field
method (DNFM).

This paper is organized as follows. In the next section, for elliptic
domains with one elliptic hole, the null field method (NFM) are described,
and the degenerate scales are discussed. In Section 3, the dual techniques
of the the NFM and the interior field method (IFM) are proposed to remove
the degenerate scales. In Section 4, the analysis of errors and stability is
explored. In the last section, a few concluding remarks are made.

∗ The reported study was funded by the Ministry of Science and Technology (MOST),
Grant 109-2923-E-216-001-MY3 and RFBR, research project 20-51-S52003.
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Известия Иркутского государственного университета.
Серия «Математика». 2021. Т. 37. С. 47–62



DUAL NULL FIELD METHODS 49

2. The Null Field Methods in Elliptic Domains with Elliptic
holes

2.1. The First Kind of Null Field Method

The elliptic coordinates are defined in [10] by

𝑥 = 𝜎0 cosh 𝜌 cos 𝜃, 𝑦 = 𝜎0 sinh 𝜌 sin 𝜃, (2.1)

where 𝜎0 > 0 and two coordinates (𝜌, 𝜃) have the ranges: 0 ≤ 𝜌 < ∞ and
0 ≤ 𝜃 ≤ 2𝜋. Denote the large ellipse 𝑆𝑅 with 𝜌 = 𝑅, where the elliptic
coordinates (𝜌, 𝜃) are given by (2.1) with the origin (0, 0). Also denote a
small ellipse 𝑆𝑅1 ⊂ 𝑆𝑅 with 𝜌 = 𝑅1, where the other (i.e., local) elliptic
coordinates (𝜌, 𝜃) are given by

�̄� = 𝜎1 cosh 𝜌 cos 𝜃, 𝑦 = 𝜎1 sinh 𝜌 sin 𝜃, (2.2)

where 𝜎1 > 0. This Cartesian system (�̄�, 𝑦) with the origin (𝑥1, 𝑦1) is
rotated from the axis 𝑋, by a counter-clockwise angle Θ as in Figure 1.

Θ

X

Y

X̄ȲO

Ō

ρ = R

SR

SR1

Figure 1. The ellipse 𝑆𝑅 with an elliptic hole 𝑆𝑅1 .

Denote the annular domain by 𝑆 = 𝑆𝑅 ∖ 𝑆𝑅1 , and its boundary by
𝜕𝑆 = 𝜕𝑆𝑅 ∪ 𝜕𝑆𝑅1 . In this paper, consider the Dirichlet problem only,

Δ𝑢 =
𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑢

𝜕𝑦2
= 0 in 𝑆, (2.3)

𝑢 = 𝑓 on 𝜕𝑆𝑅, 𝑢 = 𝑔 on 𝜕𝑆𝑅1 , (2.4)

where 𝑓 and 𝑔 are the known functions. On the exterior elliptic boundary
𝜕𝑆𝑅, suppose that there exist the approximations of series expansions [9],

𝑢 = 𝑓 ≈ 𝑎0 +
𝑀∑︁
𝑘=1

{𝑎𝑘 cos 𝑘𝜃 + 𝑏𝑘 sin 𝑘𝜃} on 𝜕𝑆𝑅, (2.5)
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𝜕𝑢

𝜕𝜈
= 𝑓*𝜈 ≈ 1

𝜎0𝜏0(𝜃)

{︁
𝑝0 +

𝑀∑︁
𝑘=1

{𝑝𝑘 cos 𝑘𝜃 + 𝑞𝑘 sin 𝑘𝜃}
}︁

on 𝜕𝑆𝑅, (2.6)

where 𝑎𝑘, 𝑏𝑘, 𝑝𝑘 and 𝑞𝑘 are coefficients, and 𝜏0(𝜃) =
√︀

sinh2𝑅+ sin2 𝜃.
On the interior elliptic boundary 𝜕𝑆𝑅1 , similarly

�̄� = 𝑔 ≈ �̄�0 +

𝑁∑︁
𝑘=1

{�̄�𝑘 cos 𝑘𝜃 + �̄�𝑘 sin 𝑘𝜃} on 𝜕𝑆𝑅1 (2.7)

𝜕�̄�

𝜕𝜈
= −𝜕�̄�

𝜕𝜌
≈ 1

𝜎1𝜏1(𝜃)

{︃
𝑝0 +

𝑁∑︁
𝑘=1

{𝑝𝑘 cos 𝑘𝜃 + 𝑞𝑘 sin 𝑘𝜃}

}︃
on 𝜕𝑆𝑅1 , (2.8)

where �̄�𝑘, �̄�𝑘, 𝑝𝑘 and 𝑞𝑘 are coefficients, and 𝜏1(𝜃) =
√︀

sinh2𝑅1 + sin2 𝜃. For
the Dirichlet problem, the coefficients 𝑎𝑘 and 𝑏𝑘 in (2.5) and �̄�𝑘 and �̄�𝑘 in
(2.7) are known, but the coefficients 𝑝𝑘 and 𝑞𝑘 in (2.1) and 𝑝𝑘 and 𝑞𝑘 in
(2.8) are unknown to be sought.

In [9], we have derived two explicit algebraic equations of the first kind
NFM, ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃), ℒ𝑖𝑛𝑡(𝜌, 𝜃; 𝜌, 𝜃), and the interior solution 𝑢𝑀−𝑁 =
𝑢𝑀−𝑁 (𝜌, 𝜃; 𝜌, 𝜃) is also given. For the numerical computation of explicit
algebraic equations, the coordinate transformations between different el-
liptic coordinates are needed. In general, the axes of the small ellipse are
not along the 𝑋 and 𝑌 axes. The local Cartesian coordinates 𝑋 ′𝑂′𝑌 ′

are located from the standard Cartesian coordinates 𝑋𝑂𝑌 by rotating a
counter-clockwise angle Θ ∈ [0, 𝜋), see Figure 1. The explicit formulas
of the transformations between two different elliptic coordinates can refer
to [9].

2.2. Analysis of Degenerate Scales

Denote ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃) and ℒ𝑖𝑛𝑡(𝜌, 𝜃; 𝜌, 𝜃) simply by(︂
𝜌+ ln 𝜎0

2 𝜌+ ln 𝜎1
2

𝑅+ ln 𝜎0
2 𝑅1 + ln 𝜎1

2

)︂(︂
𝑝0
𝑝0

)︂
+

(︂
𝑓0
𝑔0

)︂
= 0⃗, (2.9)

where 𝑓0 and 𝑔0 are the remaining terms of algebraic equations without
𝑝0 and 𝑝0. For the IFM of 𝜌 = 𝑅 and 𝜌 = 𝑅1, the matrix singularity
occurs when 𝑅+ ln 𝜎0

2 = ln(𝑎+𝑏
2 ) = 0, which yields 𝑎+ 𝑏 = 2 of the exterior

boundary 𝜕𝑆𝑅 (see [9]). How about the degenerate scales for 𝑎+ 𝑏 ̸= 2 and
𝜌 ≥ 𝑅 of the NFM? In [5], all pitfall nodes causing algorithm singularity
are found for circular domains with one circular hole. For elliptic domains
with one elliptic hole, however, it is troublesome and complicated to find all
pitfall nodes. Degenerate Case III in [5] is less important in computation,
since the filed nodes are not located on the same exterior circular boundary
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to cause large condition numbers. In applications, it is strongly suggested
that the field nodes be located on the same ellipses in [5, Section 4.4].
Hence, the constant 𝜌 is confined in this paper. Denote the ellipse 𝜕𝑆𝜌 =
{(𝜌, 𝜃)|𝜌 = constant, 0 ≤ 𝜃 ≤ 2𝜋}, and all field nodes are located on 𝜕𝑆𝜌.
The global elliptic coordinates (𝜌, 𝜃) are defined in (2.1) with focus 𝜎0,
and the local elliptic coordinates (𝜌, 𝜃) in (2.2) with focus 𝜎1, where 𝑥1, 𝑦1
and Θ are parameters. If 𝜎1 = 𝜎0, 𝑥1 = 𝑦1 = 0 and Θ = 0, two elliptic
coordinates are identical (i.e., the same as (𝜌, 𝜃) = (𝜌, 𝜃)). Otherwise, they
are different. For two different elliptic coordinates, (𝜌, 𝜃) ̸= (𝜌, 𝜃), we have
the following proposition without proof.

Proposition 1. Suppose that constant 𝜌 (≥ 𝑅), 𝑎 + 𝑏 ̸= 2, and two
different elliptic coordinates, (𝜌, 𝜃) ̸= (𝜌, 𝜃), are used. When 𝑀 ≥ 2, there
exist no degenerate scales of the NFM.

When the same elliptic coordinates, i.e., (𝜌, 𝜃) = (𝜌, 𝜃) with 𝜎1 = 𝜎0 is
used, and suppose that 𝜌 = 𝑅, the degenerate scales of the IFM do occur at
𝑎++𝑏+ = 𝑎+𝑏 = 2, to coincide with the analysis in [9]. Then the degenerate
case with 𝑎 + 𝑏 = 2 is inevitable to cause the algorithm singularity. In
this case, to bypass degenerate scales is essential in computation, and the
advanced algorithms and the removal techniques are needed for Dirichlet
problems in real application. Our progress has been reported for circular
domains in [5; 6]. To deal with Dirichlet problems in elliptic domains, in
this paper we explore the application of dual techniques in [1; 2; 4; 11].

3. Dual Techniques

3.1. Second Kind of the NFM

For the dual techniques, we need the second kind Green formula of null
field nodes from [12],

𝜕

𝜕𝜈x

{︁∫︁
𝜕𝑆𝑅∪𝜕𝑆𝑅1

𝑈(x,y)
𝜕𝑢(y)

𝜕𝜈y
𝑑𝜎y −

∫︁
𝜕𝑆𝑅∪𝜕𝑆𝑅1

𝑢(y)
𝜕𝑈(x,y)

𝜕𝜈y
𝑑𝜎y

}︁
= 0,

x ∈ 𝑆𝑐, (3.1)

where two nodes x = 𝑄(𝑥, 𝑦) and y = 𝑃 (𝜉, 𝜂). Denote 𝜈 and 𝜈 as the
directions of 𝜃 = 𝑐𝑜𝑛𝑠𝑡 and 𝜃 = 𝑐𝑜𝑛𝑠𝑡, respectively, and 𝜂 and 𝜂 as the
angles of 𝜈 and 𝜈 from the 𝑋 axis, respectively. We have from [12]

tan 𝜂 =
tan 𝜃

tanh 𝜌
, 𝜂 = 𝜂∘ +Θ, tan 𝜂∘ =

tan 𝜃

tanh 𝜌
. (3.2)

Based on (3.1), two explicit exterior equations of second kind of the null
field method (simply as second kind NFM),

𝜕

𝜕𝜈
ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃) and

𝜕

𝜕𝜈*
ℒ𝑖𝑛𝑡(𝜌, 𝜃; 𝜌, 𝜃)
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are derived from [12], the explicit formulas are not given here.

3.2. Algorithms of Dual Null Field Methods

Traditionally, the first and the second kinds of the NFM are used for
the Dirichlet and Neumann problems, respectively, see [9; 12]. The first
kind NFM may also be applied to Neumann problems, and the numerical
performance is as good as that by the second kind NFM [9]. Hence, we may
also apply the second kind NFM for Dirichlet problems. When two kinds
of NFMs are applied for exterior and interior boundaries, there are four
types, I-I, II-II, I-II and II-I, where I and II denote the first and the second
kind NFM, respectively, and their appearances before and behind from “-”
denote the exterior and the interior boundaries, respectively. Type I-I is
studied in [9] already. For type I-II, ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃) and

𝜕
𝜕𝜈*ℒ𝑖𝑛𝑡 are denoted

as (︂
𝜌+ ln(𝜎0

2 ) 𝜌+ ln(𝜎1
2 )

0 0

)︂(︂
𝑝0
𝑝0

)︂
+

(︂
𝑓0
𝑔0

)︂
= 0⃗, (3.3)

and for II-II, 𝜕
𝜕𝜈ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃) and

𝜕
𝜕𝜈*ℒ𝑖𝑛𝑡 as

cos(𝜂 − 𝜂)

𝜎1𝜏1(𝜌, 𝜃)

(︃
1

𝜎0𝜏0(𝜌,𝜃)
cos(𝜂−𝜂)

𝜎1𝜏1(𝜌,𝜃)

0 0

)︃(︂
𝑝0
𝑝0

)︂
+

(︂
𝑓0
𝑔0

)︂
= 0⃗, (3.4)

where 𝑓0 and 𝑔0 are the remaining terms of algebraic equations without
𝑝0 and 𝑝0. Since there are no leading coefficients 𝑝0 and 𝑝0 in 𝜕

𝜕𝜈*ℒ𝑖𝑛𝑡,
the determinants of the matrices of 𝑝0 and 𝑝0 in (3.3) and (3.4) are zero,
and the algorithm singularity always happens. Only type II-I by using
𝜕
𝜕𝜈ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃) and ℒ𝑖𝑛𝑡(𝜌, 𝜃; 𝜌, 𝜃) is worthy to study. 𝜕

𝜕𝜈ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃)
and ℒ𝑖𝑛𝑡(𝜌, 𝜃; 𝜌, 𝜃) are denoted as(︂ 1

𝜎0𝜏0(𝜌,𝜃)
1

𝜎1𝜏1(𝜌,𝜃)
cos(𝜂 − 𝜂)

𝑅+ ln 𝜎0
2 𝑅1 + ln 𝜎1

2

)︂(︂
𝑝0
𝑝0

)︂
+

(︂
𝑓0
𝑔0

)︂
= 0⃗, (3.5)

or can be denoted as

𝒟𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃) = 0, ℒ𝑖𝑛𝑡(𝜌, 𝜃; 𝜌, 𝜃) = 0, (3.6)

which are called the dual null field method (DNFM) in this paper.
We provide their collocation equations for stability analysis given in

Section 4. Choose the uniform nodes on the same ellipses,

(𝜌, 𝜃) = (𝑅+ 𝜖, 𝑗Δ𝜃), 𝑗 = 0, 1, ..., 2𝑀, (3.7)

(𝜌, 𝜃) = (𝑅1 − 𝜖, 𝑗Δ𝜃), 𝑗 = 0, 1, ..., 2𝑁, (3.8)
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where 𝜖 ≥ 0, 0 < 𝜖 < 𝑅1, Δ𝜃 = 2𝜋
2𝑀+1 and Δ𝜃 = 2𝜋

2𝑁+1 . We obtain
2(𝑀 +𝑁) + 2 collocation equations of the NFM,

√
𝑤𝑗

𝑀
𝒟𝑒𝑥𝑡(𝑅+ 𝜖, 𝑗Δ𝜃; 𝜌𝑗 , 𝜃𝑗) =

√
𝑤𝑗

𝑀
𝑓(𝑗Δ𝜃), 𝑗 = 0, 1, ..., 2𝑀, (3.9)

√
𝑤𝑗ℒ𝑖𝑛𝑡(𝜌𝑗 , 𝜃𝑗 ;𝑅1 − 𝜖, 𝑗Δ𝜃) =

√
𝑤𝑗𝑔(𝑗Δ𝜃), 𝑗 = 0, 1, ..., 2𝑁, (3.10)

where the corresponding coordinates (𝜌𝑗 , 𝜃𝑗) and (𝜌𝑗 , 𝜃𝑗) can be evaluated
from (𝑅+𝜖, 𝑗Δ𝜃) and (𝑅1−𝜖, 𝑗Δ𝜃), based on the coordinate transformations
in [9]. The wights 𝑤0 = 1 and 𝑤𝑗 = 2 for 𝑗 ≥ 1. Eqs. (3.9) and (3.10)
are called the collocation Trefftz method (CTM). When 𝜌 = 𝑅, 𝜌 = 𝑅1,
𝜖 = 𝜖 = 0, and collocation equations of the NFM lead to those of the IFM.

3.3. Removal of Algorithm Singularity

Let us discuss the degenerate scales of the DNFM. We have a proposi-
tion, the proof is similar to Proposition 1 and is given next.

Proposition 2. For Laplace’s equation in elliptic domains with one ellip-
tic hole, when 𝑎+ 𝑏 = 2, there do not exist degenerate scales of the DNFM.
When 𝑎 + 𝑏 ̸= 2, the statement is true if constant 𝜌 (≥ 𝑅) and not small
𝑀 are chosen.

Proof. We have the zero determinant from (3.5),

|𝐷𝑢𝑎𝑙| =
⃒⃒⃒⃒ 1

𝜎0𝜏0(𝜌,𝜃)
1

𝜎1𝜏1(𝜌,𝜃)
cos(𝜂 − 𝜂)

𝑅+ ln 𝜎0
2 𝑅1 + ln 𝜎1

2

⃒⃒⃒⃒
=
𝑅1 + ln 𝜎1

2

𝜎0𝜏0(𝜌, 𝜃)
− (3.11)

−
𝑅+ ln 𝜎0

2

𝜎1𝜏1(𝜌, 𝜃)
cos(𝜂 − 𝜂) =

ln �̄�+�̄�
2

𝜎0𝜏0(𝜌, 𝜃)
−

ln 𝑎+𝑏
2

𝜎1𝜏1(𝜌, 𝜃)
cos(𝜂 − 𝜂) = 0.

When 𝑎+ 𝑏 = 2, we have

|𝐷𝑢𝑎𝑙| =
ln �̄�+�̄�

2

𝜎0𝜏0(𝜌, 𝜃)
< 0, (3.12)

since �̄�+�̄� < 𝑎+𝑏 = 2. Hence, the DNFMmay remove algorithm singularity
at 𝑎+ 𝑏 = 2 of the IFM. This confirms the first statement.

Next, for 𝑎+𝑏 ̸= 2, the exterior ellipse 𝜕𝑆𝜌 with constant 𝜌(≥ 𝑅) is fixed.
Then from (3.11), we have a nonlinear equation with respect to 𝜃 ∈ [0, 2𝜋],

Φ(𝜃) =
𝜎0𝜏0(𝜌, 𝜃)

𝜎1𝜏1(𝜌, 𝜃)
cos(𝜂 − 𝜂) =

ln �̄�+�̄�
2

ln 𝑎+𝑏
2

, 𝑎+ 𝑏 ̸= 2, (3.13)

For the given constant 𝜌, the coordinates (𝜌, 𝜃) via the transforation in [9]
are dependent only on variable 𝜃, and so is (𝜂 − 𝜂). The solutions 𝜃 from
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(3.13) are the roots of a nonlinear equation. In [0, 2𝜋], since the sign
changes of derivatives Φ′(𝜃) are finite, only a few roots exist. When 𝑀 is
not small (or even large), not all 𝜃 = 𝜃𝑗(𝑗 = 0, 1, ..., 2𝑀 + 1) are just equal
to the roots of (3.13). Then Eq. (3.11) does not always hold, to imply no
algorithm singularity of the DNFM.

Note that the degenerate case, 𝑎 + 𝑏 = 2 of the IFM, disappears in
the DNFM. Not only is the algorithm singularity bypassed, but also the
optimal stability as Cond = 𝑂(𝑀) can be achieved, see Section 4.2.

4. Analysis of Errors and Stability

4.1. Error Bounds

For simplicity, we only explore the analysis for elliptic domains with one
elliptic hole. The other mixed types of elliptic and circular boundaries with
circular and elliptic holes are similar. We also choose 𝜌 = 𝑅 and 𝜌 = 𝑅1,
and the original NFM is equivalent to the interior field method (IFM),
see [9, Section 4].

Since the DNFM 𝒟𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃) (or 𝜕
𝜕𝜈ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃)) at 𝜌 = 𝑅 and

ℒ𝑖𝑛𝑡(𝜌, 𝜃; 𝜌, 𝜃) at 𝜌 = 𝑅1 can be classified to the Trefftz methods, we will
follow the outlines of analysis in [9]. Define the energy

𝐼(𝑣) = 𝜔2

∫︁
𝜕𝑆𝑅

(𝑣𝜈 − 𝑓*𝜈 )
2𝑑𝑠+

∫︁
𝜕𝑆𝑅1

(𝑣 − 𝑔)2𝑑𝑠, (4.1)

where 𝑣 = 𝑢𝑀−𝑁 is given in [9]. The function 𝑔 is approximated in (2.7)
with known coefficients 𝑎𝑘 and �̄�𝑘, but the function 𝑓*𝜈 in (2.1) is still
unknown yet. The weight 𝜔 = 1

𝑀 is used to seek optimal convergence for
the mixed problems of the Dirichlet and the Neumann problems [7]. For
the Dirichlet problems, the coefficients 𝑝𝑘, 𝑞𝑘, 𝑝𝑘 and 𝑞𝑘 are unknowns, and
the total number is 2(𝑀 +𝑁 + 1). Denote the set of 𝑢*𝑀−𝑁 (𝜌, 𝜃; 𝜌, 𝜃) 1as
𝑉𝑀−𝑁 . The Trefftz method reads: To seek 𝑢𝑀−𝑁 such that

𝐼(𝑢𝑀−𝑁 ) = min
𝑣∈𝑉𝑀−𝑁

𝐼(𝑣). (4.2)

When there exists the numerical integration, Eq. (4.2) gives

𝐼(𝑢𝑀−𝑁 ) = min
𝑣∈𝑉𝑀−𝑁

𝐼(𝑣), (4.3)

where

𝐼(𝑣) = 𝜔2
̂︀∫︁
𝜕𝑆𝑅

(𝑣𝜈 − 𝑓*𝜈 )
2 𝑑𝑠+

̂︀∫︁
𝜕𝑆𝑅1

(𝑣 − 𝑔)2 𝑑𝑠, (4.4)

1 𝑢*
𝑀−𝑁 is the interior solution with true Fourier coefficients
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where ̂︀∫︀𝜕𝑆𝑅
and ̂︀∫︀𝜕𝑆𝑅1

are the approximations by the rules of numerical

integrals. For the DNFM, the collocation equations in Eqs. (3.9) and
(3.10) at 𝜖 = 𝜖 = 0 can be described as (4.3) with the trapezoidal rule.

From the solution, 𝑢*𝑀−𝑁 (𝜌, 𝜃; 𝜌, 𝜃), we have the derivatives and is given
in [8], the explicit formula is not given here.

Then, the remainders of solution derivatives on the exterior boundary
𝜕𝑆𝑅 are given as

𝜕

𝜕𝜈
(𝑢− 𝑢*𝑀−𝑁 ) =

𝜕

𝜕𝜈
(𝑢(𝑅, 𝜃; 𝜌, 𝜃)− 𝑢*𝑀−𝑁 (𝑅, 𝜃; 𝜌, 𝜃)) (4.5)

=
1

𝜎0𝜏0(𝑅, 𝜃)

{︁ ∞∑︁
𝑘=𝑀+1

𝑘𝑒−𝑘𝑅{𝑎𝑘 sinh 𝑘𝑅 cos 𝑘𝜃 + 𝑏𝑘 cosh 𝑘𝑅 sin 𝑘𝜃}

+
∞∑︁

𝑘=𝑀+1

𝑒−𝑘𝑅{𝑝𝑘 sinh 𝑘𝑅 cos 𝑘𝜃 + 𝑞𝑘 cosh 𝑘𝑅 sin 𝑘𝜃}
}︁

− 1

𝜎1𝜏1(𝜌, 𝜃)

{︁ ∞∑︁
𝑘=𝑁+1

𝑘𝑒−𝑘𝜌{�̄�𝑘 sinh 𝑘𝑅1 cos[𝑘𝜃 − 𝜂 + 𝜂]

+�̄�𝑘 cosh 𝑘𝑅1 sin[𝑘𝜃 + 𝜂 − 𝜂]}

+
∞∑︁

𝑘=𝑁+1

𝑒−𝑘𝜌{𝑝𝑘 cosh 𝑘𝑅1 cos[𝑘𝜃 − 𝜂 + 𝜂] + 𝑞𝑘 sinh 𝑘𝑅1 sin[𝑘𝜃 + 𝜂 − 𝜂]}
}︁
.

We cite the following lemma from [8].

Lemma 1. Suppose 𝑢∈𝐻𝑝(𝜕𝑆𝑅), 𝑢𝜈 ∈ 𝐻𝑝−1(𝜕𝑆𝑅) (𝑝 ≥ 2), 𝑢∈𝐻𝜎(𝜕𝑆𝑅1)
and 𝑢𝜈 ∈ 𝐻𝜎−1(𝜕𝑆𝑅1) (𝜎 ≥ 2). Then there exist the bounds of the remain-
ders of,⃦⃦⃦ 𝜕

𝜕𝜈
(𝑢− 𝑢*𝑀−𝑁 )

⃦⃦⃦
0,𝜕𝑆𝑅

≤ 𝐶
{︁ 1

𝑀 (𝑝−1)
(‖𝑢‖𝑝,𝜕𝑆𝑅

+ ‖𝑢𝜈‖𝑝−1,𝜕𝑆𝑅
)

+
1

𝑁 (𝜎−1)
(‖𝑢‖𝜎,𝜕𝑆𝑅1

+ ‖𝑢𝜈‖𝜎−1,𝜕𝑆𝑅1
)
}︁
, (4.6)

‖𝑢− 𝑢*𝑀−𝑁‖0,𝜕𝑆𝑅1
≤ 𝐶

{︁ 1

𝑀𝑝
(‖𝑢‖𝑝,𝜕𝑆𝑅

+ ‖𝑢𝜈‖𝑝−1,𝜕𝑆𝑅
)

+
1

𝑁𝜎
(‖𝑢‖𝜎,𝜕𝑆𝑅1

+ ‖𝑢𝜈‖𝜎−1,𝜕𝑆𝑅1
)
}︁
, (4.7)

where all coefficients in 𝑢*𝑀−𝑁 and 𝜕
𝜕𝜈𝑢

*
𝑀−𝑁 are the true Fourier coeffi-

cients, and 𝐶 is a constant independent of 𝑀 and 𝑁 .

Define the norm ‖𝑣‖*0 =
√︁
𝜔2
∫︀
𝜕𝑆𝑅

𝑣2𝜈𝑑𝑠+
∫︀
𝜕𝑆𝑅1

𝑣2𝑑𝑠, we have the fol-

lowing theorem.
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Theorem 1. Let the conditions in Lemma 1 hold, and the exact co-
efficients of the Dirichlet conditions in (2.5) and (2.7) be given. Then
the solutions from the DNFM 𝜕

𝜕𝜈ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃) and ℒ𝑖𝑛𝑡(𝜌, 𝜃; 𝜌, 𝜃) have the
following bound,

‖𝑢− 𝑢𝑀−𝑁‖*0,Γ ≤ 𝐶
{︁ 1

𝑀𝑝
(‖𝑢‖𝑝,𝜕𝑆𝑅

+ ‖𝑢𝜈‖𝑝−1,𝜕𝑆𝑅
) (4.8)

+
1

𝑁𝜎
(‖𝑢‖𝜎,𝜕𝑆𝑅1

+ ‖𝑢𝜈‖𝜎−1,𝜕𝑆𝑅1
)
}︁
.

Proof. For the exterior boundary condition (2.1), denote

�̂�𝑢𝑀 (𝜕𝑆𝑅) =
1

𝜎0𝜏0(𝜃)

{︃
𝑝0 +

𝑀∑︁
𝑘=1

{𝑝𝑘 cos 𝑘𝜃 + 𝑞𝑘 sin 𝑘𝜃}

}︃
, (4.9)

�̂�𝑢∞(𝜕𝑆𝑅) =
1

𝜎0𝜏0(𝜃)

{︃
𝑝0 +

∞∑︁
𝑘=1

{𝑝𝑘 cos 𝑘𝜃 + 𝑞𝑘 sin 𝑘𝜃}

}︃
, (4.10)

where coefficients 𝑝𝑘 and 𝑞𝑘 are the true Fourier coefficients. The remainder
is given by

�̂�𝑅𝑢𝑀 = �̂�𝑢∞(𝜕𝑆𝑅)− �̂�𝑢𝑀 (𝜕𝑆𝑅) =
1

𝜎0𝜏0(𝜃)

∞∑︁
𝑘=𝑀+1

{𝑝𝑘 cos 𝑘𝜃+ 𝑞𝑘 sin 𝑘𝜃}.

From [8] we have

‖�̂�𝑅𝑢𝑀‖0,𝜕𝑆𝑅
= ‖(�̂�𝑢∞ − �̂�𝑢𝑀 )‖0,𝜕𝑆𝑅

≤ 𝐶
1

𝑀𝑝−1
‖𝑢𝜈‖𝑝−1,𝜕𝑆𝑅

.

Since 𝑔 = �̂�𝑢𝑀 and 𝑢𝜈 = 𝑓*𝜈 = �̂�𝑢∞, we have from (4.1),

‖𝑢− 𝑣‖*0 =
{︁
𝜔2

∫︁
𝜕𝑆𝑅

(𝑢𝜈 − 𝑣𝜈 − (�̂�𝑢∞ − �̂�𝑢𝑀 ))2𝑑𝑠+

∫︁
𝜕𝑆𝑅1

(𝑢− 𝑣)2𝑑𝑠
}︁ 1

2
.

From (4.2) we have

‖𝑢−𝑢𝑀−𝑁‖*0 ≤ inf
𝑣∈𝑉𝑀−𝑁

{︁
𝜔‖𝑢𝜈−𝑣𝜈−(�̂�𝑢∞−�̂�𝑢𝑀 )‖0,𝜕𝑆𝑅

+‖𝑢−𝑣‖0,𝜕𝑆𝑅1

}︁
.

Let 𝑢 = 𝑢*𝑀−𝑁 and 𝜔 = 1
𝑀 , where 𝑢*𝑀−𝑁 is the interior solution given in [9]

with true Fourier coefficients. We have

‖𝑢− 𝑢𝑀−𝑁‖*0 ≤ 𝐶
{︁ 1

𝑀
{‖�̂�𝑅𝑢𝑀‖0,𝜕𝑆𝑅

+
⃦⃦⃦ 𝜕
𝜕𝜈

(𝑢− 𝑢*𝑀−𝑁 )
⃦⃦⃦
0,𝜕𝑆𝑅

}

+‖𝑢− 𝑢*𝑀−𝑁‖0,𝜕𝑆𝑅1

}︁
. (4.11)
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Eq. (4.8) follows from Lemma 1 and (4.11).

4.2. Condition Numbers

We choose 𝜌 = 𝑅 and 𝜌 = 𝑅1. For simplicity, consider the simple case:
(1) the symmetric cases 𝑞𝑘 = 𝑞𝑘 = 0 and 𝑀 = 𝑁 , and (2) the same elliptic
coordinates with (𝜌, 𝜃) = (𝜌, 𝜃) are used, i.e., 𝜎0 = 𝜎1, 𝑥1 = 𝑦1 = 0,Θ = 0
and 𝜂 = 𝜂. We obtain from 𝜕

𝜕𝜈ℒ𝑒𝑥𝑡(𝜌, 𝜃; 𝜌, 𝜃) at 𝜌 = 𝑅,

𝒟𝑒𝑥𝑡(𝜌, 𝜃) =
1

𝜎0𝜏0(𝑅, 𝜃)

{︁
− (𝑝0 + 𝑝0)−

𝑀∑︁
𝑘=1

𝑝𝑘𝑒
−𝑘𝜌 cosh 𝑘𝑅 cos 𝑘𝜃

−
𝑁∑︁
𝑘=1

𝑝𝑘𝑒
−𝑘𝑅 cosh 𝑘𝑅1 cos 𝑘𝜃}+

𝑀∑︁
𝑘=1

𝑎𝑘𝑘𝑒
−𝑘𝑅 sinh 𝑘𝑅 cos 𝑘𝜃

−
𝑁∑︁
𝑘=1

�̄�𝑘𝑘𝑒
−𝑘𝑅 sinh 𝑘𝑅1 cos 𝑘𝜃

}︁
= 0, (4.12)

and ℒ𝑖𝑛𝑡(𝜌, 𝜃; 𝜌, 𝜃) at 𝜌 = 𝑅1,

ℒ𝑖𝑛𝑡(𝜌, 𝜃) = −[𝑅+ ln(
𝜎0
2
)]𝑝0 +

𝑀∑︁
𝑘=1

𝑝𝑘
𝑘
𝑒−𝑘𝑅 cosh 𝑘𝑅1 cos 𝑘𝜃 (4.13)

−[𝑅1 + ln(
𝜎0
2
)]𝑝0 +

𝑁∑︁
𝑘=1

𝑝𝑘
𝑘
𝑒−𝑘𝑅1 cosh 𝑘𝑅1 cos 𝑘𝜃

+𝑎0 − �̄�0 +

𝑀∑︁
𝑘=1

𝑎𝑘𝑒
−𝑘𝑅 cosh 𝑘𝑅1 cos 𝑘𝜃 −

𝑁∑︁
𝑘=1

�̄�𝑘𝑒
−𝑘𝑅1 cosh 𝑘𝜌 cos 𝑘𝜃 = 0.

Eqs. (4.12) and (4.13) lead to

𝑝0 + 𝑝0 +

𝑀∑︁
𝑘=1

(𝑝𝑘𝑒
−𝑘𝑅 cosh 𝑘𝑅+ 𝑝𝑘𝑒

−𝑘𝑅 cosh 𝑘𝑅1) cos 𝑘𝜃 = 𝑓1(𝜃), (4.14)

−[𝑅+ ln(
𝜎0
2
)]𝑝0 − [𝑅1 + ln(

𝜎0
2
)]𝑝0 (4.15)

+
𝑀∑︁
𝑘=1

(
𝑝𝑘
𝑘
𝑒−𝑘𝑅 cosh 𝑘𝑅1 +

𝑝𝑘
𝑘
𝑒−𝑘𝑅1 cosh 𝑘𝑅1) cos 𝑘𝜃 = 𝑔1(𝜃),

where 𝑓1 and 𝑔1 are the remaining terms of algebraic equations without 𝑝𝑘
and 𝑝𝑘.

Below, we give the stability analysis. For the collocation equations in
(3.9) and (3.10) at 𝜖 = 𝜖 = 0, define the matrices B𝑘 ∈ R2×2 such that

B0 =

(︂
1
𝑀

1
𝑀

−[𝑅+ ln 𝜎0
2 ] −[𝑅1 + ln 𝜎0

2 ]

)︂
, (4.16)
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B𝑘 =

(︂
1
𝑀 𝑒−𝑘𝑅 cosh 𝑘𝑅 1

𝑀 𝑒−𝑘𝑅 cosh 𝑘𝑅1
1
𝑘𝑒

−𝑘𝑅 cosh 𝑘𝑅1
1
𝑘𝑒

−𝑘𝑅1 cosh 𝑘𝑅1

)︂
, 𝑘 = 1, 2, ...,𝑀. (4.17)

Lemma 2. For the symmetric matrix B𝑘 (𝑘 ≥ 1) in (4.17), two singular
values 𝜎±𝑘 have the bounds,

𝜎+𝑘 ≤ 𝐶
1

𝑘
, 𝜎−𝑘 ≥ 𝑐0

1

𝑀
, (4.18)

where 𝐶 and 𝑐0 (> 0) are two constants independent of 𝑀 .

Proof. The determinant of (4.17) is given by

Det(B𝑘) =
𝑡𝑘
𝑘𝑀

, (4.19)

where

𝑡𝑘 = 𝑒−𝑘𝑅 cosh 𝑘𝑅1(𝑒
−𝑘𝑅1 cosh 𝑘𝑅− 𝑒−𝑘𝑅 cosh 𝑘𝑅1) > 0, 𝑘 = 1, 2, ...,𝑀.

Since matrices B𝑘 are symmetric, we may seek their eigenvalues. Two
eigenvalues satisfy

𝜆+𝑘 + 𝜆−𝑘 =
1

𝑀
𝑒−𝑘𝑅 cosh 𝑘𝑅+

1

𝑘
𝑒−𝑘𝑅1 cosh 𝑘𝑅1 > 0 (4.20)

𝜆+𝑘 𝜆
−
𝑘 = Det(B𝑘) > 0. (4.21)

We conclude that 𝜆±𝑘 > 0, and that the symmetric matrices B𝑘 are also
positive definite. Hence, we have from (4.20)

𝜆+𝑘 < 𝜆+𝑘 + 𝜆−𝑘 =
1

𝑀
𝑒−𝑘𝑅 cosh 𝑘𝑅+

1

𝑘
𝑒−𝑘𝑅1 cosh 𝑘𝑅1 ≤ 𝐶

1

𝑘
, (4.22)

and then from (4.21)

𝜆−𝑘 =
𝑡𝑘

𝑘𝑀𝜆+𝑘
≥ 𝑐0

1

𝑀
. (4.23)

Since the symmetric matrices B𝑘 are also positive definite, their eigenvalues
and singular values are the same. The desired results (4.18) are obtained
from (4.22) and (4.23).

Lemma 3. For matrix B0 in (4.16), two singular values 𝜎±0 have the
bounds,

𝜎+0 ≤ 𝐶, 𝜎−0 ≥ 𝑐0
1

𝑀
. (4.24)

Denote the matrix B = Diag{B0,B1, ...,B𝑀} ∈ R𝑛×𝑛 with 𝑛 = 2𝑀 +2.
By following the arguments in [9], we have the following lemma.
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Lemma 4. There exist the bounds,

𝜎max(A) ≤ 𝐶
√
𝑀𝜎max(B), 𝜎min(A) ≥ 𝑐0

√
𝑀𝜎min(B).

Theorem 2. Under the simple case of elliptic domains with one elliptic
hole, for the DNFM (3.9) and (3.10) at 𝜖 = 𝜖 = 0, there exist the bounds,

Cond(A) = 𝑂(𝑀). (4.25)

Proof. From Lemmas 2-4, we have

𝜎max(A) ≤ 𝐶
√
𝑀𝜎max(B) ≤ 𝐶

√
𝑀,

𝜎min(A) ≥ 𝑐0
√
𝑀𝜎min(B) ≥ 𝑐0

√
𝑀𝜆−𝑀 ≥ 𝑐0

√
𝑀

1

𝑀
= 𝑐0

1√
𝑀
.

The desired result (4.25) follows from Cond(A) = 𝜎max(A)
𝜎min(A) .

5. Concluding Remarks

Let us give a few remarks, to address the novelties of this paper.
1. Although the dual null field method (DNFM) have been widely used

in engineering computation to deal with degenerate scales (see [2;4;11]), so
far there exists no strict analysis. The second and the first kind NFM are
used for the exterior and the interior boundaries, respectively, called the
DNFM in this paper. The DNFM for Laplace’s equation in circular domains
with circular holes was first proposed in [6]; but this paper is devoted to
the DNFM for Laplace’s equation in elliptic domains with elliptic holes.
This paper and [6] may establish a theoretical foundation to fill up some
gap between theory and computation.

2. For the DNFM, the error bounds are derived in Theorem 1, to achieve
the optimal convergence rates. The stability analysis is explored for the
simple case in Theorem 2, to reach good stability with Cond = 𝑂(𝑀).

3. Numerical experiments will be carried in the second part of the paper
to support the theoretical analysis made here. Moreover, the collocation
Trefftz methods (CTM) will also be used for comparisons. Both the CTM
and the DNFM can offer the excellent numerical performance.
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Анализ методов двойного нулевого поля в задаче Ди-
рихле для уравнения Лапласа в эллиптических областях с
эллиптическими отверстиями: проблема алгоритмической
сингулярности

З.К.Ли1, Х.Ц.Хуанг2, Л.П.Жанг3, А.А.Лемперт4, М. Г.Ли5

1 Государственный университет им. Сунь Ятсена, Гаосюн, Тайвань,
2 Университет Ишоу, Гаосюн, Тайвань,
3 Чжэцзянский технологический университет, Ханчжоу, Китай,
4 Институт динамики систем и теории управления им. В. М. Матросова
СО РАН, Иркутск, Россия,
5 Университет Чунг Хуа, Синьчжу, Тайвань

Аннотация. Двойственные методы часто используются для решения пробле-
мы сингулярности и плохой обусловленности метода граничных элементов (МГЭ).
В статье усилия авторов направлены на изучение теоретических аспектов данной
проблемы, включая анализ ошибок и исследование устойчивости, чтобы заполнить
пробел между теорией и вычислительным экспериментом. Ранее авторами выпол-
нен анализ уравнения Лапласа в круговых областях с круговыми отверстиями, а в
настоящей статье рассматриваются эллиптические области с эллиптическими отвер-
стиями. Получены явные алгебраические уравнения первого и второго вида метода
нулевого поля (МНП) и метода внутреннего поля (MВП). Традиционно первый
и второй виды МНП используются соответственно для задач Дирихле и Нейма-
на. Чтобы преодолеть алгоритмическую сингулярность в задаче Дирихле, второй
и первый виды МНП используются для внешних и внутренних границ одновре-
менно. Такой подход называется методом двойственного нулевого поля (ДМНП).
В результате проведенного исследования достигнуты быстрая сходимость и хоро-
шая устойчивость ДМНП. Данная статья является первой частью исследования и
касается теоретических аспектов, вторая часть будет посвящена вычислительным
экспериментам.

Ключевые слова: метод граничных элементов, вырожденные шкалы, эллипти-
ческие области, метод двойственного нулевого поля, анализ ошибок, анализ устой-
чивости.
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