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Abstract. First-order formulas reflect an information for semantic and syntactic
properties. Links between formulas and properties define their existential and universal
interrelations which produce both structural and topological possibilities for characteris-
tics classifying families of semantic and syntactic objects. We adapt general approaches
describing links between formulas and properties for families of Abelian groups and their
theories defining possibilities for characteristics of formulas and properties including rank
values. This adaptation is based on formulas reducing each formula to an appropriate
Boolean combination of given ones defining Szmielew invariants for theories of Abelian
groups. Using this basedness we describe a trichotomy of possibilities for the rank
values of sentences defining neighbourhoods for the set of theories of Abelian groups:
the rank can be equal —1, 0, or co. Thus the neighbourhoods are either finite or contain
continuum many theories. Using the trichotomy we show that each sentence defining a
neighbourhood either belongs to finitely many theories or it is generic. We introduce the
notion of rich property and generalize the main results for these properties.
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1. Introduction

The class of Abelian groups has very good and productive elemen-
tary classification by Szmielew invariants [1;2;16] reducing Abelian groups
to standard ones which are represented by direct sums of a given col-
lection. These invariants lead to efficient closure control for families of
theories of Abelian groups [7], for counting ranks for these families [8], for
characterizing approximability over given families [8;9].

In this paper we apply a general approach connecting formulas and prop-
erties, their characteristics [11] for natural families of theories of Abelian
groups and describe some forms of these connections.

The paper is organized as follows. In Section 2 we consider general no-
tions for families of elementary theories including definable subfamilies with
respect to formulas and sets of formulas, ranks, degrees and possibilities of
their values, characterizations for totally transcendental families, spectra
of values for subfamilies of given families, characterizations for disjoint F-
closures and for existence of least generating sets. In Section 3 notions and
characteristics for families of Abelian groups including Szmielew invariants
and RS-ranks are given. Possibilities for ranks of sentences for properties
in the set of theories of Abelian groups are obtained in Section 4, including
generic sentences which produce maximal values of RS-ranks as well as
sentences defining totally transcendental properties with given rank and
degree values. In Section 5, we introduce the notion of rich property,
characterize the richness, show that there are many rich properties, and
describe rank characteristics of these properties.

2. Properties for theories and their ranks

Let ¥ be a language. If ¥ is relational we denote by Ty the family of
all complete first-order theories of the language . If 3 contains functional
symbols f then 7y is the family of all theories of the language ¥/, which is
obtained by replacements of all n-ary symbols f with (n+ 1)-ary predicate
symbols Ry interpreted by Ry = {(a,b) | f(a) = b}.

Following [12] we define the rank RS(-) for properties P C Ty, similar to
Morley rank for a fixed theory, and a hierarchy with respect to these ranks
in the following way.

By F(X) we denote the set of all formulas in the language ¥ and by
Sent(X) the set of all sentences in F(X).

For a sentence ¢ € Sent(X) we denote by P, the set of all theories T' € P
with o € T'.

* The study was carried out within the framework of the state contract of Sobolev
Institute of Mathematics (project No. 0314-2019-0002) and the Committee of Science in
Education and Science Ministry of the Republic of Kazakhstan (Grant No. AP08855544).
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Any set P, is called the p-neighbourhood, or simply a neighbourhood, for
P, or the (¢-)definable subset of P. The set P, is also called (formula- or
sentence-)definable (by the sentence ¢) with respect to P, or (sentence-)P-
definable, or simply s-definable.

Definition 1. [12]. For the empty property P we put the rank RS(P) =
—1, for finite nonempty properties P we put RS(P) = 0, and for infinite
properties P — RS(P) > 1.

For a property P and an ordinal « = +1 we put RS(P) > « if there are
pairwise inconsistent ¥ (P)-sentences ¢p, n € w, such that RS(P,,) > 3,
n e w.

If v is a limit ordinal then RS(P) > « if RS(P) > f for any § < «.

We set RS(P) = « if RS(P) > e and RS(P) 2 a + 1.

If RS(T) > « for any «, we put RS(7) = oc.

A property P is called e-totally transcendental, or totally transcendental,
if RS(P) is an ordinal.

If P is e-totally transcendental, with RS(P) = a > 0, we define the
degree ds(P) of P as the maximal number of pairwise inconsistent sentences
¢; such that RS(P,,) = a.

Definition 2. [13]. An infinite property P is called e-minimal if for any
sentence ¢ € X(P), P, is finite or P~ is finite.

By the definition a property P is e-minimal iff RS(P) = 1 and ds(P) =1
[12], and iff P has a unique accumulation point [13].

In the paper [14] the notion of E-closure was introduced and character-
ized as follows:

Proposition 1. If P C Ty, is an infinite property and T € Tx,\ P then T €
Clg(P) (i.e., T is an accumulation point for P with respect to E-closure
Clg) if and only if for any sentence ¢ € T the set P, is infinite.

The following theorem characterizes the property of e-total transcen-
dency for countable languages.

Theorem 1. [12] For any property P C Tx, with |X(T)| < w the following
conditions are equivalent:

(1) |Cle(P)| = 2¢;

(2) e-Sp(P) = 2;

(3) RS(P) = 0.

Definition 3. cf. [6]. For a property P C Ty a 2-tree Tree(P) is a family
{P,5 | 6 € <“2} of nonempty sets P, for p5 € Sent(X), satisfying the
following conditions:

a) g b s for any 6 € <92, 7 € {0,1};

b) &0 and pgq are T-inconsistent for any 6 € <“2.

The set {¢s | 6 €<¥2} is also called the 2-tree for the property P.
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The following theorem extends criteria above for RS(P) = oc.

Theorem 2. For any property P with |X(P)| < w the following conditions
are equivalent:
(i) RS(P) = oo;

(ii) there exists a 2-tree of sentences ¢ for s-definable properties P,.

Proof. (i) = (ii). Let RS(P) = oo. It suffices to show that there is a
sentence ¢ € Sent(X) with RS(P,) = oo and RS(P-,) = co. Assuming
on contrary that the required sentence ¢ does not exist we enumerate
Sent(X) = {p; | © € w} and step-by-step form a unique ultrafilter T’
consisting of sentences ¢; with RS(P,,) = oco. It means that each RS(P-,)
is a countable ordinal such that P-,, consists of at most countably many
theories. These theories have the unique accumulation point T outside the
union |J Clg(P-y,) contradicting |Clg(P)| = 2¢ that is asserted in Theorem

(2

1.

(ii) = (1). If P has a 2-tree {¢s | & € <“2} each A € 2 produces an
ultrafilter Ta for the set of s, where d is in initial segment of A, such that
Ta is an accumulation point for P. By the construction of 2-tree if A’ € 2%
with A’ # A then Tar # Ta. Thus |Clg(P)| = 2¢ producing RS(P) = o
by Theorem 1. O

Theorem 3. [3] For any language ¥ either RS(Ty) is finite, if ¥ consists
of finitely many 0-ary and unary predicates, and finitely many constant
symbols, or RS(Tx) = oo, otherwise.

For a language ¥ we denote by Ty ,, the family of all theories in 7y, having
n-element models, n € w, as well as by 7y » the family of all theories in
Ts. having infinite models.

Theorem 4. [3] For any language ¥ either RS(Ts ) = 0, if X is finite
orn =1 and ¥ has finitely many predicate symbols, or RS(Tx,) = oo,
otherwise.

Theorem 5. [3] For any language ¥ either RS(Tx o) is finite, if ¥ is
finite and without predicate symbols of arities m > 2 as well as without
functional symbols of arities n > 1, or RS(Tx o) = 00, otherwise.

By the definition the families Ts, T, Ts 00 are E-closed. Thus, com-
bining Theorem 1 with Theorems 3-5 we obtain the following possibilities
of cardinalities for the families 7y, 7s 5, T o0 depending on X and n € w:

Proposition 2. For any language X either Ty, is countable, if ¥ consists
of finitely many 0-ary and unary predicates, and finitely many constant
symbols, or |Ts| > 2%, otherwise.

Proposition 3. For any language ¥ either T, ,, is finite, if ¥ is finite or
n =1 and ¥ has finitely many predicate symbols, or |Ts n| > 2%, otherwise.
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Proposition 4. For any language ¥ either Ts, o is al most countable, if
Y s finite and without predicate symbols of arities m > 2 as well as without
functional symbols of arities n > 1, or |Ts | > 2, otherwise.

Definition 4. [4] If P is a property for theories and ® is a set of sentences,

then we put Po = () P, and the set Py is called (type-) or (diagram-
ped

)definable (by the set ®) with respect to P, or (diagram-)P-definable, or

simply d-definable.

Clearly, finite unions of d-definable sets are again d-definable. Consider-
ing infinite unions P’ of d-definable sets Ps,, i € I, one can represent them
by sets of sentences with infinite disjunctions \/ ¢;, ¢; € ®;. These unions

i€l
P’ are called d..-definable properties.

Definition 5. [4] Let P be a property for theories, ® be a set of sentences,
a be an ordinal < RS(P) or —1. The set ® is called a-ranking for P if
RS(Ps) = a. A sentence ¢ is called a-ranking for P if {¢} is a-ranking for
P.

The set @ (the sentence ¢) is called ranking for P if it is a-ranking for
P with some a.

Theorem 6. [4] For any ordinals o« < 3, if RS(P) = 8 then RS(P,) =
a for some (a-ranking) sentence . Moreover, there are ds(P) pairwise
P-inconsistent B-ranking sentences for P, and if o < [ then there are
infinitely many pairwise P-inconsistent a-ranking sentences for P.

Theorem 7. [4] Let P be a property for a countable language ¥ and with
RS(P) = oo, a be a countable ordinal, n € w \ {0}. Then there is a
doo-definable subproperty P* C T such that RS(P*) = o and ds(P*) = n.

Now using Theorems 1, 2, 6, 7 we consider a general assertion for the
family 7Ty, of all theories in a countable language X, an arbitrary property
P C Ty with RS(P) = oo, and a set ® C Sent(X) of sentences in the
language X.

Proposition 5. For any at most countable set X of finite or countable
ordinals, a setY = {(a,ng) | @ € X, ng € w\{0}}, and a property P C T,
with RS(P) = oo there exist PP C P and a set ® C Sent(X) such that
P, are pairwise disjoint for ¢ € ® and {(RS(P,),ds(P))) | ¢ € &} =Y
(respectively, the set of pairs (RS(Py,),ds(P})) with totally transcendental
P, and values RS(P),) = oo with non-totally transcendental P,, for ¢ € @,
equals Y U {oo}).

Proof. Since RS(P) = oo we have, in view of Theorems 1 and 2, that
there exists a 2-tree of sentences ¢ for s-definable families P,.
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Now using the 2-tree we can find countably many disjoint s-definable
families P,, with RS(P,,) = 0o, k € w. By Theorems 6, 7 the families P,
contain subfamilies P} with given values (RS(P/),ds(P})) € Y. We denote
by P’ the union (J P;. This P’ is required for Y since P, = Py, k € w.

k

Considering characteristics in YU{oo}, we put some P] = P, witnessing
RS(P,,) = occ. O

Theorem 8. [15] For any two disjoint subproperties Py and Py of an
E-closed property P the following conditions are equivalent:
(1) Py and Py are separated by some sentence ¢: Py C P, and P, C P-,;
(2) E-closures of Py and Py are disjoint in P: Clg(Py)NClg(Py)NP = 0;
(3) E-closures of P1 and Py are disjoint: Clg(Py) N Clg(P) = 0.

Definition 6. [14] Let Py be a property for theories. A subset P C Py
is said to be generating if Py = Clg(F}). The generating property P} (for
Py) is minimal if P} does not contain proper generating subsets. A minimal

generating property P} is least if P} is contained in each generating property
for Pp.

Theorem 9. [14] If P is a generating property for a E-closed set Py then
the following conditions are equivalent:

(1) Py is the least generating property for Po;

(2) Py is a minimal generating property for Py;

(3) any theory in Py is isolated by some set (Py),, i.e., for any T € P
there is ¢ € T' such that (Py), = {T'};

(4) any theory in Py is isolated by some set (Py),, i.e., for any T € F
there is o € T' such that (Py), = {T}.

3. Families of theories of Abelian groups and their
characteristics

Following [7;9] we denote by T.A the family of all theories of Abelian
groups in a relativized group language X9 = {+, —, 0}.

Let A be an Abelian group in the language 3. Then kA denotes its
subgroup {ka | a € A} and A[k] denotes the subgroup {a € A | ka = 0}.
Let P* be the set of all prime numbers. If p € P* and pA = {0} then dimA
denotes the dimension of the group A, considered as a vector space over
a field with p elements. The following numbers, for arbitrary p € P* and
n € w\ {0} are called the Szmielew invariants for the group A [2;16]:

apn(A) = min{dim((p"A)[p]/(p" ' A)[p]), w},
Bp(A) = min{inf{dim((p"A)[p] | n € w},w},
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Vp(A) = min{inf{dim((A/A[p"])/p(A/A]p"])) | n € W}, w},

e(A) €{0,1},
and ¢(A) =0 < (nA = {0} for somen € w,n # 0).

It is known [2, Theorem 8.4.10] that two Abelian groups are elementar-
ily equivalent if and only if they have the same Szmielew invariants. In
addition, the following proposition holds.

Proposition 6. [2, Proposition 8.4.12] Let for any p and n the cardinals
Apns Bp, Tp < w, and € € {0,1} be given. Then there is an Abelian
group A such that the Szmielew invariants oy, (A), Bp(A), 1p(A), and e(A)
are equal to apn, Bp, Vp, and €, respectively, if and only if the following
conditions hold:

(1) if for prime p the set {n | apn # 0} is infinite then By, = vp = w;

(2) if € = 0 then for any prime p, B, = vp = 0 and the set {(p,n) |
apn # 0} is finite.

We denote by Q the additive group of rational numbers, Z,» — the cyclic
group of the order p", Zy~ — the quasi-cyclic group of all complex roots of
1 of degrees p" for all n > 1, R, — the group of irreducible fractions with
denominators which are mutually prime with p. The groups Q, Z,», R,,
Z,~ are called basic. Below the notations of these groups will be identified
with their universes.

Since Abelian groups with the same Szmielew invariants have the same
theories, any Abelian group A is elementarily equivalent to a group

BpnZir™ © @pZ) @ @R © Q) (3.1)

where B*) denotes the direct sum of k subgroups isomorphic to a group B.
Thus, any theory of an Abelian group has a model represented by a direct
sum of based groups. The groups of form (3.1) are called standard.

Recall that any complete theory of an Abelian group is based by the set
of positive primitive formulas [2, Lemma 8.4.5], reduced to the set of the
following formulas:

Jy(mizy + ... + mpx, = pky), (3.2)

miT1 + ... +mpr, ~0, (3.3)

where m; € Z, k € w, p is a prime number [1], [2, Lemma 8.4.7]. Formulas
(3.2) and (3.3) witness that Szmielew invariants define theories of Abelian
groups modulo Proposition 6.

In view of Proposition 6 and equations (3.2) and (3.3) we have the
following:
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Remark 1. [9] Theories of Abelian groups are forced by sentences im-
plied by formulas of form (3.2) and (3.3) and describing dimensions with
respect to apn, Bp, Vp, € as well as bounds for orders pF of elements and
possibilities for divisions of elements by p*. Moreover, various values of
Szmielew invariants are separated by some sentences modulo Proposition
6.

Thus, definable properties for families of theories of Abelian groups are
described by dimensions with respect to Szmielew invariants, possibilities
for orders and divisions by prime numbers.

In view of Proposition 6 following [8] we observe that all dependencies
between values of Szmielew invariants in a given theory of an Abelian group
are exhausted by ones given by infinite {n | o, », # 0} implying 5, = v, = w
as well as by infinite {(p,n) | ap, # 0} implying ¢ = 1. It means that
Szmielew invariants, for a fixed theory and for a property, can not force
positive values «y,n, Bp, 7p using positive values oy n,, By, v for different
prime p’ and/or €. Besides, all values ¢y, and natural values /3,, 7, do not
forced by other Szmielew invariants. Moreover, finite values oy, Bp, Vp,
for theories in Clg(P), can not be forced by other finite or infinite values of
these invariants. Thus, as noticed in [8], all dependencies between distinct
Szmielew invariants ag’n, 517;7 'yg, el for theories T € Clg(P) \ P, are
exhausted by the following ones for sequences (T} )ke, of theories in P:

1) O‘Zn hm a;‘f’;l,
2) B, hm BTk,
k—o00
3) Y hm 'yp ,
3) el hm ET
k—>oo
4) BT = 'yp =w= hmagkn,
— T
5) el =1= 1;7m apk,.

The items 1) ) show that limit values for Szmielew invariants are inde-

pendent modulo ok | i.e., the limits of ﬁg k. 'yg k. Tk can produce only BPT ,
Tk
p7n

pins
'yp, T respectively, whereas alk can generate both ain, Bg = yg =w
and 7 = 1.

Using the limit values above we can control both Szmielew invariants for
the E-closure of a given property P C T.A and sentences forming theories
in Clg(P).

In particular, the limit values allow to strengthen Theorems 6 and 7
attracting various families of Szmielew invariants.

Theorem 10. [8] Let o be at most countable ordinal, n € w\ {0}. Then
there is a d-definable property P = (TA)<1> such that RS(P) = a and
ds(P) = n.
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4. Ranks of sentences and generic sentences

Definition 7. [11] For a sentence ¢ € Sent(X) and a property P = P, C
Ts. we put RSp(p) = RS(P,), and dsp(y) = ds(P,) if RS(F,) is defined.

If P = Ty, then we omit P and write RS(¢p), ds(y) instead of RSp(y)
and dsp(p), respectively.

Definition 8. [11] (cf. [10;17;18]) For a property P C Ty, a sentence
¢ € Sent(X) is called P-generic if RSp(p) = RS(P), and dsp(yp) = ds(P)
if ds(P) is defined.

If P = Ty then we omit P and a P-generic sentence is called generic.

Remark 2. As shown in [8], RS(TA) = oo, with [TA|] = 2% in view of
Theorem 1. Since the language ¥ is finite and the representation (3.1)
for a theory T7T.A with a finite model is unique, assertions 3-4 have the
following modification for the family T.A: any restriction 7.4 N Ty, », for
n € w\ {0}, is finite and the cardinality of this restriction is defined by
the possibilities of representations of n by multiplications of p”* for prime
pand m € w\ {0}.

For instance, if n = p?q, for prime p and ¢, there are two possibilities
for TAN Ty n: Th(Z,> x Z,) and Th(Z, x Z, x Z,).

Lemma 1. If @—consistent sentence ¢ € Sent(Xg) does not belong to
theories in P =T A with infinite models then RSp(yp) = 0.

Proof. If ¢ € Sent(X() does not belong to theories in P then by compact-
ness and Remark 2, ¢ belongs to finitely many theories T1,..., T}, in T.A,
and all these theories have finite models only. It means that ¢ is represented
as a disjunction of complete sentences for the theories T1,...,T,. Thus, P,
is finite and RSp(p) = 0, with dsp(p) =n. O

Lemma 2. If a sentence ¢ € Sent(Xg) belongs to a theory in P = TA
with infinite models then RSp(p) = co.

Proof. If ¢ belongs to a theory T' € T .A with an infinite model M then by
Remark 1, ¢ describes possibilities on divisibility for finitely many p™ with
finitely many prime numbers p, possibilities for elements of finitely many
orders p", as well as finitely many possibilities of linear (in)dependence.
Since M is infinite the information above is consistent with a similar infor-
mation for other prime numbers ¢. Varying this information for distinct ¢
we obtain a 2-tree refining ¢ and witnessing RSp(¢) = co. O

By Lemmas 1 and 2 we have the dichotomy for T .A-consistent sentences
@: either RS7—(p) = 0 or RS74(¢) = oo. Moreover, we obtain the
following:
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Theorem 11. For any sentence ¢ € Sent(Xg) and P = T A the following
possibilities hold:

(1) RSp(p) = —1, if p is T.A-inconsistent;

(2) RSp(p) = 0, if v is T.A-consistent and belongs to (finitely many)
theories in T.A with finite models only;

(3) RSp(p) = oo, if ¢ belongs to a theory T € T.A with an infinite

model.

By the definition each neighbourhood T A, is E-closed. Applying The-
orems 1 and 11, and similar to Theorem 3, we have:

Theorem 12. For any sentence ¢ € Sent(Xg) and P = T A either P, is
E-closed and finite or P, is E-closed with |P,| = 2%.

Theorem 12 immediately implies:

Corollary 1. For any sentence ¢ € Sent(Xg) and P = T A either ¢ is
represented by a disjunction of finitely many sentences @; isolating theories
T; € T A with finite models, or ¢ is P-generic.

Corollary 2. For any sentence ¢ € Sent(Xg) and P = TA either ¢ is
P-generic or - is P-generic.

Now applying assertions above we consider RS-spectra for subfamilies
of T A similar to spectra [11] for families of theories in a general case.

Taking a generic sentence g € Sent(X) and its family (7.A4),, we have
RS ((TA)y,) = oo by Theorem 11. Thus by Proposition 5 we have the
following modification of Theorem 10:

Theorem 13. For any at most countable set X of finite or countable
ordinals, a set Y = {(a,ny) | @ € X,nq € w\ {0}}, and a property
P = (TA),,, with a generic sentence ¢y € Sent(Xy), there exist P’ C
P and a set ® C Sent(X) such that P, are pairwise disjoint for ¢ €
® and {(RS(P,),ds(P,)) | ¢ € ®} =Y (respectively, the set of pairs
(RS(P)),ds(Py)) with totally transcendental P,, and values RS(P,) = oo
with non-totally transcendental P, for p € ®, equals Y U {o0}).

Remark 3. The set 7.4 admits special series of properties satisfying
Theorem 13. Taking, for instance, an arbitrary infinite set Z of prime
numbers p and the subfamily T.A(Z) of T.A consisting of all theories with
pn = Bp = Yp = 0 for prime p ¢ Z we have RS(TA(Z)) = co. Now we
can apply Proposition 5 obtaining the assertion of Theorem 13 both using
a general approach and dividing Z into countably many disjoint infinite
parts Z; and reducing T.A(Z;) till totally transcendental subfamilies with
given RS-ranks and ds-degrees.
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Remark 4. Applying Theorem 8, s-definable subsets P, in Theorem 13
have disjoint E-closures such that if PZO are totally transcendental then they
have least generating sets in view of Theorem 9, and if P;, are not totally
transcendental then they can be constructed both with and without least
generating sets, which are controlled by limit values of Szmielew invariants
following links described in Section 3. In the latter case, with RS(P,,) = oo
one can form RS(P,) approximating theories in P}, by theories of finite
Abelian groups and obtaining either oy, ,, = w or 8, = v, = w.

5. Rich properties and their characteristics

Definition 9. A property P C T A is called rich if P N P’ # () for each
nonempty property P’ = (TA)({} defined by a sentence ¢ locally describing

linear (in)dependence, (in)divisibilities and orders of elements.
Proposition 7. A property P C T A is rich if and only if Clg(P) = T.A.

Proof. Let P C T.A is rich. Since each T .A-consistent sentence ¢ is
reduced, for theories of Abelian groups, to sentences v locally describing
linear (in)dependence, (in)divisibilities and orders of elements, we have
P, # 0. Thus each theory T € T.A either belongs to P or each y € T
belongs to infinitely many theories in P. Applying Proposition 1 we obtain
Clg(P) = TA.

Conversely if Clg(P) = T.A, we again apply Proposition 1 obtain-
ing Py # () for each sentence 1 locally describing linear (in)dependence,
(in)divisibilities and orders of elements, i.e., P is rich. O

Proposition 8. |{P C TA | P is rich}| = 2%, moreover, |{P C TA | P
is rich and countable}| = 2.

Proof. Since |T.A| = 2 with 2 nonisolated points T, each T.A\ {T} is
rich by Proposition 7, producing [{P C TA | P is rich}| = 2%. Since each
rich property is approximated by countable one, we obtain [{P C TA | P
is rich and countable}| = 2¥. O

Applying Proposition 7 we obtain the following generalization of Theo-
rem 11:

Theorem 14. For any sentence ¢ € Sent(Xg) and a rich property P C TA
the following possibilities hold:

(1) RSp(p) = —1, if ¢ is T A-inconsistent;

(2) RSp(p) = 0, if v is T.A-consistent and belongs to (finitely many)
theories in T A with finite models only;

(3) RSp(p) = oo, if ¢ belongs to a theory T € T.A with an infinite
model.
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Corollary 3. For any sentence ¢ € Sent(Xo) and rich P C TA either
@ 1is represented by a disjunction of finitely many sentences p; isolating
theories T; € T A with finite models, or ¢ is P-generic.

Corollary 4. For any sentence ¢ € Sent(3o) and rich P C T A either ¢
18 P-generic or -y is P-generic.

Remark 5. The assertions 14-4 can fail if P C T A is not rich. Indeed, in
view of Theorem 13 there are properties P C 7.4 whose neighbourhoods P,
produce arbitrary ordinal ranks RS(P,). Thus, the values RS(P,) can have
many possibilities, with non-P-generic sentences ¢ having RS(P,) > 1.

6. Conclusion

We characterized and described possibilities for rank characteristics of
formulas and properties of theories of Abelian groups, both for the family
of all theories of Abelian groups and for its subfamilies including rich ones.
The machinery of these characteristics in terms of Szmielew invariants as
well as F-closures are clarified. Generations of properties by least gen-
erating sets including theories of finite Abelian groups are shown. Some
illustrations for characteristics of properties for theories of Abelian groups
are given. It would be interesting to describe the dynamics of rank charac-
teristics for natural properties of (in)complete theories of Abelian groups
using a general topological approach for families of theories [5].
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DopMyJIbl U CBOMCTBA JIJIs CEMENCTB T€OpUil
abeJsiIeBBIX T'PYIIIT
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Nn. U. Tasmox™2, C. B. Cygomnaros!?

! Hosocubupckuti 2ocydapemeenmonti mexrnuveckut yrusepcumem, Hosocubupcrk,
Poccutickas Dedeparus

2 Hosocubupcruti 2ocydapemesenioni nedazozudeckuti ynueepcumem, Hosocubupcrk,
Poccutickas Dedeparus

3 Muemumym mamemamuxu um. C. JI. Cobosesa CO PAH, Hosocubupck, Poc-
cutickasn Dedepayus

Awnnorarusi.  DoOpMysBl IEPBOTO TOPSIIKA OTPAXKAIOT WH(MOPMAIUIO O CEMAaHTH-
YeCKUX U CHHTAaKCHYecKux cBoiicTBax. CBsiau Mexky (opMmysaMu M CBOWCTBAMU OIpe-
JEJISTIOT UX 9K3WCTEHIMAJbHBIE W YHUBEPCAJIbHBIE B3aMMOCBS3H, KOTOPhIE CO3/IAIOT KaK
CTPYKTYPHBIE, TaK ¥ TOIOJOTUIECKHE BO3MOXKHOCTH JJIsi XaPAKTEPUCTUK, TTO3BOJIAIONTUX
KJIACCU(DUIMPOBATE CEMEHCTBA CEMAHTUIECKUX U CUHTAKCUYECKUX OObEKTOB. Amantupy-
FOTCsI ODIIME TOIXO/IbI, OIUCHIBAIOIINE CBI3U MeXKIy (POPMYJIAMHU U CBONCTBAMHU JIJIsI Ce-
MeHCTB abeJIeBbIX TPYIII U UX TEOPU, OIIPEIesda BO3MOKHOCTH XapaKTEPUCTUK (DOPMYJI
¥ CBOWCTB, BKJIIOUAsl 3HAYEHMsS PAHIOB. DTa aJalTallus OCHOBaHA Ha (OpMyJax, CBOJs-
MUX KaXKIyio PopMysIy K IMOJAXOISINEld OyIeBoi KOMOMHAIUNA (POPMYJI, OIPEIESTIONINX
IIIMeJIEBCKUE WHBAPUAHTHI JIJIs TeOpUil abesieBbIX Ipymi. Vcrmoab3yst 3Ty 6a3upyeMoCTh,
OIMCHIBAETCS TPUXOTOMUSI BO3MOXKHOCTEH 3HAYEHUI PAHTa JJIsl IIPE/IJIOYKEHUI, OIIPe 1eIsi-
FOIMUX OKPECTHOCTHU JIJIsI MHOXKECTBA TEOpUil abesIeBbIX TPYII: PAHT MOXKET ObITh PaBeH
—1, 0 wm co. Tem caMbiM, OKpeCTHOCTH MO0 KOHEUHBI, JIMOO COIEPXKAT KOHTHHYAJIHHOE
qucsio Teopuit. VICmosib3yst TPUXOTOMHUIO, TOKA3BIBAETCS, 9TO KK I0€ MTPE/IJIOXKEHNE, OTIPe-
JIeJIsIolee OKPECTHOCTD, JTUO0 IMPUHAJJIEXKUT KOHEYHOMY MHOXKECTBY €ro Teopuii, jmbo
ABJIAETCS T€HEPUYECKUM. TaK»Ke BBOIUTCS IOHATHE OOraToro CBOMCTBA M 0OOOIIAIOTCH
OCHOBHBIE PE3YJIBTATHI JIJISI TAKUX CBOWCTB.

KuaroueBrbie cioBa: dopmysia, CBOMCTBO, seMeHTapHAas Teopus, adeseBa I'PYINa,
pamr.

Criucok JurepaTypbl

1. Eklof P. C., Fischer E. R. The elementary theory of abelian groups // Annals
of Mathematical Logic. 1972. Vol. 4. P. 115-171. https://doi.org/10.1016/0003-
4843(72)90013-7

2. Epmos 0. JI., TTamorur E. A. Maremarudeckas jioruka. M. : @usmarmut, 2011.
356 c.

3. Markhabatov N. D.; Sudoplatov S. V. Ranks for families of all theories
of given languages // Eurasian Mathematical Journal. 2021 (to appear).
arXiv:1901.09903v1 [math.LOJ. 2019. 9 p.

4. Markhabatov N. D., Sudoplatov S. V. Definable subfamilies of theories, related
calculi and ranks // Siberian Electronic Mathematical Reports. 2020. Vol. 17.
P. 700-714. https://doi.org/10.33048 /semi.2020.17.048

5. Mapxabaros H. ., Cynomaros C. B. Tonosiorun, panru u 3aMblKaHus s
cemeiicts Teopuit. I // Anrebpa um sormka. 2020. T. 59, Ne 6. C. 649-679.
https://doi.org/10.33048 /alglog.2020.59.603

6. IMamorur E. A. CnekTp u cTpyKTypa Mozenei monaabix Teopuit // CrupaBodnas
KHHTa [10 MaTeMaTHIeckoii joruke / nox pex. I:x. Bapsaiica. M. : Hayka, 1982.
Y. 1 : Teopus mogmemneit. C. 320-387.

7. Pavlyuk In. I., Sudoplatov S. V. Families of theories of abelian groups and their
closures // Bulletin of Karaganda University. Mathematics. 2018. Vol. 92, N 4.
P. 72-78.

Ussectust IpkyTCKOro roCyIapCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukas. 2021. T. 36. C. 95-109



FORMULAS AND PROPERTIES FOR FAMILIES OF THEORIES OF ABELIAN... 109

8. Pavlyuk In. I., Sudoplatov S. V. Ranks for families of theories of abelian groups
// The Bulletin of Irkutsk State University. Series Mathematics. 2019. Vol. 28.
P. 95-112. https://doi.org/10.26516/1997-7670.2019.28.95

9. Pavlyuk In. I., Sudoplatov S. V. Approximations for theories of abelian
groups // Mathematics and Statistics. 2020. Vol. 8, N 2. P. 220-224.
https://doi.org/10.13189/ms.2020.080218

10. Poizat B. Groupes Stables. Villeurbanne : Nur Al-Mantiq Wal-Mari’fah, 1987.
216 p.

11. Sudoplatov S. V. Formulas and properties // arXiv:2104.00468v1 [math.LO]. 2021.
16 p.

12. Sudoplatov S. V. Ranks for families of theories and their spectra // Lobachevskii
Journal of Mathematics (to appear). arXiv:1901.08464v1 [math.LOJ. 2019. 17 p.

13.  Sudoplatov S. V. Approximations of theories // Siberian Electronic Mathematical
Reports. 2020. Vol. 17. P. 715-725. https://doi.org/10.33048 /semi.2020.17.049

14. Sudoplatov S. V. Closures and generating sets related to combinations of structures
// The Bulletin of Irkutsk State University. Series Mathematics. 2016. Vol. 16.
P. 131-144.

15. Sudoplatov S. V. Hierarchy of families of theories and their rank characteristics
// The Bulletin of Irkutsk State University. Series Mathematics. 2020. Vol. 33.
P. 80-95. https://doi.org/10.26516/1997-7670.2020.33.80

16. Szmielew W. Elementary properties of Abelian groups // Fundamenta
Mathematicae. 1955. Vol. 41. P. 203—271. https://doi.org/10.4064 /fm-41-2-203-271

17. Tent K., Ziegler M. A Course in Model Theory. Lecture Notes in Logic. N 40.
Cambridge : Cambridge University Press, 2012. 248 p.

18. Truss J. K. Generic Automorphisms of Homogeneous Structures // Proceedings
of the London Mathematical Society. 1992. Vol. 65, N 3. P. 121-141.
https://doi.org/10.1112/plms/s3-65.1.121

Nuecca BanosHa IlaBitok, kanangaT GU3HKO-MaTEMATHIECKUX Ha-
VK, CTAPIIHH IpenoiaBaTeb Kadpeapsl aaredpbl 1 MATeMaTHIECKON JJOTUKH,
HoBocubupcknit rocyiapcTBeHHBIH TeXHUIECKN yHUBepcuTeT, Poccuiickas
Deneparust, 1. HoBocubupck, 630073, up. K. Mapkca, 20, Te. (383)3461166;
JOIeHT Kadeapbl nHGOPMATUKE U AUCKpeTHON MartemaTuku, HoBocubup-
CKUI TOCYIJapCTBEHHBIN megarormdeckuii yuusepcurer, Poccuiickas Peme-
panust, 1. Hosocubupcek, 630126, yn. Busmoiickasi, 28, Tes. (383)2441586,
email: inessa7772@mail.ru, ORCID iD https://orcid.org/0000-0001-5967-
9108.

Cepreii BiagumupoBud Cy0miaToB, JTOKTOP (PUBHKO-MATEMATH-
YeCKUX HAYK, JOIEHT, BVl HayIHBINA cOTPYIHUK, HCTUTYT MaTeMaTu-
ku uM. C. JI. Cobosea CO PAH, Poccuiickas @enepamust, 630090, r. Ho-
Bocubupcek, np. Axkagemuka Konriora, 4, ren.: (383)3297586; 3aBerytomuii
kadeapoit aaredpbl u MareMaTudeckoit jioruku, HoBocubupckuii rocymap-
CTBeHHBII TexHnIeckuii yHusepcuret, Poccutickast @enepanusi, r. HoBocu-
6upck, 630073, np. K. Mapkca, 20, Tes. (383)3461166,
email: sudoplat@math.nsc.ru,

ORCID iD https://orcid.org/0000-0002-3268-9389
Hocmynuaa 6 pedaryuro 20.04.2021



