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Abstract. A group is called weakly conjugate biprimitively finite if each its element of
prime order generates a finite subgroup with any of its conjugate elements. A binary
finite group is a periodic group in which any two elements generate a finite subgroup. If
X is some set of finite groups, then the group G saturated with groups from the set X
if any finite subgroup of G is contained in a subgroup of G, isomorphic to some group
from X. A group G = F' X\ H is a Frobenius group with kernel F' and a complement H if
HNHf =1forall f € F# and each element from G \ F belongs to a one conjugated to
H subgroup of GG. In the paper we prove that a saturated with finite Frobenius groups
periodic weakly conjugate biprimitive finite group with a nontrivial locally finite radical
is a Frobenius group. A number of properties of such groups and their quotient groups
by a locally finite radical are found. A similar result was obtained for binary finite groups
with the indicated conditions. Examples of periodic non locally finite groups with the
properties above are given, and a number of questions on combinatorial group theory are
raised.

Keywords: Frobenius group, weakly conjugate biprimitive finite group, locally finite
radical, saturation condition.
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1. Introduction

Let X be some set of finite groups. The group G is saturated with groups
from the set X if any finite subgroup from G is contained in a subgroup of
the group G isomorphic to some group from X; the set X is called saturating
for G.

To avoid misunderstandings, clarify that a finite group G saturated with
groups from the set X, by this definition, is isomorphic to one of the groups
of the set X.

Groups saturated with groups from various sets X of finite groups have
been intensively studied for over 25 years. Several dozen articles are devoted
to such studies, including those in the central press (see, for example,
[7-9; 22; 24-26; 31; 32]). The set X in these papers is typically consisted
of finite simple non-Abelian groups, their simple extensions and direct
products. They establish either the local finiteness of the studied periodic
group, or the existence of a locally finite periodic part in the Shunkov
group. There are several works that fall off the specified range (see, for
example, [21;23-29]). In these papers, studied groups are saturated with
finite dihedral groups or generalized semidihedral groups. Ultimately, how-
ever, the studied periodic groups also turned out to be locally finite. Among
the studied in this paper groups there are real periodic non-locally finite
groups with the saturation condition considered in this paper.

In the above studies, the properties of the groups of a saturating set,
adapted methods of local analysis of the theory of finite groups, and a
number of results by Schmidt, Chernikov, Ito, Shunkov, and others on
infinite groups were used. In this paper, we also apply the technique of
working with Frobenius subgroups from [12].

The well-known results of combinatorial group theory were typically pre-
viously used as a justification for the relevance of the saturation condition,
since periodic non-locally finite groups without involutions with different
saturating sets X are widely known: free Burnside groups [2], periodic
group products constructed by S.I. Adyan [1], A.Yu. Olshanskii’s groups
from [10, §35] and others. In this paper, the connection with combinatorial
group theory is closer, especially since among the groups under study there
are real periodic non-locally finite groups. In the conclusion of the work
known to the authors examples of such groups are given, and questions of
interest to us that have arisen as a result of research are posed.

We call the group G a Frobenius group with complement H and kernel
F under the following three conditions: 1) (G, H) is a Frobenius pair, that
is, H is a proper subgroup of the group G and H N HY =1 for any element
g€ G\ H; 2)theset F' = G\UgeGg_lH#g is a subgroup; 3) G =FXxH.

The structure of complements in finite Frobenius groups has been stud-
ied in detail (see, for example, [12, §1.2]). The kernel of a finite Frobenius
group is nilpotent by the well-known Thompson theorem [12, §1.3]. G.
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ON PERIODIC GROUPS WITH SATURATION CONDITION 75

Higman [30] proved that the nilpotency class of a finite group admitting a
regular automorphism of prime order p does not exceed some constant k(p).

He also found that k(p) > piT_l. V.A. Kreknin and A.I. Kostrikin found

an upper bound in [6]: k(p) < (];_1;2+1_1 (see, for example, [19], [12, page

18]). For the Frobenius complement H we denote by k(H) the minimum
of the values of the function k(p) over p € w(H).

For finite groups the condition 1) of the definition of Frobenius group
implies conditions 2) and 3), but in the class of infinite groups all three
conditions are independent [12]. An infinite Frobenius group can have
a very complex structure. As V.V. Bludov proved [4], any group can be
embedded in the kernel of a suitable Frobenius group, and any right-ordered
group can be a complement of some Frobenius group (see comments to
Questions 6.53 and 13.54 b) from the Kourovka notebook [5]). The kernel of
the Frobenius group and the set of its complements constitute its splitting.
This property reveals the closeness of Frobenius groups to the objects of
combinatorial group theory.

In order to the saturation condition to work effectively, a ”dense net-
work” of (locally) finite subgroups with nontrivial intersections is needed,
along which ”saturation crystallization” could propagate up to a well-
defined structure of the whole group [17]. In periodic groups saturated
with finite simple non-Abelian groups, the ”primary” net is formed by
dihedral groups, since in a periodic group every subgroup generated by two
involutions is finite. In our studies, the required network is provided by
additional finiteness conditions.

2. Main results

An element a is called finite in a group G if all subgroups of the form
(a,a9) (g € G) are finite. A group in which every element of prime or-
der is finite is called weakly conjugately biprimitively finite. A group all
of whose sections along finite subgroups (including the identity one) are
weakly conjugately biprimitively finite is called conjugately biprimitively
finite, or Shunkov group. Binary finite group is a periodic group in which
any two elements generate a finite subgroup. By Q;(G) we denote the
subgroup of the group G generated by all elements of prime orders from G.

Theorem 1. A saturated with finite Frobenius groups periodic weakly con-
jugate biprimitively finite group G with a nontrivial locally finite radical R
1s a Frobenius group with kernel F' and complement H, moreover, either
F<RorF>R. If F <R, then R is a Frobenius group with kernel F' and
complement RNH containing the subgroup Q1 (H). If F > R, then Q1 (H) is
a locally cyclic {2,3} -group, any finite subgroup of the quotient group F/R
is nilpotent, for each q € w(F'/R) the periods of Sylow q-subgroups in F'/R
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do not exceed the number ¢*") and for ¢ > k(H) the Sylow q-subgroups
have period q.

Theorem 2. Let the group G satisfy the conditions of Theorem 1, and
suppose that its kernel F' is not locally finite, and the quotient group G/R
is weakly conjugate biprimitively finite. Then Q1 (F/R) is the direct product
of its non-locally finite Sylow g-subgroups of periods not exceeding ¢*), and
for ¢ > k(H) the Sylow q-subgroups of Q1(F/R) have period q.

We say that mixed group G has a periodic part T(G) if all elements of
finite order in G constitute the subgroup 7'(G). In [13, Theorem 2] it was
proved that a saturated with finite Frobenius groups Shunkov group with
a nontrivial locally finite radical has a periodic part which is a Frobenius
group with locally finite complement. Theorems 1, 2 give additional in-
formation about the kernels of the periodic parts of the Shunkov groups
from [13, Theorem 2].

Theorem 3. A saturated with finite Frobenius groups binary finite group G
with a non-trivial locally finite radical R is a Frobenius group with locally
finite complement H and kernel F' decomposable into a direct product of
Sylow subgroups. If G is not locally finite, then R < F, for each q €
7(F/R) the periods of Sylow q-subgroups in F/R do not exceed ¢*(") and
for q > k(H) the Sylow q-subgroups have period q.

3. Theorem proofs

As in [13], we introduce the notation, assuming that the saturating set
X of G consists of finite Frobenius groups. By Xg(K) = X(K) we denote
the set of all subgroups of the group G containing a subgroup or set K
from G and isomorphic to groups from X. In particular, X(1) is the set of
all subgroups of G that are isomorphic to groups from X. For any (finite)
subgroup L < G, the notation L = Fy X\ Hy, will mean that L € X(1), where
F7p, is the kernel and Hjp, is the complement of the Frobenius group L, and
the inclusion K < Hj, will be understood in the sense that the subgroup
K is contained in a suitable complement Hj, of the group L.

Let a group G with a nontrivial locally finite radical R satisfy the con-
ditions of Theorem 1. First, we establish some properties of the group

G.
Lemma 1. In the case G = R Theorem 1 is true.

Proof. By Lemma 1 from [13] G = Fg X Hg is a Frobenius group, and
since the group G is locally finite, Theorem 1 is unconditionally true. The
Lemma is proved. ]
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Lemma 2. Let G # R. Then G = FX\ H is a Frobenius group with kernel
F and complement H, moreover F # R and either ' < R or F > R.

Proof. If R has a finite Frobenis subgroup, then by [13, Lemma 2] R =
Fr N Hp is a Frobenius group, and according to [13, Lemma 5] G is a
Frobenius group with kernel F' = Fr and complement H = Ng(HR).

Let R has no Frobenius subgroups, and let L € X(1). By Schmidt’s
theorem, the group M = RL is locally finite and by [13, Lemma 1] M =
Fayr N Hyy is a Frobenis group. Due to the properties of (locally) finite
Frobenius groups, Hyy = Hy, R < Fi, and R is a nilpotent group by the
Thompson-Higman theorem. By the conditions of the theorem, any element
of prime order @ € Hy, is finite in GG, and obviously not Engel. By Theorem
1, [13] either G is a Frobenius group with kernel F' < R and complement
H,ora¢ R, G=FXH, where H= Ng((a)), (G, H) is a Frobenius pair,
and F'X (a) is a Frobenius group with kernel F' > R and complement (a).
In the first case, the Lemma has already been proved; consider the second
case. According to the definition of the Frobenius group, one has to prove
the equality G\ F# = Ugec H?-

Let b be an arbitrary element of prime order from H. By the conditions
of the theorem, all subgroups Ly = (b,b/) (f € F#) are finite. Since (G, H)
is a Frobenius pair and H N F = 1, then b/ ¢ LN H and (L,L N H) is a
pair Frobenius. By Frobenius’s theorem L = Fy X\ Hy, where H;, = LN H.
It is easy to verify that F, = LN F and H; = (b). By the theorem
from [14] F' X (b) is a Frobenius group with kernel F' and complement (b),
in particular, Fb = b¥".

Let ¢t be an element of a composite order from G \ F, and [t| = mg,
where ¢ is a prime number. Then ¢ € Fb for some element b of order
¢ from H and, as proved above, " = b/ for a suitable element f € F.
Since (G, H) is a Frobenius pair, then ¢t € H/. Tt follows from this that
G\ F# = UyegHY, and by definition G = F X\ H is a Frobenius group with
kernel F' and complement H. The inequality ' #% H and the incidence of
the subgroups F' and H were proved above. The Lemma is proved. O

Lemma 3. For each element b of prime order from H and any f € F#
the subgroup L = (b,b/) is finite, belongs to X(1) , Lr = LN F, Hy, = (b)
and f € L.

Proof. The lemma is actually proved in the course of the proof of the Lemma
2. O

Lemma 4. If F < R, then Q4(H) < RNH. If F > R, then R is a
nilpotent group, A = Q1(H) is a locally cyclic {2,3} -group, and F'\ A is
a Frobenius group with kernel F' and complement A saturated with finite
Frobenius groups.
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Proof. By the Thompson-Higman theorem, G contains an abelian normal
subgroup Z < F on which H acts freely. By [15, Theorem 1], the subgroup
Q1 (H) generated by all elements of prime orders is a group of one of the

types:
1)
2)

3) 9 (H) = V x L, where V is a (locally) cyclic {2,3,5}-group, L ~
SLy(5);

0y (H) is a (locally) cyclic group;
O (H) =V x L, where V is a (locally) cyclic {2,3}-group, L ~ SLo(3).

If H contains an involution ¢, then F'X (i) is a Frobenius group and by [12,
Lemma 2.3] the kernel F' is an abelian group. Moreover, R > F, R is a
Frobenius group with kernel RN F', complement H N R, Q1(H) < RN H,
and the Lemma is proved. Similarly, if H contains an element a of order 3,
then by the Lemma 3 F X (a) is a Frobenius group and by [9;12, Lemma
2.4] the kernel F' is a nilpotent group. For the case R > F', the theorem is
proved.

Let R < F. By what was proved above, FFxQ1(H) is a Frobenius group,
and A = Qi(H) is a (locally) cyclic {2,3}/-group. It is clear that H does
not contain Frobenius subgroups, and the weakly conjugate biprimitively
finite Frobenius group F X\ A is also saturated with finite Frobenius groups.
The Lemma is proved. O

It is not known whether the saturation condition carries over to the
groups FFX\ A1, 1 < Ay < A.

Lemma 5. When R < F, the finite subgroups in F' and F/R are nilpotent.

Proof. By the Thompson-Higman theorem, the radical R is nilpotent, and
for the group G Lemmas 6-11 from [13] hold. Let K be an arbitrary finite
subgroup of F', and K < L € X(K). Each element ¢ of prime order ¢ from
K is finite in G and by [13, Lemma 7] is Engel, that is, all subgroups (c, ¢7)
in G are finite ¢-groups. Therefore, K < F, and by Thompson’s theorem,
K is nilpotent.

Further, let K be an arbitrary finite subgroup of F/R. By Schmidt’s
theorem, its full preimage K is locally finite and, obviously, K = RM
for some finite subgroup M < K. As already proved, the subgroup M is
nilpotent. Hence, the subgroup K ~ M /(M N R) is nilpotent. The Lemma
is proved. O

Lemma 6. If a is an element of prime order from H, G, = F X {(a) and
b, c are permutation elements of coprime orders from F', then the normal
closures B = (b%a), C = (c%) are element-wise permutable and the abelian
subgroup BN C is contained in R.

Wssectus VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
2021. T. 35. Cepust «Maremaruxas. C. 73-86



ON PERIODIC GROUPS WITH SATURATION CONDITION 79

Proof. For any element a of prime order p from A, the subgroup G, =
FX (a) is a Frobenius group with kernel F' and complement (a), and by the
Lemma 3 all subgroups (a, a?) in G, are finite. Therefore, G, € AN in the
notation §5.3 of the monograph [12, p. 172]. Similarly, G,/R € AN &. In
particular, for the groups G, and G,/R Lemmas 5.11 - 5.43 from [12] hold.
By [12, Lemma 5.21], the subgroups B, C are element-wise permutable,
and the abelian subgroup BN C' is contained in the center of the group BC
and is normal in G,. Therefore, BNC < R, and the Lemma is proved. [

Lemma 7. If a and G, from Lemma 6, G, = G4/R and b,¢ are permuta-

. . = - —Ga
tion elements of coprime orders from F', then normal closures B = b,

C = (¢%) are element-wise permutable, BNC =1 and B-C = B x C.

Proof. The proof of the elementwise permutability of the subgroups B and
C carries over word for word from the Lemma 6. And since the locally
finite radical in F is obviously trivial, then BNC =1 and B-C = B x C.
The Lemma, is proved. ]

Recall that k(p) denotes the value of the Higman function of a prime
number p.

Lemma 8. Let p be the smallest number from w(H), q € w(F), and b be
an arbitrary q-element from F. Then b*®) € R for any q, and b7 € R for

q > k(p).

Proof. As in the Lemma 6, for an element a of order p from H, the group
Go = F X (a) by the Lemma 3 belongs to the class AN & [12, p. 172].
By [12, Lemma 5.22] b*) ¢ R, and under the condition ¢ > k(p), b? € R
by [12, Lemma 5.25]. The Lemma is proved. O

Proof of Theorem 1. Under the condition F' < R, the assertions
of the theorem follow from the Lemmas 1, 2 and 4. Under the condition
F > R, the assertions of the theorem, except for the last one, are proved
in the Lemmas 2, 4, 5 and 6. The boundedness of the periods of Sylow
g-subgroups in F'/R is an obvious consequence of the Lemma 8. Theorem
1 is proved.

Proof of Theorem 2. When 7(F/R) = {q}, the theorem follows from
the Lemma 8. Let |7(F/R)| > 1 and ¢,r € w(F/R). Lemma 7 implies
that for any g-element b from F/R the normal closure B = (b%/%) does not
contain ¢’-elements commuting with b. And if B is not a g-group, then in
view of the Lemma 5 this means that an element b with any ¢’-element from

B generates an infinite subgroup. Let b, ¢ be elements of different prime
orders ¢ and r from F/R, L = (b,b) and M = (c,c’). By the hypotheses
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of the theorem, each element of prime order from F/R is finite in F/R,
therefore, the subgroups L and M are finite. By virtue of the Lemma 5, L
is a g-group, M is a r-group, and LN M = 1. Therefore, bc = cb, and by the
Lemma 7 B = (b%/1) is a ¢-group, C = (¢“/B) is a g-group. It obviously
follows from this that Q; (F/R) is the direct product of its non-locally finite
Sylow subgroups. The boundedness of the periods of Sylow subgroups in
F/R follows from the Lemma 8. Theorem 2 is proved.

Proof of Theorem 3. By Theorem 1, G = F X\ H is a Frobenius
group in which the complement H is locally finite in [13, Theorem 2],
and all finite subgroups of the kernel F' are nilpotent by the Lemma 5.
In view of the binary finiteness, the product of any g¢-elements from F
is a g-element, and F' is the direct product of its Sylow subgroups. The
corresponding boundedness of the Sylow periods in F//R follows from the
Lemma 8. Theorem 3 is proved.

4. Discussion of the obtained results

The purpose of this work is to further study periodic non-locally finite
Frobenius groups and groups with saturation conditions, as well as to draw
boundaries, unconditionally conditional, between domains of (periodic)
groups where local methods work effectively, and where the study of groups
by local methods is impossible.

Let us first give examples of non-locally finite groups satisfying the
conditions of the theorems of the article. If A = A(m,n) is the Adian
group [2], (d) = Z(A) and k is a natural number, then it is well known
that H = A/(d*) is a group of period % with cyclic non-splittable center
Z = (d)/(d*) of order k and H/Z ~ B(m,n). In connection with the
conditions of Theorems 1 and 2, we give such examples.

Example 1. If n = p, k = g are primes, then the Sylow g-subgroup in H
is unique, coincides with Z, and is not distinguished by a direct factor in
H.

Example 2. In the case when n(n) C w(k), Qi(H) is a central cyclic
subgroup of H [16], and the group H is weakly conjugate biprimitive is
finite.

Note that in the same year groups similar to the groups H from [16;17]
were constructed by A.Yu. Olshanskiy [11], [10, Theorem 35.1] and V.L.
Shirvanyan [20].

Let us give an example of a periodic non-locally finite group satisfy-
ing both the conditions and the statements of Theorem 1 (for F' < R),
constructed in [16;17] using the group H from the example 2.
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Example 3. For any prime number ¢ ¢ 7(H), there exists a weakly conju-
gate biprimitively finite Frobenius group G = F' X\ H with an (elementary)
Abelian kernel F' and a periodic not locally finite complement H.

The existence of groups with the condition F' > R from Theorems 1-3
has not yet been proved, but has not been disproved either. In particular,
even with the additional saturation condition, it has not yet been possible
to solve V.P. Shunkov’s question 6.56 from the Kourovka notebook [5]:

6.56. Let G = F - (a) be a Frobenius group, and the complement (a) has
a simple order.

1) If G is binary finite, will it be locally finite?

2) If the groups (a,a9) are finite for all g € G, then is the kernel F' a
locally finite group?

In connection with the results of the monograph [12], V.V. Bludov [4],
results from [13] and this paper, many questions arise about the structure
of infinite Frobenius groups with saturation conditions. As mentioned in
the introduction, Frobenius groups are close to the well-known objects of
combinatorial group theory in terms of splitting and saturation properties.
We will cite only questions with short, clear formulations, which cannot be
solved by methods of local analysis (to the authors).

Question 1. Does there exist infinite simple groups all of whose mazximal
subgroups are finite Frobenius groups?

Finite simple groups with this condition exist, that are Ly (2P) and Sz (2P)
(p is a prime number). According to Dirichlet’s theorem in number theory,
there are Frobenius groups with cyclic complements and kernels of arbitrar-
ily large prime orders. And the Question 1 may be easier than the Question
of A.Yu. Olshanskiy [3, 14]: Let p be a prime number. Is there an infinite
periodic group G in which every mazimal subgroup is an elementary abelian
group of order p*?

Question 2. [t is well known that a finite group with a strongly isolated
normal subgroup is a Frobenius group. Is a periodic group with a normal
strongly isolated Abelian subgroup a Frobenius group?

Question 3. Are there periodic Frobenius groups with abelian kernels and
simple infinite complements?

Let’s dwell on a technical issue.

Question 4. Let the group G = F X (ab) be saturated with finite Frobenius
groups, (G, (ab)) be a Frobenius pair, ab = ba, |a| = p, |b| = q, where p and
q are distinct primes. Is G a Frobenius group? Is G a Frobenius group,
provided that a is finite in G ¢
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Finally, let us cite the questions, the solutions of which the authors hope
to receive in the near future. Can Theorems 1-3 of the paper be freed from
the condition for the existence of a nontrivially finite radical? More specific:

Question 5. Is the Frobenius group a binary finite group saturated with
finite Frobenius groups?

Question 6. Is a periodic (weakly) conjugate biprimitively finite group
saturated with finite Frobenius groups a Frobenius group?

5. Conclusion

The results obtained in [13] and in this paper show that the study of
groups saturated with finite Frobenius groups is a complex, interesting and
extensive problem, topical both for the theory of groups with finiteness
conditions and for combinatorial group theory.
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O nepuognYecKuX rpyIiiax, HaChIIEHHbIX KOHEYHBIMU IPYTI-
namu PpobeHmyca

B. E. Jypakos!, A. . Cozyros!
L Cubupcruti gpedeparvnviti ynusepcumem, Kpacnoapex, Poccutickas DPedeparusa

Awnnoranusi.  ['pymnma HazbiBaeTcs €1ab0 CONMPSTKEHHO OUITPUMHUTUBHO KOHETHOM,
€CJIM KaXKJbIil €€ 2JIEMEHT IIPOCTOrO IIOPSIJIKA IIOPOXKIAET C JIIOOBIM CBOUM COIPSI?KEHHBIM
KOHEYHYIO MOArpyNiy. BUHADHO KOHEYHAs] IPYIIa — 9TO MEPUOUIECKAs IPYIIa, B KO-
TOpPOIi JIIOObIE JIBa 3JIEMEHTA MOPOXKIAIT KOHEYHyo moirpymmy. Ecan X — HekoTopoe
MHOXKECTBO KOHEUHBIX T'PYII, TO TOBOPT, 4TO rpyina (G HACHIIEHA I'PYIIAMA U3 MHO-
xecTtBa X, ecam Jrobasi KOHeUHasi MOArpynna u3 G COIEPKUTCS B MOJATPYIINE TPYIIITbI
G, uzomopdHoit Hekoropoii rpynne w3 X. ['pynnma G = F X\ H Ha3biBaeTcs rpynmnoi
®pobenuyca ¢ supoM F u monosuennem H, ecoim H N HY = 1 nua moboro f € F¥ u
KaxKJIpli ssteMeHT u3 G \ F' IpUHAIIeKUT OHOI 13 CONPSKEHHBIX ¢ H IOArpyIIl TPy b
G. B pabore nokazaHo, 4TO IIEPUOINIECKAs CJIa00 COMPAXKEHHO OUITPUMUTUBHO KOHEYHAS
rpyIiia ¢ HETPUBHAJILHBIM JIOKAJBHO KOHEYHBIM DaJMKAJIOM, HACBIIIEHHAs KOHEYHBIMU
rpynmamu Ppobennyca, siBiasercs rpynmnoit @pobennyca. Haiinen psa cBOWCTB Takux
rpyui u ux GhaKTOP-IPYIIII 10 JIOKAJIBHO KOHEYHOMY PaJIUKasly. AHAJIOTUYHBIN pe3ysibrar
[OJTy 9€H J1jisi OUHAPHO KOHEYHBIX IPYII ¢ YKA3aHHBIMU YCI0BUsAMUA. [ pUBEIeHBI TPUMEDPDI
[IEPUOJUIECKUX HE JIOKAJIHHO KOHEYHBIX I'PYIII, y/IOBJIETBOPSIONIUX YCJIOBUSM TEOPEM, U
[IOCTABJIEH Psif] BOIPOCOB 110 KOMOMHATOPHON TEOPUU T'PYIIIL.

Kuarouessbie ciioBa: rpymnmna @Ppobennyca, c1abo CONpsizKEHHO OUITPUMUTUBHO KOHEY-
Has TPYIIa, JIOKAJHLHO KOHEUHBIN PauKaJjl, HACBIIEHHOCTD.
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