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Abstract. This work relates to the structural act theory. The structural theory includes
the description of acts over certain classes of monoids or having certain properties, for
example, satisfying some requirement for the congruence lattice. The congruences of
universal algebra is the same as the kernels of homomorphisms from this algebra into
other algebras. Knowledge of all congruences implies the knowledge of all the homo-
morphic images of the algebra. A left 𝑆–act over monoid 𝑆 is a set 𝐴 upon which 𝑆
acts unitarily on the left. In this paper, we consider 𝑆–acts over linearly ordered and
over well-ordered monoids, where a linearly ordered monoid 𝑆 is a linearly ordered set
with a minimal element and with a binary operation 𝑚𝑎𝑥, with respect to which 𝑆 is
obviously a commutative monoid; a well-ordered monoid 𝑆 is a well-ordered set with a
binary operation 𝑚𝑎𝑥, with respect to which 𝑆 is also a commutative monoid. The
paper is a continuation of the work of the author in co-authorship with M.S. Kazak,
which describes 𝑆–acts over linearly ordered monoids with a linearly ordered congruence
lattice and 𝑆-acts over a well-ordered monoid with distributive congruence lattice. In
this article, we give the description of S-acts over a well-ordered monoid such that the
corresponding congruence lattice is modular.

Keywords: act over monoid, congruence lattice of algebra, modular lattice.

1. Introduction

A significant number of works are devoted to the study of 𝑆-acts with
given conditions on their congruence lattices. In particular, in [1], unars,
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that are the unary algebras with one unary operation, with linearly ordered,
distributive or modular congruence lattices are described. A description
of commutative unary algebras whose congruence lattices are a chain is
obtained in [4]. The congruence lattices of disconnected 𝑆-acts over
monoids are studied in [8]. A description of acts over certain classes
of semigroups (such that semigroups of right and left zeros, rectangular
bands, linearly ordered monoids) that have modular, distributive or linearly
ordered congruence lattice is obtained in [2;7;10]. For commutative 𝑆-acts
the conditions of modularity and distributivity of the congruence lattice are
investigated in [3]. In this paper, we describe 𝑆-acts over a well-ordered
monoid with modular congruence lattices.

2. Preliminaries

Let us recall some definitions and facts from act theory and universal
algebra (see [5; 6; 9]). Throughout this paper 𝑆 will denote a monoid with
identity 1. An algebraic system ⟨𝐴; 𝑠⟩𝑠∈𝑆 of the language 𝐿𝑆 = {𝑠 | 𝑠 ∈ 𝑆}
consisting of unary operation symbols is a (left) 𝑆-act if 𝑠1(𝑠2𝑎) = (𝑠1𝑠2)𝑎
and 1𝑎 = 𝑎 for all 𝑠1, 𝑠2 ∈ 𝑆 and 𝑎 ∈ 𝐴. An 𝑆-act ⟨𝐴; 𝑠⟩𝑠∈𝑆 is denoted by

𝑆𝐴. Let 𝑆𝐴 be an 𝑆-act and 𝑆𝐵 be a subact of 𝑆𝐴. An equivalence relation
𝜃 on 𝑆𝐴 is called a congruence on 𝑆𝐴, if (𝑎, 𝑏) ∈ 𝜃 implied (𝑠𝑎, 𝑠𝑏) ∈ 𝜃 for
𝑎, 𝑏 ∈ 𝐴, 𝑠 ∈ 𝑆. Any subact 𝑆𝐵 ⊂ 𝑆𝐴 defines the Rees congruence 𝜌(𝐵) on

𝑆𝐴, by setting (𝑎, 𝑏) ∈ 𝜌(𝐵) if 𝑎, 𝑏 ∈ 𝐵 or 𝑎 = 𝑏.
Elements 𝑥, 𝑦 of an 𝑆-act 𝑆𝐴 are called connected (denoted by 𝑥 ∼ 𝑦) if

there exist 𝑛 ∈ 𝜔, 𝑎0, . . . , 𝑎𝑛 ∈ 𝐴, 𝑠1, . . . , 𝑠𝑛 ∈ 𝑆 such that 𝑥 = 𝑎0, 𝑦 = 𝑎𝑛,
and 𝑎𝑖 = 𝑠𝑖𝑎𝑖−1 or 𝑎𝑖−1 = 𝑠𝑖𝑎𝑖. An 𝑆-act 𝑆𝐴 is called connected if we
have 𝑥 ∼ 𝑦 for any 𝑥, 𝑦 ∈ 𝑆𝐴. It is easy to check that ∼ is a congruence
relation on the 𝑆-act 𝑆𝐴. The classes of this relation are called connected
components of the 𝑆-act 𝑆𝐴. A coproduct of 𝑆-acts 𝑆𝐴𝑖 is a disjunctive
union of this 𝑆-acts. The coproduct of 𝑆-acts 𝑆𝐴𝑖 is denoted by

∐︀
𝑖∈𝐼

𝑆𝐴𝑖. It

is known (see [5]) that that every 𝑆-act 𝑆𝐴 can be uniquely represented as
a coproduct of connected components.

For a congruence 𝜃 on 𝑆𝐴 and a subact 𝑆𝐵 ⊂ 𝑆𝐴 we define the restriction
𝜃 � 𝐵 of 𝜃 for 𝑆𝐵 by 𝜃 � 𝐵 = 𝜃 ∩ (𝐵 × 𝐵). Instead (𝑎, 𝑏) ∈ 𝜃 we will write
sometimes 𝑎𝜃𝑏. The class of 𝑎 ∈ 𝐴 with respect to congruence 𝜃 is a set
𝜃(𝑎) = {𝑏 ∈ 𝐴 | 𝑎𝜃𝑏}. Note that the set of all congruences on 𝑆𝐴 forms a
lattice according to the relation ⊆, which is called the lattice of congruences
on the 𝑆-act 𝑆𝐴, and denoted by 𝐶𝑜𝑛(𝑆𝐴).

Theorem 1. [5] Let 𝑆𝐴 be an 𝑆-act, 𝑎, 𝑏 ∈ 𝐴, 𝜃1, 𝜃2 ∈ 𝐶𝑜𝑛(𝑆𝐴). Then
𝑎 (𝜃1∨𝜃2) 𝑏 if and only if there are the elements 𝑥0, 𝑥1, . . . , 𝑥2𝑛 in 𝐴 such that
𝑎 = 𝑥0, 𝑥2𝑛 = 𝑏, 𝑥2𝑘 𝜃1 𝑥2𝑘+1 and 𝑥2𝑘+1 𝜃2 𝑥2𝑘+2 for all 𝑘 ∈ {0, 1, . . . , 𝑛−1}.
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A lattice (𝐿,∧,∨) is called modular if (𝑎 ∨ 𝑏) ∧ 𝑐 = 𝑎 ∨ (𝑏 ∧ 𝑐) for all
𝑎, 𝑏, 𝑐 ∈ 𝐿 with 𝑎 6 𝑐.

Theorem 2. [9] A lattice 𝐿 is modular iff the conditions 𝑎 6 𝑏, and
𝑎 ∨ 𝑐 = 𝑏 ∨ 𝑐, 𝑎 ∧ 𝑐 = 𝑏 ∧ 𝑐 for some 𝑐 ∈ 𝐿 imply 𝑎 = 𝑏 for all 𝑎, 𝑏 ∈ 𝐿.

A congruence 𝜃 on an 𝑆-act 𝑆𝐴 is called perforating if there are 𝑆-acts

𝑆𝐵, 𝑆𝐶 and elements 𝑏1, 𝑏2 ∈ 𝐵, 𝑐1, 𝑐2 ∈ 𝐶 such that

𝑆𝐴 =𝑆 𝐵 ⊔𝑆 𝐶, (𝑏1, 𝑏2) /∈ 𝜃, (𝑐1, 𝑐2) /∈ 𝜃, (𝑏1, 𝑐1) ∈ 𝜃, (𝑏2, 𝑐2) ∈ 𝜃.

Theorem 3. [8] A lattice 𝐶𝑜𝑛(𝑆𝐴) is modular if and only if the following
conditions are true:

(1) the 𝑆-act 𝑆𝐴 contains no more than three connected components;
(2) the latices of congruences on all connected components of an 𝑆-act

𝑆𝐴 are modular;
(3) there are no perforating congruences on an 𝑆-act 𝑆𝐴.

A lattice (𝐿,∧,∨) is called distributive if (𝑎 ∨ 𝑏) ∧ 𝑐 = (𝑎 ∧ 𝑐) ∨ (𝑏 ∧ 𝑐)
for all 𝑎, 𝑏, 𝑐 ∈ 𝐿. It is clear that a distributive lattice is modular.

Let ≤ be a total ordering on 𝑆 and 1 be a minimal element in 𝑆. Then
(𝑆; ·) is a commutative monoid relative to the operation 𝑎 · 𝑏 = max{𝑎, 𝑏}
for 𝑎, 𝑏 ∈ 𝑆, at that 1 is identity of monoid 𝑆. This monoid is called a
linearly ordered monoid. If (𝑆;≤) is well-ordered set then linearly ordered
monoid (𝑆; ·) is called a well-ordered monoid.

Proposition 1. [10] Let 𝑆 be a well-ordered monoid. Then the lattice
on any cyclic 𝑆-act is distributive.

3. 𝑆-acts over a well-ordered monoid with modular congruence
lattices

Lemma 1. Let 𝑆 be a linearly ordered monoid, 𝑆𝐴 be an 𝑆-act, 𝑎, 𝑏 ∈ 𝐴,
𝑆𝑎 = 𝑆𝑏. Then 𝑎 = 𝑏.

Proof. Let the conditions of the Lemma hold. Since 𝑆𝑎 = 𝑆𝑏, we have
𝑎 = 𝑠𝑏 and 𝑏 = 𝑡𝑎 for some 𝑠, 𝑡 ∈ 𝑆. Suppose that 𝑠 ≤ 𝑡. Then 𝑎 = 𝑠𝑏 =
𝑠𝑡𝑎 = 𝑡𝑎 = 𝑏.

Lemma 2. Let 𝑆 be a linearly ordered monoid, 𝑆𝐴 be an 𝑆-act, 𝑎, 𝑏, 𝑐 ∈ 𝐴,
𝑆𝑐 ⊆ 𝑆𝑏 ⊆ 𝑆𝑎, 𝜃 be a congruence on an 𝑆-act 𝑆𝐴 and 𝑎𝜃𝑐. Then 𝑎𝜃𝑏𝜃𝑐.

Proof. Since 𝑆𝑐 ⊆ 𝑆𝑏 ⊆ 𝑆𝑎, we have 𝑏 = 𝑡𝑎 and 𝑐 = 𝑠𝑏 = 𝑠𝑡𝑎 for some
𝑠, 𝑡 ∈ 𝑆. Since 𝑎𝜃𝑐, we have 𝑏 = 𝑡𝑎𝜃𝑡𝑐 = 𝑡𝑠𝑡𝑎 = 𝑡𝑠𝑎 = 𝑐. Hence 𝑏𝜃𝑐.
Therefore, 𝑎𝜃𝑐𝜃𝑏, that is 𝑎𝜃𝑏.
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Lemma 3. Let 𝑆 be a well-ordered monoid, 𝑆𝐴 be a connected 𝑆-act.
Then the following conditions are true:

(1) for any 𝑎, 𝑏 ∈ 𝐴 there is a minimal element 𝑚 ∈ 𝑆 such that
𝑆𝑎 ∩ 𝑆𝑏 = 𝑆𝑚𝑎 and 𝑚𝑎 = 𝑚𝑏;

(2) there are 𝑎𝑖 ∈ 𝐴 (𝑖 ∈ 𝐼) such that 𝐴 =
⋃︀
𝑖∈𝐼

𝑆𝑎𝑖 and 𝑎𝑖 ̸∈ 𝑆𝑎𝑗 for any

different elements 𝑖, 𝑗 ∈ 𝐼.

Proof. Let us prove (1). The existence of minimal element 𝑚 ∈ 𝑆 such
that 𝑚𝑎 = 𝑚𝑏 follows from the connectivity of 𝑆𝐴 and the well-ordering
of the monoid 𝑆. Let us check for equality 𝑆𝑎 ∩ 𝑆𝑏 = 𝑆𝑚𝑎. Obviously
𝑆𝑚𝑎 ⊆ 𝑆𝑎 ∩ 𝑆𝑏. Let 𝑐 ∈ 𝑆𝑎 ∩ 𝑆𝑏. Then 𝑐 = 𝑠0𝑎 = 𝑠1𝑏 for some 𝑠0, 𝑠1 ∈ 𝑆.
This means that 𝑐 = 𝑠𝑎 = 𝑠𝑏, where 𝑠 = max{𝑠0, 𝑠1}. In particular, 𝑠 ≥ 𝑚.
Therefore, 𝑐 = 𝑠𝑎 = 𝑠𝑚𝑎 ∈ 𝑆𝑚𝑎.

To prove (2), let 𝐴 = {𝑎𝛼 | 𝛼 ∈ 𝜅}, where 𝜅 is some ordinal. Then we
assume 𝐼 = {𝛽 ∈ 𝜅 | 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑛𝑜 𝛾 ∈ 𝜅 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑆𝑎𝛽 ⊂ 𝑆𝑎𝛾}.

Theorem 4. Let 𝑆 be a well-ordered monoid. The lattice 𝐶𝑜𝑛(𝑆𝐴) is
modular if and only if the following conditions are true:

(1) an 𝑆-act 𝑆𝐴 contains no more than three connected components;
(2) if 𝑎1, 𝑎2 ∈ 𝐴, 𝑠 ∈ 𝑆, 𝑠 ̸= 1 and 𝑆𝑎1 ∩ 𝑆𝑎2 = 𝑆𝑠𝑎1 ∩ 𝑆𝑠𝑎2 then

𝑠𝑎1 = 𝑠𝑎2, or 𝑠𝑎1 = 𝑟𝑎1, or 𝑠𝑎2 = 𝑟𝑎2 for some 𝑟 ∈ 𝑆, 𝑟 < 𝑠;
(3) if 𝑎1, 𝑎2, 𝑎3 ∈ 𝐴 and 𝑠 ∈ 𝑆 such that 𝑠 ̸= 1, 𝑎𝑖 ̸∈ 𝑆𝑎𝑗, 𝑠𝑎𝑖 = 𝑠𝑎𝑗 and

𝑆𝑎𝑖 ∩ 𝑆𝑎𝑗 = 𝑆𝑠𝑎1 for any different 𝑖, 𝑗 ∈ {1, 2, 3}, then 𝑠𝑎𝑖 = 𝑟𝑎𝑖 for some
𝑟 ∈ 𝑆, 𝑟 < 𝑠, and 𝑖 ∈ {1, 2, 3}.

Proof. Necessity. Let 𝐶𝑜𝑛(𝑆𝐴) be a modular lattice. By Theorem 3 we
have (1).

Let us prove (2). Suppose for contradiction that there are elements
𝑎1, 𝑎2 ∈ 𝐴 and 𝑠 ∈ 𝑆 such that 𝑠 ̸= 1, 𝑆𝑎1 ∩ 𝑆𝑎2 = 𝑆𝑠𝑎1 ∩ 𝑆𝑠𝑎2, 𝑠𝑎1 ̸= 𝑠𝑎2
and 𝑠𝑎𝑖 ̸= 𝑟𝑎𝑖 for all 𝑟 < 𝑠 and for all 𝑖 ∈ {1, 2}. Let us define the
equivalence relations 𝜃1, 𝜃2, 𝜂 on the set 𝐴 as follows:

(𝑢, 𝑣) ∈ 𝜃1 ⇔ 𝑢, 𝑣 ∈ 𝑆𝑠𝑎1∪𝑆𝑠𝑎2, or 𝑢, 𝑣 ∈ 𝑆𝑎1∖𝑆𝑠𝑎1, or 𝑢, 𝑣 ∈ 𝑆𝑎2∖𝑆𝑠𝑎2,
or 𝑢 = 𝑣;

(𝑢, 𝑣) ∈ 𝜃2 ⇔ (𝑢, 𝑣) ∈ 𝜃1 or 𝑢, 𝑣 ∈ (𝑆𝑎1 ∖ 𝑆𝑠𝑎1) ∪ (𝑆𝑎2 ∖ 𝑆𝑠𝑎2);
(𝑢, 𝑣) ∈ 𝜂 ⇔ 𝑢, 𝑣 ∈ {𝑡𝑎1 | 𝑡 ≤ 𝑠}, or 𝑢, 𝑣 ∈ {𝑡𝑎2 | 𝑡 ≤ 𝑠}, or 𝑢 = 𝑣.

We show that the relation 𝜃1 is a congruence on 𝑆𝐴. Let 𝑢, 𝑣 ∈ 𝑆𝑎1 ∪ 𝑆𝑎2,
𝑡 ∈ 𝑆. If 𝑡 ≥ 𝑠 then 𝑡𝑢 = 𝑡𝑠𝑢 ∈ 𝑆𝑠𝑎1 ∪ 𝑆𝑠𝑎2 and 𝑡𝑣 = 𝑡𝑠𝑣 ∈ 𝑆𝑠𝑎1 ∪ 𝑆𝑠𝑎2,
that is (𝑡𝑢, 𝑡𝑣) ∈ 𝜃1. So, we assume that 𝑡 < 𝑠. If 𝑢, 𝑣 ∈ 𝑆𝑠𝑎1 ∪ 𝑆𝑠𝑎2 then
𝑡𝑢, 𝑡𝑣 ∈ 𝑆𝑠𝑎1∪𝑆𝑠𝑎2 and (𝑡𝑢, 𝑡𝑣) ∈ 𝜃1. Let 𝑢, 𝑣 ∈ 𝑆𝑎1 ∖𝑆𝑠𝑎1 and 𝑡𝑢 ∈ 𝑆𝑠𝑎1.
Then 𝑡𝑢 = 𝑠𝑡𝑢 = 𝑠𝑢 and 𝑢 = 𝑙𝑎1 for some 𝑙 ∈ 𝑆. As 𝑢 ̸∈ 𝑆𝑠𝑎1 then 𝑙 < 𝑠.
Hence 𝑡𝑙𝑎1 = 𝑡𝑢 = 𝑠𝑢 = 𝑠𝑙𝑎1 = 𝑠𝑎1. Because of the inequality 𝑡𝑙 < 𝑠 we
get the contradiction. So 𝑡𝑢 ̸∈ 𝑆𝑠𝑎1. Similarly, it is shown that 𝑡𝑣 ̸∈ 𝑆𝑠𝑎1.
Thus, 𝑡𝑢, 𝑡𝑣 ∈ (𝑆𝑎1 ∖ 𝑆𝑠𝑎1), i.e. (𝑡𝑢, 𝑡𝑣) ∈ 𝜃1. Therefore, the relation 𝜃1 is
a congruence on the 𝑆-act 𝑆𝐴.
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Similarly, it is proved that the relation 𝜃2 is a congruence on the 𝑆-act

𝑆𝐴.
We show that the relation 𝜂 is a congruence on 𝑆𝐴. Let (𝑢, 𝑣) ∈ 𝜂,

𝑟 ∈ 𝑆. We can assume that 𝑢 = 𝑡1𝑎1 and 𝑣 = 𝑡2𝑎1 for some 𝑡1 ≤ 𝑠, 𝑡2 ≤ 𝑠.
Since

𝑟𝑡1 ≤ 𝑠⇔ 𝑟 ≤ 𝑠⇔ 𝑟𝑡2 ≤ 𝑠

then (𝑟𝑢, 𝑟𝑣) ∈ 𝜂. So 𝜂 is a congruence on the 𝑆-act 𝑆𝐴.
It is clear that 𝜃1 ⊆ 𝜃2. Now we show that 𝜃1 ⊂ 𝜃2. If 𝑎1 ∈ 𝑆𝑠𝑎1, then

𝑆𝑎1 = 𝑆𝑠𝑎1 and by Lemma 1 we have 1 · 𝑎1 = 𝑎1 = 𝑠𝑎1, this contradicts
the assumption. Therefore, 𝑎1 ̸∈ 𝑆𝑠𝑎1. If 𝑎1 ∈ 𝑆𝑎2 then 𝑎1 ∈ 𝑆𝑎1 ∩
𝑆𝑎2 = 𝑆𝑠𝑎1 ∩ 𝑆𝑠𝑎2 ⊆ 𝑆𝑠𝑎1, contradiction. So, 𝑎1 ̸∈ 𝑆𝑠𝑎1 ∪ 𝑆𝑠𝑎2 and
𝑎1 ∈ 𝑆𝑎1 ∖ 𝑆𝑠𝑎1. Similarly, 𝑎2 ̸∈ 𝑆𝑠𝑎1 ∪ 𝑆𝑠𝑎2 and 𝑎2 ∈ 𝑆𝑎2 ∖ 𝑆𝑠𝑎2. Hence
it is proved that (𝑎1, 𝑎2) ∈ 𝜃2. Note that (𝑆𝑎1 ∖ 𝑆𝑠𝑎1) ∩ (𝑆𝑎2 ∖ 𝑆𝑠𝑎2) = ∅.
Indeed,

(𝑆𝑎1 ∖ 𝑆𝑠𝑎1) ∩ (𝑆𝑎2 ∖ 𝑆𝑠𝑎2) = (𝑆𝑎1 ∩ 𝑆𝑎2) ∖ (𝑆𝑠𝑎1 ∪ 𝑆𝑠𝑎2) =

= (𝑆𝑠𝑎1 ∩ 𝑆𝑠𝑎2) ∖ (𝑆𝑠𝑎1 ∪ 𝑆𝑠𝑎2) = ∅.
So, (𝑎1, 𝑎2) ̸∈ 𝜃1. Thus, (𝑎1, 𝑎2) ∈ 𝜃2 ∖ 𝜃1.

To prove the equality 𝜃1 ∧ 𝜂 = 𝜃2 ∧ 𝜂 it is enough to check the inclusion
𝜃2 ∧ 𝜂 ⊆ 𝜃1. Indeed, let (𝑢, 𝑣) ∈ 𝜃2 ∧ 𝜂. Since (𝑢, 𝑣) ∈ 𝜂 then we can
assume, for example, that 𝑢 = 𝑡1𝑎1, 𝑣 = 𝑡2𝑎1 for some 𝑡1, 𝑡2 ≤ 𝑠. More
over, since (𝑢, 𝑣) ∈ 𝜃2 we can assume 𝑢, 𝑣 ∈ (𝑆𝑎1 ∖ 𝑆𝑠𝑎1) ∪ (𝑆𝑎2 ∖ 𝑆𝑠𝑎2)
(otherwise (𝑢, 𝑣) ∈ 𝜃1, as claimed). If 𝑢 ∈ 𝑆𝑎2 ∖𝑆𝑠𝑎2 then 𝑢 ∈ 𝑆𝑎1 ∩𝑆𝑎2 =
𝑆𝑠𝑎1 ∩ 𝑆𝑠𝑎2 ⊆ 𝑆𝑠𝑎2, contradiction. So 𝑢 ∈ 𝑆𝑎1 ∖ 𝑆𝑠𝑎1 and, similarly,
𝑣 ∈ 𝑆𝑎1 ∖ 𝑆𝑠𝑎1. Hence, (𝑢, 𝑣) ∈ 𝜃1.

Let us prove 𝜃1 ∨ 𝜂 = 𝜃2 ∨ 𝜂 = 𝜌(𝑆𝑎1 ∪ 𝑆𝑎2), where 𝜌(𝑆𝑎1 ∪ 𝑆𝑎2) is the
Rees congruence. Clearly, 𝜃1 ⊆ 𝜃2 ⊆ 𝜌(𝑆𝑎1 ∪ 𝑆𝑎2) and 𝜂 ⊆ 𝜌(𝑆𝑎1 ∪ 𝑆𝑎2),
i.e. 𝜃1 ∨ 𝜂 ⊆ 𝜃2 ∨ 𝜂 ⊆ 𝜌(𝑆𝑎1 ∪ 𝑆𝑎2). Note that 𝑎1𝜂𝑠𝑎1𝜃1𝑠𝑎2𝜂𝑎2. Then
(𝑎1, 𝑎2) ∈ 𝜃1 ∨ 𝜂. Let 𝑡 ∈ 𝑆. Since 𝑡𝑎1𝜂𝑎1 (if 𝑡 ≤ 𝑠) or 𝑡𝑎1𝜃1𝑠𝑎1 (if
𝑡 ≥ 𝑠) then (𝑡𝑎1, 𝑎1) ∈ 𝜃1 ∨ 𝜂. Analogously, (𝑡𝑎2, 𝑎2) ∈ 𝜃1 ∨ 𝜂. So for all
𝑢, 𝑣 ∈ 𝑆𝑎1∪𝑆𝑎2 we have (𝑢, 𝑣) ∈ 𝜃1∨𝜂, i.e. 𝜌(𝑆𝑎1∪𝑆𝑎2) ⊆ 𝜃1∨𝜂 ⊆ 𝜃2∨𝜂.

Thus, 𝜃1 ⊂ 𝜃2, 𝜃1 ∧ 𝜂 = 𝜃2 ∧ 𝜂 and 𝜃1 ∨ 𝜂 = 𝜃2 ∨ 𝜂. By Theorem 2 it
contradicts the modularity of the lattice 𝐶𝑜𝑛(𝑆𝐴).

To prove the condition (3) we suppose to the contrary that there are
𝑎1, 𝑎2, 𝑎3 ∈ 𝐴 and 𝑠 ∈ 𝑆 such that 𝑠 ̸= 1, 𝑆𝑎𝑖 ∩ 𝑆𝑎𝑗 = 𝑆𝑠𝑎1, 𝑎𝑖 ̸∈ 𝑆𝑎𝑗 ,
𝑠𝑎𝑖 = 𝑠𝑎𝑗 for all different 𝑖, 𝑗 ∈ {1, 2, 3} and 𝑠𝑎𝑖 ̸= 𝑟𝑎𝑖 for all 𝑟 < 𝑠 and for
all 𝑖 ∈ {1, 2, 3}. Let us define the equivalence relations 𝜃1, 𝜃2, 𝜂 on the set
𝐴 as follows:

(𝑢, 𝑣) ∈ 𝜃1 ⇔ 𝑢, 𝑣 ∈ (𝑆𝑎1 ∪ 𝑆𝑎2) ∖ 𝑆𝑠𝑎1, or 𝑢, 𝑣 ∈ 𝑆𝑠𝑎1, or 𝑢, 𝑣 ∈
𝑆𝑎3 ∖ 𝑆𝑠𝑎1, or 𝑢 = 𝑣;

(𝑢, 𝑣) ∈ 𝜃2 ⇔ (𝑢, 𝑣) ∈ 𝜃1 or 𝑢, 𝑣 ∈ 𝑆𝑎3;
(𝑢, 𝑣) ∈ 𝜂 ⇔ 𝑢, 𝑣 ∈ (𝑆𝑎2 ∪ 𝑆𝑎3) ∖ 𝑆𝑠𝑎1, or 𝑢, 𝑣 ∈ 𝑆𝑎1, or 𝑢 = 𝑣.

We show that 𝜃1 is a congruence on 𝑆𝐴. Let (𝑢, 𝑣) ∈ 𝜃1, 𝑟 ∈ 𝑆. The proof
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is divided into three cases.
Case 1 : 𝑢, 𝑣 ∈ 𝑆𝑠𝑎1. Then it is obviously that 𝑟𝑢, 𝑟𝑣 ∈ 𝑆𝑠𝑎1 and (𝑟𝑢, 𝑟𝑣) ∈
𝜃1 for any 𝑟 ∈ 𝑆.
Case 2 : 𝑢, 𝑣 ∈ (𝑆𝑎1 ∪ 𝑆𝑎2) ∖ 𝑆𝑠𝑎1. If 𝑟 ≥ 𝑠 then 𝑟𝑢 = 𝑟𝑠𝑢 ∈ 𝑆𝑠𝑎1 and
𝑟𝑣 = 𝑟𝑠𝑣 ∈ 𝑆𝑠𝑎1, that is 𝑟𝑢, 𝑟𝑣 ∈ 𝑆𝑠𝑎1 and (𝑟𝑢, 𝑟𝑣) ∈ 𝜃1. Suppose that
𝑟 < 𝑠 and, for example, 𝑢 ∈ 𝑆𝑎1 ∖ 𝑆𝑠𝑎1. Then 𝑢 = 𝑡𝑎1 for some 𝑡 < 𝑠,
i.e. 𝑟𝑢 = 𝑟𝑡𝑎1, where 𝑟𝑡 < 𝑠. By assumption, 𝑠𝑎1 ̸= 𝑟𝑡𝑎1. By Lemma
1 𝑆𝑠𝑎1 ⊂ 𝑆𝑟𝑡𝑎1 = 𝑆𝑟𝑢, that is 𝑟𝑢 ̸∈ 𝑆𝑠𝑎1. So 𝑟𝑢 ∈ (𝑆𝑎1 ∪ 𝑆𝑎2) ∖ 𝑆𝑠𝑎1.
Similarly, 𝑟𝑣 ∈ (𝑆𝑎1 ∪ 𝑆𝑎2) ∖ 𝑆𝑠𝑎1, that is (𝑟𝑢, 𝑟𝑣) ∈ 𝜃1.
Case 3 : 𝑢, 𝑣 ∈ 𝑆𝑎3 ∖ 𝑆𝑠𝑎1. This case is considered similarly to case 2.
Thus, it is proved that 𝜃1 is the congruence on 𝑆𝐴. Similarly checked that
𝜃2, 𝜂 are the congruences on 𝑆𝐴.

It is clear that 𝜃1 ⊆ 𝜃2. Let us show that 𝜃1 ⊂ 𝜃2. Since 𝑠𝑎1 = 𝑠𝑎3 then
𝑠𝑎1, 𝑎3 ∈ 𝑆𝑎3, i.e. (𝑠𝑎1, 𝑎3) ∈ 𝜃2. By assumption, 𝑎3 ̸∈ 𝑆𝑎1, in particular,
𝑎3 ̸∈ 𝑆𝑠𝑎1. So, (𝑠𝑎1, 𝑎3) ̸∈ 𝜃1. Thus, (𝑠𝑎1, 𝑎3) ∈ 𝜃2 ∖ 𝜃1.

To prove the equality 𝜃1 ∧ 𝜂 = 𝜃2 ∧ 𝜂 it is enough to check the inclusion
𝜃2∧𝜂 ⊆ 𝜃1. Indeed, let (𝑢, 𝑣) ∈ 𝜃2∧𝜂. Since (𝑢, 𝑣) ∈ 𝜃2 then we can assume
that 𝑢, 𝑣 ∈ 𝑆𝑎3 (otherwise (𝑢, 𝑣) ∈ 𝜃1, as claimed). Since (𝑢, 𝑣) ∈ 𝜂 than we
have either 𝑢, 𝑣 ∈ 𝑆𝑎2 ∖ 𝑆𝑠𝑎1 (then (𝑢, 𝑣) ∈ 𝜃1), or 𝑢, 𝑣 ∈ 𝑆𝑎3 ∖ 𝑆𝑠𝑎1 (then
(𝑢, 𝑣) ∈ 𝜃1 too), or 𝑢, 𝑣 ∈ 𝑆𝑎1. In the last case we have 𝑢, 𝑣 ∈ 𝑆𝑎1 ∩ 𝑆𝑎3 =
𝑆𝑠𝑎1, i.e. (𝑢, 𝑣) ∈ 𝜃1.

Let us prove 𝜃1∨𝜂 = 𝜃2∨𝜂 = 𝜌(𝑆𝑎1∪𝑆𝑎2∪𝑆𝑎3), where 𝜌(𝑆𝑎1∪𝑆𝑎2∪𝑆𝑎3)
is the Rees congruence. Clearly, 𝜃1 ⊆ 𝜃2 ⊆ 𝜌(𝑆𝑎1 ∪ 𝑆𝑎2 ∪ 𝑆𝑎3) and 𝜂 ⊆
𝜌(𝑆𝑎1 ∪ 𝑆𝑎2 ∪ 𝑆𝑎3), i.e. 𝜃1 ∨ 𝜂 ⊆ 𝜃2 ∨ 𝜂 ⊆ 𝜌(𝑆𝑎1 ∪ 𝑆𝑎2 ∪ 𝑆𝑎3). Note
that 𝑠𝑎1𝜃1𝑎1𝜃1𝑎2𝜂𝑎3 for all 𝑠 ∈ 𝑆. Then 𝑠𝑎1𝜃1𝑡𝑎2𝜂𝑡𝑎3 for all 𝑠, 𝑡 ∈ 𝑆, i.e.
𝜌(𝑆𝑎1 ∪ 𝑆𝑎2 ∪ 𝑆𝑎3) ⊆ 𝜃1 ∨ 𝜂 ⊆ 𝜃2 ∨ 𝜂.

Thus, 𝜃1 ⊂ 𝜃2, 𝜃1 ∧ 𝜂 = 𝜃2 ∧ 𝜂 and 𝜃1 ∨ 𝜂 = 𝜃2 ∨ 𝜂. By Theorem 2 it
contradicts the modularity of the lattice 𝐶𝑜𝑛(𝑆𝐴).

Sufficiency. Let us prove few statements first.

Lemma 4. Let the condition (2) of the theorem is true, 𝑆𝐴 be a connected
𝑆-act and 𝑎, 𝑏 ∈ 𝐴. Then the following statements are true:

(1) if 𝜃 ∈ 𝐶𝑜𝑛(𝑆𝐴), 𝑎𝜃𝑏 and 𝑚 ∈ 𝑆 is the minimum element with the
conditions 𝑆𝑎∩𝑆𝑏 = 𝑆𝑚𝑎 and 𝑚𝑎 = 𝑚𝑏 then 𝑠𝑎𝜃𝑏 and 𝑎𝜃𝑠𝑏 for all 𝑠 < 𝑚;

(2) if 𝜃 ∈ 𝐶𝑜𝑛(𝑆𝐴), 𝑎𝜃𝑏 and 𝑆𝑎 ∩ 𝑆𝑏 ⊂ 𝑆𝑐 ⊆ 𝑆𝑎 then 𝑎𝜃𝑐𝜃𝑏;
(3) if 𝜃1, . . . , 𝜃𝑛 ∈ 𝐶𝑜𝑛(𝑆𝐴), 𝜃 = 𝜃1 ∘ . . . ∘ 𝜃𝑛, 𝑎𝜃𝑏 and 𝑚 ∈ 𝑆 is the

minimum element with the conditions 𝑆𝑎 ∩ 𝑆𝑏 = 𝑆𝑚𝑎 and 𝑚𝑎 = 𝑚𝑏 then
𝑠𝑎𝜃𝑏 and 𝑎𝜃𝑠𝑏 for all 𝑠 < 𝑚.

Proof. Since 𝑆𝐴 is a connected 𝑆-act then 𝑆𝑎 ∩ 𝑆𝑏 ̸= ∅.
Let us prove (1). If 𝑚 = 1 then 𝑎 = 𝑏 and (1) is satisfied. Let 𝑚 > 1. If

(𝑚𝑏, 𝑏) ∈ 𝜃 and 𝑠 < 𝑚 then 𝑆𝑚𝑏 ⊆ 𝑆𝑠𝑏 ⊆ 𝑆𝑏 implies 𝑏𝜃𝑚𝑏, i.e. by Lemma
2 we have 𝑎𝜃𝑏𝜃𝑠𝑏 and 𝑠𝑎𝜃𝑠𝑏𝜃𝑏. Suppose that (𝑚𝑏, 𝑏) /∈ 𝜃. Then (𝑚𝑏, 𝑎) /∈ 𝜃.
We assume 𝑘1 = min{𝑟 ∈ 𝑆 | (𝑟𝑏, 𝑎) /∈ 𝜃}, 𝑘2 = min{𝑟 ∈ 𝑆 | (𝑟𝑏, 𝑏) /∈ 𝜃}.

Известия Иркутского государственного университета.
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If 𝑘2 < 𝑘1 then by the definition of 𝑘1 we have 𝑏𝜃𝑎𝜃𝑘2𝑏 which contradicts
the definition of 𝑘2. If 𝑘1 < 𝑘2 then by the definition of 𝑘2 we have 𝑎𝜃𝑏𝜃𝑘1𝑏
which contradicts the definition of 𝑘1. So 𝑘1 = 𝑘2 = 𝑘 and 1 < 𝑘 ≤ 𝑚. Let
𝑥 ∈ 𝑆𝑎∩ 𝑆𝑏. Then 𝑥 = 𝑠𝑎 = 𝑠𝑏 for some 𝑠 ∈ 𝑆. It means that 𝑠𝑏 ∈ 𝑆𝑎 and
by the definition of 𝑚 we have 𝑘 ≤ 𝑚 ≤ 𝑠. Hence, 𝑘𝑥 = 𝑘𝑠𝑎 = 𝑠𝑎 = 𝑥 and
𝑘𝑥 = 𝑘𝑠𝑏 = 𝑠𝑏 = 𝑥, i.e. 𝑥 ∈ 𝑆𝑘𝑎 ∩ 𝑆𝑘𝑏. Thus, 𝑆𝑎 ∩ 𝑆𝑏 = 𝑆𝑘𝑎 ∩ 𝑆𝑘𝑏. By
the condition (2) of the theorem we have 𝑙𝑎 = 𝑘𝑎 for some 𝑙 < 𝑘, or 𝑙𝑏 = 𝑘𝑏
for some 𝑙 < 𝑘, or 𝑘𝑎 = 𝑘𝑏. In the first case, by the definition of 𝑘2 = 𝑘
we have 𝑙𝑏𝜃𝑏; the condition 𝑎𝜃𝑏 implies 𝑘𝑏𝜃𝑘𝑎 = 𝑙𝑎𝜃𝑙𝑏𝜃𝑏, that contradicts
the definition of 𝑘2 = 𝑘. In the second case, (𝑙𝑏, 𝑏) = (𝑘𝑏, 𝑏) /∈ 𝜃, that
contradicts the definition of 𝑘2 = 𝑘. And in the third case, since 𝑘 ≤ 𝑚,
from the definition of element 𝑚 we have 𝑘 = 𝑚; from the definition of
element 𝑘 we have 𝑠𝑎𝜃𝑠𝑏𝜃𝑏𝜃𝑎 for all 𝑠 < 𝑚 = 𝑘.

Let us prove (2). By Lemma 3 there exists a minimal element 𝑚 ∈ 𝑆
such that 𝑆𝑎 ∩ 𝑆𝑏 = 𝑆𝑚𝑎 and 𝑚𝑎 = 𝑚𝑏. Since 𝑆𝑚𝑎 ⊂ 𝑆𝑐 ⊆ 𝑆𝑎 then
𝑐 = 𝑠𝑎 for some 𝑠 < 𝑚. So by (1) we have 𝑐 = 𝑠𝑎𝜃𝑏.

Let us prove (3). Suppose 𝑠 < 𝑚. By induction on 𝑛 we will prove 𝑠𝑎𝜃𝑏
(𝑎𝜃𝑠𝑏 is proved similarly). If 𝑛 = 1 then (3) is done by (1). Suppose 𝑛 > 1,
and for 𝑛−1 (3) is done, and 𝜂 = 𝜃2 ∘ . . .∘ 𝜃𝑛. Then 𝑎𝜃1𝑐𝜂𝑏 for some 𝑐 ∈ 𝐴.
Since 𝑆𝐴 is a connected 𝑆-act then 𝑆𝑎 ∩ 𝑆𝑐 ̸= ∅ and 𝑆𝑐 ∩ 𝑆𝑏 ̸= ∅. By
Lemma 3 there exists minimal element 𝑟 ∈ 𝑆 such that 𝑆𝑎∩𝑆𝑐 = 𝑆𝑟𝑎 and
𝑟𝑎 = 𝑟𝑐. If 𝑠 < 𝑟 then by (1) we have 𝑠𝑎𝜃1𝑐, i.e. 𝑠𝑎𝜃1𝑐𝜂𝑏 and 𝑠𝑎𝜃𝑏. If 𝑠 ≥ 𝑟
then 𝑚 > 𝑟. By Lemma 3 there exists a minimal element 𝑘 ∈ 𝑆 such that
𝑆𝑐∩𝑆𝑏 = 𝑆𝑘𝑏 and 𝑘𝑏 = 𝑘𝑐. If 𝑠 < 𝑘 then from the induction hypothesis we
obtain 𝑠𝑐𝜂𝑏, i.e. 𝑠𝑎𝜃1𝑠𝑐𝜂𝑏 and 𝑠𝑎𝜃𝑏. Suppose that 𝑠 ≥ 𝑘. Then 𝑚 > 𝑘. If
𝑟 ≥ 𝑘 then the equation 𝑘𝑏 = 𝑘𝑐 implies 𝑟𝑏 = 𝑟𝑐 = 𝑟𝑎. So, by the choice of
the element 𝑚, we have 𝑟 ≥ 𝑚. Contradiction. If 𝑘 > 𝑟 then the equation
𝑟𝑎 = 𝑟𝑐 implies 𝑘𝑎 = 𝑘𝑐 = 𝑘𝑏. So, by the choice of the element 𝑚 we have
𝑘 ≥ 𝑚. Contradiction.

Lemma 5. Let the conditions (2) and (3) of the theorem are true, 𝑆𝐴 be
a connected 𝑆-act and 𝑐, 𝑐1, 𝑐2, 𝑐3 ∈ 𝐴 are such that 𝑆𝑐𝑖 ∩ 𝑆𝑐𝑗 = 𝑆𝑐 for all
𝑖, 𝑗, 1 ≤ 𝑖 < 𝑗 ≤ 3. Then the following statements are true:

(1) if 𝜃, 𝜂 ∈ 𝐶𝑜𝑛(𝑆𝐴) and 𝑐1𝜃𝑐2𝜂𝑐3 then 𝑐1𝜃𝑐 or 𝑐𝜂𝑐3;
(2) if 𝜃1, . . . , 𝜃𝑛, 𝜂1, . . . , 𝜂𝑚 ∈ 𝐶𝑜𝑛(𝑆𝐴), 𝜃 = 𝜃1 ∘ . . .∘ 𝜃𝑛, 𝜂 = 𝜂1 ∘ . . .∘𝜂𝑚

and 𝑐1𝜃𝑐2𝜂𝑐3 then 𝑐1𝜃𝑐 or 𝑐𝜂𝑐3.

Proof. Let 𝜃1, . . . , 𝜃𝑛, 𝜂1, . . . , 𝜂𝑚 ∈ 𝐶𝑜𝑛(𝑆𝐴), 𝜃 = 𝜃1∘. . .∘𝜃𝑛, 𝜂 = 𝜂1∘. . .∘𝜂𝑚
and 𝑐1𝜃𝑐2𝜂𝑐3. If 𝑐𝑖 ∈ 𝑆𝑐𝑗 for some different 𝑖, 𝑗 ∈ {1, 2, 3} then 𝑆𝑐𝑖 ∩ 𝑆𝑐𝑗 =
𝑆𝑐𝑖 = 𝑆𝑐 and by Lemma 1 we have 𝑐 = 𝑐𝑖, that is 𝑐1𝜃𝑐 or 𝑐𝜂𝑐3. Suppose
that 𝑐𝑖 ̸∈ 𝑆𝑐𝑗 for all different 𝑖, 𝑗 ∈ {1, 2, 3}. By Lemma 3 for all 𝑖, 𝑗, 𝑖 < 𝑗,
there exists a minimal element 𝑠𝑖𝑗 ∈ 𝑆 such that 𝑆𝑐𝑖 ∩ 𝑆𝑐𝑗 = 𝑆𝑠𝑖𝑗𝑐𝑖 and
𝑠𝑖𝑗𝑐𝑖 = 𝑠𝑖𝑗𝑐𝑗 . Since 𝑆𝑐𝑖∩𝑆𝑐𝑗 = 𝑆𝑐 then by Lemma 1 we have 𝑐 = 𝑠𝑖𝑗𝑐𝑖 where
𝑖 < 𝑗. If 𝑠12 < 𝑠23 then by Lemma 4(3) we have 𝑐 = 𝑠12𝑐2𝜂𝑐3, i.e. 𝑐𝜂𝑐3.
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Similarly, if 𝑠23 < 𝑠12 then 𝑐𝜃𝑐1. So, we can assume that 𝑠12 = 𝑠23 = 𝑠.
Therefore, 𝑠𝑐1 = 𝑠𝑐2 = 𝑠𝑐3 = 𝑐 and 𝑆𝑐𝑖 ∩ 𝑆𝑐𝑗 = 𝑆𝑠𝑐1 for all different
𝑖, 𝑗 ∈ {1, 2, 3}.

Let us prove (1). By condition (3) of the Theorem there exists 𝑟 < 𝑠
such that 𝑠𝑐𝑖 = 𝑟𝑐𝑖 = 𝑐 for some 𝑖 ∈ {1, 2, 3}. By Lemma 4 (1) we have
𝑟𝑐1𝜃𝑐2, 𝑐1𝜃𝑟𝑐2, 𝑟𝑐2𝜂𝑐3 and 𝑐2𝜂𝑟𝑐3. If 𝑟𝑐1 = 𝑐 then 𝑐1𝜃𝑟𝑐2𝜃𝑟𝑐1 = 𝑐. Similarly,
if 𝑟𝑐3 = 𝑐 then 𝑐𝜂𝑐3. If 𝑟𝑐2 = 𝑐 then 𝑐1𝜃𝑟𝑐2 = 𝑐 and 𝑐 = 𝑟𝑐2𝜂𝑐3.

By induction on 𝑚+ 𝑛 let us prove (2). If 𝑚 = 𝑛 = 1 then the required
statement follows from (1). Let 𝑚 + 𝑛 > 2. Without loss of generality
we can assume that 𝑛 > 1. Let 𝜉 = 𝜃1 ∘ . . . ∘ 𝜃𝑛−1. Then 𝑐1𝜉𝑥𝜃𝑛𝑐2 for
some 𝑥 ∈ 𝐴. Let 𝑘 = min{𝑠′ ∈ 𝑆 | 𝑠′𝑐2 = 𝑠′𝑥}. Then by Lemma 3
𝑆𝑘𝑐2 = 𝑆𝑐2 ∩ 𝑆𝑥. In view of well-ordering of the monoid 𝑆 there is one of
three cases.

Case 1 : 𝑠 = 𝑘. In this case 𝑆𝑐2 ∩ 𝑆𝑥 = 𝑆𝑐. Let 𝑡 = min{𝑠′ ∈ 𝑆 | 𝑠′𝑐3 =
𝑠′𝑥}. Then by Lemma 3 𝑆𝑡𝑐3 = 𝑆𝑐3 ∩ 𝑆𝑥. Again in view of well-ordering
of the monoid 𝑆 we have 𝑠 6 𝑡 or 𝑠 > 𝑡. In the first case, 𝑆𝑐 = 𝑆𝑠𝑐3 ⊇
𝑆𝑡𝑐3 = 𝑆𝑐3 ∩ 𝑆𝑥 ⊇ 𝑆𝑐, so 𝑆𝑐 = 𝑆𝑡𝑐3, that is by Lemma 1 we have 𝑐 = 𝑡𝑐3;
thus, 𝑆𝑐2∩𝑆𝑥 = 𝑆𝑐3∩𝑆𝑥 = 𝑆𝑐2∩𝑆𝑐3 = 𝑆𝑐; from the induction hypothesis
applied to relation 𝑥𝜃𝑛𝑐2𝜂𝑐3, we obtain 𝑐1𝜉𝑥𝜃𝑛𝑐 or 𝑐𝜂𝑐3, i.e. 𝑐1𝜃𝑐 or 𝑐𝜂𝑐3.
Let 𝑠 > 𝑡. Since 𝑥𝜃𝑛𝑐2, 𝑆𝑥 ∩ 𝑆𝑐2 = 𝑆𝑠𝑐2, 𝑠𝑐2 = 𝑠𝑥 and 𝑡 < 𝑠, then by
Lemma 4 (1) we have 𝑡𝑥𝜃𝑛𝑐2. Let 𝑙 = min{𝑠′ ∈ 𝑆 | 𝑠′𝑐1 = 𝑠′𝑥}. Then by
Lemma 3 𝑆𝑙𝑐1 = 𝑆𝑐1 ∩ 𝑆𝑥 and 𝑙𝑐1 = 𝑙𝑥. Since 𝑠𝑐1 = 𝑠𝑐2 = 𝑠𝑥, it follows
that 𝑆𝑥 ∩ 𝑆𝑐1 ⊇ 𝑆𝑠𝑐1 and 𝑙 ≤ 𝑠. If 𝑡 ≥ 𝑙 then 𝑡𝑐1 = 𝑡𝑙𝑐1 = 𝑡𝑙𝑥 = 𝑡𝑙𝑐3 = 𝑡𝑐3,
i.e. 𝑡𝑐1 = 𝑡𝑐3 and 𝑡 ≥ 𝑠, contradiction. Let 𝑡 < 𝑙. By Lemma 4 (3) we have
𝑐1𝜉𝑡𝑥𝜃𝑛𝑐2. Note that 𝑆𝑐 = 𝑆𝑐1 ∩ 𝑆𝑐2 ⊇ 𝑆𝑙𝑥 ∩ 𝑆𝑡𝑥 = 𝑆𝑙𝑥 ⊇ 𝑆𝑠𝑥 = 𝑆𝑠𝑐2 =
𝑆𝑐. Hence 𝑆𝑙𝑥 = 𝑆𝑐. By Lemma 1 we have 𝑙𝑥 = 𝑐. So 𝑆𝑐1∩𝑆𝑡𝑥 = 𝑆𝑙𝑥 = 𝑆𝑐.
Therefore, 𝑆𝑐𝑖 ∩ 𝑆𝑡𝑥 = 𝑆𝑐1 ∩ 𝑆𝑐2 = 𝑆𝑐 for all 𝑖 ∈ {1, 2}. By the induction
hypothesis, we obtain 𝑐1𝜉𝑐 or 𝑐𝜃𝑛𝑐2. If 𝑐𝜃𝑛𝑐2 then 𝑐1𝜉𝑥𝜃𝑛𝑐2𝜃𝑛𝑐, i.e. 𝑐1𝜉𝑥𝜃𝑛𝑐
and 𝑐1𝜃𝑐. Thus, 𝑐1𝜃𝑐 or 𝑐𝜂𝑐3.

Case 2 : 𝑠 > 𝑘. In this case 𝑆𝑐 = 𝑆𝑠𝑐2 ⊆ 𝑆𝑘𝑐2. Then 𝑆𝑐𝑖 ∩ 𝑆𝑘𝑐2 =
𝑆𝑐𝑖 ∩𝑆𝑐2 ∩𝑆𝑘𝑐2 = 𝑆𝑐∩𝑆𝑘𝑐2 = 𝑆𝑐 = 𝑆𝑠𝑐𝑖 for all 𝑖 ∈ {1, 3}. It is clear that
𝑠𝑐1 = 𝑠𝑐3 = 𝑠𝑘𝑐2. Since 𝑠 > 𝑘 then by Lemma 4 (3) we have 𝑐1𝜉𝑘𝑐2 and
𝑘𝑐2𝜂𝑐3, i.e. 𝑐1𝜉𝑘𝑐2𝜂𝑐3. By the induction hypothesis, we have 𝑐1𝜉𝑐 or 𝑐𝜂𝑐3,
i.e. 𝑐1𝜃𝑐 or 𝑐𝜂𝑐3.

Case 3 : 𝑠 < 𝑘. Since 𝑆𝑥 ∩ 𝑆𝑐2 = 𝑆𝑘𝑐2, 𝑘𝑐2 = 𝑘𝑥 and 𝑠 < 𝑘, then by
Lemma 4 (1) we have 𝑥𝜃𝑛𝑠𝑐2 = 𝑐. Hence 𝑐1𝜉𝑥𝜃𝑛𝑐, i.e. 𝑐1𝜃𝑐.

Let 𝑆 be a well-ordered monoid and 𝑆𝐴 satisfies the conditions (1)–(3)
of Theorem. If 𝑆𝐴 is a cyclic 𝑆-act then by Proposition 1 𝐶𝑜𝑛(𝑆𝐴) is a
distributive lattice, therefore, 𝐶𝑜𝑛(𝑆𝐴) is a modular lattice.

Let 𝑆𝐴 =
⋃︀

𝑖∈𝐼 𝑆𝑆𝑎𝑖 be a connected 𝑆-act and |𝐼| > 1. By Lemma 3 (2)
we can assume that 𝑎𝑖 ̸∈ 𝑆𝑎𝑗 (𝑖 ̸= 𝑗).

For 𝜃 ∈ 𝐶𝑜𝑛(𝑆𝐴), we denote (𝜃 � 𝑆𝑎𝑖)∪ 0𝐴 ∈ 𝐶𝑜𝑛(𝑆𝐴) by 𝜃
𝑖. Note that

(𝜃1 ∧ 𝜃2)𝑖 = 𝜃𝑖1 ∧ 𝜃𝑖2 for all 𝜃1, 𝜃2 ∈ 𝐶𝑜𝑛(𝑆𝐴) and 𝑖 ∈ 𝐼.

Известия Иркутского государственного университета.
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Suppose that 𝜃1, 𝜃2, 𝜂 ∈ 𝐶𝑜𝑛(𝑆𝐴) such that 𝜃1 ⊆ 𝜃2, 𝜃1 ∧ 𝜂 = 𝜃2 ∧ 𝜂, 𝜃1 ∨
𝜂 = 𝜃2 ∨ 𝜂. By Theorem 2 it is enough to prove 𝜃1 = 𝜃2.

Let 𝑖 ∈ 𝐼. Then 𝜃𝑖1 ⊆ 𝜃𝑖2, 𝜃
𝑖
1 ∧ 𝜂𝑖 = 𝜃𝑖2 ∧ 𝜂𝑖.

We divide the proof into several steps.
Step I. We show that 𝜂𝑖 ∨ 𝜃𝑖1 = 𝜂𝑖 ∨ 𝜃𝑖2.
Clearly, 𝜂𝑖 ∨ 𝜃𝑖1 ⊆ 𝜂𝑖 ∨ 𝜃𝑖2. Let 𝑡𝑎𝑖(𝜃

𝑖
2 ∨ 𝜂𝑖)𝑟𝑎𝑖 and 𝑡𝑎𝑖 ̸= 𝑟𝑎𝑖. Then

𝑡𝑎𝑖(𝜃2∨𝜂)𝑟𝑎𝑖. Hence 𝑡𝑎𝑖(𝜃1∨𝜂)𝑟𝑎𝑖. By Lemma 1 we have 𝑆𝑟𝑎𝑖 ̸= 𝑆𝑡𝑎𝑖. Let,
for example, 𝑆𝑟𝑎𝑖 ⊂ 𝑆𝑡𝑎𝑖. By Theorem 1 there exist 𝑛 ∈ 𝜔, 𝑘0, . . . , 𝑘2𝑛 ∈ 𝐼
(𝑘0 = 𝑘2𝑛 = 𝑖) and 𝑑𝑗 ∈ 𝑆𝑎𝑘𝑗 (0 ≤ 𝑗 ≤ 2𝑛) such that 𝑡𝑎𝑖 = 𝑑0, 𝑟𝑎𝑖 =
𝑑2𝑛, 𝑑2𝑗𝜃1𝑑2𝑗+1𝜂𝑑2𝑗+2 (0 ≤ 𝑗 < 𝑛). Since 𝑆𝐴 is a connected 𝑆-act then
𝑆𝑎𝑖 ∩ 𝑆𝑑𝑘 ̸= ∅ (0 ≤ 𝑘 ≤ 2𝑛). Let 𝑆𝑏𝑘 = 𝑆𝑎𝑖 ∩ 𝑆𝑑𝑘 (0 ≤ 𝑘 ≤ 2𝑛).

By induction on 𝑛 we prove (*): if 𝑑0(𝜃𝑖2 ∨ 𝜂𝑖)𝑑2𝑛, 𝑑2𝑗𝜃1𝑑2𝑗+1𝜂𝑑2𝑗+2 for
all 𝑗, 0 ≤ 𝑗 < 𝑛, and 𝑆𝑑2𝑛 ⊆ 𝑆𝑑0, then 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛.

Let 𝑛 = 1. Then 𝑆𝑑0 ⊆ 𝑆𝑏1, or 𝑆𝑏1 ⊂ 𝑆𝑑2, or 𝑆𝑑2 ⊆ 𝑆𝑏1 ⊂ 𝑆𝑑0. In
the first case, we have 𝑆𝑑0 ⊆ 𝑆𝑑1; since 𝑑1𝜂𝑑2 and 𝑆𝑑2 ⊆ 𝑆𝑑0 ⊆ 𝑆𝑑1,
by Lemma 2 we have 𝑑0𝜂

𝑖𝑑2, i.e. 𝑑0(𝜃
𝑖
1 ∨ 𝜂𝑖)𝑑2. In the second case, since

𝑑0𝜃1𝑑1 and 𝑆𝑑0 ∩ 𝑆𝑑1 = 𝑆𝑏1 ⊂ 𝑆𝑑2 ⊆ 𝑆𝑑0, by Lemma 4 (2) we have
𝑑0𝜃1𝑑2, i.e. 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑑2. Let 𝑆𝑑2 ⊆ 𝑆𝑏1 ⊂ 𝑆𝑑0, i.e. the first and second

cases are wrong. Since 𝑑1𝜂𝑑2 then by Lemma 2 we have 𝑏1𝜂
𝑖𝑑2 and 𝑏1𝜂𝑑1.

Since 𝑑0𝜃1𝑑1 then by Lemma 4 (2) we have 𝑐𝜃1𝑑0 and 𝑐𝜃1𝑑1 for all 𝑐 ∈ 𝐴
such that 𝑆𝑏1 ⊂ 𝑆𝑐 ⊆ 𝑆𝑑0. Since 𝑑0(𝜃

𝑖
2 ∨ 𝜂𝑖)𝑑2 then by Lemma 2 we have

𝑑0(𝜃
𝑖
2∨𝜂𝑖)𝑏1. Theorem 1 and Lemma 2 imply the existence of element 𝑐 ∈ 𝐴

such that 𝑆𝑏1 ⊂ 𝑆𝑐 ⊆ 𝑆𝑑0 and 𝑐𝜂𝑏1 or 𝑐𝜃2𝑏1. If 𝑐𝜂𝑏1 then 𝑑0𝜃1𝑐𝜂𝑏1𝜂𝑑2, i.e.
𝑑0(𝜃

𝑖
1∨𝜂𝑖)𝑑2. If 𝑐𝜃2𝑏1 then in view of 𝜃1 ⊆ 𝜃2 we have 𝑏1𝜃2𝑐𝜃2𝑑1; since 𝑏1𝜂𝑑1

then 𝑏1(𝜃2 ∧ 𝜂)𝑑1; so the equality 𝜃1 ∧ 𝜂 = 𝜃2 ∧ 𝜂 implies 𝑏1(𝜃1 ∧ 𝜂)𝑑1, in
particular, 𝑏1𝜃1𝑑1; hence 𝑑0𝜃1𝑑1𝜃1𝑏1𝜂𝑑2, 𝑑0𝜃1𝑏1𝜂𝑑2 and 𝑑0(𝜃

𝑖
1∨𝜂𝑖)𝑑2. Thus,

for 𝑛 = 1 (*) is proved.
Let 𝑛 > 1. Consider two cases.
Case 1 : 𝑆𝑑0 ⊆ 𝑆𝑏𝑗 for some 𝑗 ≥ 2. Since 𝑆𝑑2𝑛 = 𝑆𝑏2𝑛 ⊂ 𝑆𝑑0 then we

can choose 𝑗 such that 𝑆𝑏𝑗+1 ⊂ 𝑆𝑑0 ⊆ 𝑆𝑏𝑗 and 𝑗 ≥ 2. Since 𝑑𝑗𝜁𝑑𝑗+1, where
𝜁 ∈ {𝜃1, 𝜂}, and 𝑆𝑑𝑗 ∩ 𝑆𝑑𝑗+1 = 𝑆𝑑0 ∩ 𝑆𝑑𝑗+1 = 𝑆𝑏𝑗+1 ⊂ 𝑆𝑑0 ⊆ 𝑆𝑑𝑗 , then
by Lemma 4 (2) we have 𝑑0𝜁𝑑𝑗+1. Let 𝑗 be even number. Then 𝜁 = 𝜃1 and
𝑑0𝜃1𝑑𝑗+1𝜂𝑑𝑗+2. Besides that, 𝑑2𝑘𝜃1𝑑2𝑘+1𝜂𝑑2𝑘+2 for all 𝑘, 𝑗 + 2 ≤ 2𝑘 < 2𝑛.
From the induction hypothesis we obtain 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛, as claimed. Let

𝑗 be odd number. Then 𝑗 ≥ 3, 𝜁 = 𝜂 and 𝑑0𝜃1𝑑0𝜂𝑑𝑗+1. Besides that,
𝑑2𝑘𝜃1𝑑2𝑘+1𝜂𝑑2𝑘+2 for all 𝑘, 𝑗+1 ≤ 2𝑘 < 2𝑛. From the induction hypothesis
we obtain 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛, as claimed.

Case 2 : 𝑆𝑏𝑗+1 ⊂ 𝑆𝑑2𝑛 for some 𝑗 ≤ 2𝑛 − 3. Since 𝑆𝑑2𝑛 ⊂ 𝑆𝑑0 = 𝑆𝑏0
then we can choose 𝑗 such that 𝑆𝑏𝑗+1 ⊂ 𝑆𝑑2𝑛 ⊆ 𝑆𝑏𝑗 and 𝑗 ≤ 2𝑛− 3. Since
𝑑𝑗𝜁𝑑𝑗+1, where 𝜁 ∈ {𝜃1, 𝜂}, and 𝑆𝑑𝑗 ∩ 𝑆𝑑𝑗+1 = 𝑆𝑑0 ∩ 𝑆𝑑𝑗+1 = 𝑆𝑏𝑗+1 ⊂
𝑆𝑑2𝑛 ⊆ 𝑆𝑑𝑗 , then by Lemma 2 we have 𝑑2𝑛𝜁𝑑𝑗 . From the reasoning given
in case 1, it follows 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛, as claimed.
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Hence we can assume that

𝑆𝑏𝑗 ⊂ 𝑆𝑑0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑗 ≥ 2 𝑎𝑛𝑑 𝑆𝑑2𝑛 ⊆ 𝑆𝑏𝑗+1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑗 ≤ 2𝑛− 3.

Let 𝑛 > 2. Again consider two cases.
Case 1 : 𝑆𝑑2𝑛 ⊆ 𝑆𝑏𝑗+1 ⊂ 𝑆𝑏𝑗 ⊂ 𝑆𝑑0 for some 𝑗, 2 ≤ 𝑗 ≤ 2𝑛 − 3. Since

𝑑𝑗𝜁𝑑𝑗+1, where 𝜁 ∈ {𝜃1, 𝜂}, and 𝑆𝑑𝑗∩𝑆𝑑𝑗+1 = 𝑆𝑑0∩𝑆𝑑𝑗+1 = 𝑆𝑏𝑗+1 ⊂ 𝑆𝑏𝑗 ⊆
𝑆𝑑𝑗 , then by Lemma 4 we have 𝑑𝑗+1𝜁𝑏𝑗 . By Theorem 1 𝑑0(𝜃

𝑖
2 ∨ 𝜂𝑖)𝑑2𝑛

implies 𝑑0(𝜃
𝑖
2 ∨ 𝜂𝑖)𝑏𝑗 , 𝑏𝑗(𝜃

𝑖
2 ∨ 𝜂𝑖)𝑑2𝑛. Let 𝑗 be even number. Then 𝑗 ≤

2𝑛 − 4, 𝜁 = 𝜃1 and 𝑑𝑗𝜃1𝑏𝑗𝜃1𝑑𝑗+1. Since 𝑗 ≤ 2𝑛 − 4, 𝑑𝑗𝜃1𝑏𝑗 , 𝑑0(𝜃
𝑖
2 ∨ 𝜂𝑖)𝑏𝑗

and 𝑑2𝑘𝜃1𝑑2𝑘+1𝜂𝑑2𝑘+2 for all 𝑘, 0 ≤ 2𝑘 < 2𝑛, then from the induction
hypothesis we obtain 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏𝑗 . Since 𝑗 ≥ 2, 𝑏𝑗𝜃1𝑑𝑗+1, 𝑏𝑗(𝜃

𝑖
2 ∨ 𝜂𝑖)𝑑2𝑛

and 𝑑2𝑘𝜃1𝑑2𝑘+1𝜂𝑑2𝑘+2 for all 𝑘, 0 ≤ 2𝑘 < 2𝑛, then from the induction
hypothesis we obtain 𝑏𝑗(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛. Hence 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛. Let 𝑗 be odd

number. Then 𝑗 ≥ 3, 𝜁 = 𝜂 and 𝑑𝑗𝜂𝑏𝑗𝜂𝑑𝑗+1. Since 𝑗 ≤ 2𝑛 − 3, 𝑑𝑗𝜂𝑏𝑗 ,
𝑑0(𝜃

𝑖
2 ∨ 𝜂𝑖)𝑏𝑗 and 𝑑2𝑘𝜃1𝑑2𝑘+1𝜂𝑑2𝑘+2 for all 𝑘, 0 ≤ 2𝑘 < 2𝑛, then from

the induction hypothesis we obtain 𝑑0(𝜃
𝑖
1 ∨ 𝜂𝑖)𝑏𝑗 . Since 𝑗 ≥ 3, 𝑏𝑗𝜂𝑑𝑗+1,

𝑏𝑗(𝜃
𝑖
2 ∨ 𝜂𝑖)𝑑2𝑛 and 𝑑2𝑘𝜃1𝑑2𝑘+1𝜂𝑑2𝑘+2 for all 𝑘, 0 ≤ 2𝑘 < 2𝑛, then from the

induction hypothesis we obtain 𝑏𝑗(𝜃
𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛. Hence 𝑑0(𝜃𝑖1 ∨ 𝜂𝑖)𝑑2𝑛.

Case 2 : 𝑆𝑑2𝑛 ⊆ 𝑆𝑏𝑗 ⊂ 𝑆𝑏𝑗+1 ⊂ 𝑆𝑑0 for some 𝑗, 2 ≤ 𝑗 ≤ 2𝑛 − 3. From
the reasoning given above when considering case 1, it follows 𝑑0(𝜃

𝑖
1∨𝜂𝑖)𝑑2𝑛.

Thus, we can assume that for 𝑛 > 2

𝑆𝑏2𝑛−1 ⊂ 𝑆𝑑0, 𝑆𝑑2𝑛 ⊆ 𝑆𝑏1 𝑎𝑛𝑑 𝑆𝑑2𝑛 ⊆ 𝑆𝑏2 = 𝑆𝑏3 = . . . = 𝑆𝑏2𝑛−2 ⊂ 𝑆𝑑0.

Clearly, it is true for 𝑛 = 2.
By Lemma 1 𝑏𝑖 = 𝑏𝑗 = 𝑏 for all 𝑖, 𝑗, 2 ≤ 𝑖, 𝑗 ≤ 2𝑛− 2, i.e. 𝑆𝑑2𝑛 ⊆ 𝑆𝑏 ⊂

𝑆𝑑0.
We show that 𝑏(𝜃𝑖1 ∨ 𝜂𝑖)𝑑2𝑛. If 𝑆𝑏 ⊆ 𝑆𝑏2𝑛−1 then in view of 𝑑2𝑛−1𝜂𝑑2𝑛

by Lemma 2 we obtain 𝑏𝜂𝑑2𝑛. If 𝑆𝑏2𝑛−1 ⊂ 𝑆𝑏 then in view of 𝑑2𝑛−2𝜃1𝑑2𝑛−1

and 𝑆𝑑2𝑛−2 ∩𝑆𝑑2𝑛−1 = 𝑆𝑑0 ∩𝑆𝑑2𝑛−1 = 𝑆𝑏2𝑛−1 ⊂ 𝑆𝑏 ⊆ 𝑆𝑑2𝑛−1, by Lemma
4 we obtain 𝑏𝜃1𝑑2𝑛−1, i.e. 𝑏(𝜃1 ∘𝜂)𝑑2𝑛. Since 𝑏(𝜃𝑖2∨𝜂𝑖)𝑑2𝑛 then by induction
basis we have 𝑏(𝜃𝑖1 ∨ 𝜂𝑖)𝑑2𝑛.

Hence to prove 𝑑0(𝜃
𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛, it is enough to prove 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏.

If 𝑆𝑑0 ∩ 𝑆𝑑1 = 𝑆𝑏1 ⊂ 𝑆𝑏 ⊆ 𝑆𝑑0 then in view of 𝑑0𝜃1𝑑1 by Lemma 4 (1)
we have 𝑑0𝜃1𝑏, i.e. 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏. So we will assume that 𝑆𝑏 ⊆ 𝑆𝑏1. Since

𝑑0(𝜃
𝑖
2 ∨ 𝜂𝑖)𝑑2𝑛, it is clear that 𝑑0(𝜃𝑖2 ∨ 𝜂𝑖)𝑏. The proof is divided into three

cases.
Case 1 : 𝑆𝑑𝑗∩𝑆𝑑𝑗+1 = 𝑆𝑏 for some 𝑗 ∈ {2, . . . , 2𝑛−3}. Let 𝑑𝑗−1𝜁𝑑𝑗𝜁

′𝑑𝑗+1,
where 𝜁, 𝜁 ′ are different elements {𝜃1, 𝜂}. Since 𝑆𝑑0 ∩𝑆𝑑𝑗 = 𝑆𝑑0 ∩𝑆𝑑𝑗+1 =
𝑆𝑑𝑗 ∩𝑆𝑑𝑗+1 = 𝑆𝑏 then by Lemma 5 (2) we obtain 𝑑0𝜃1 ∘ . . . ∘ 𝜁𝑏 or 𝑏𝜁 ′𝑑𝑗+1,
i.e. 𝑑0𝜃1 ∘ . . . ∘ 𝑑𝑗𝜁 ′𝑑𝑗+1𝜁

′𝑏. Since 𝑗 ≤ 2𝑛 − 3, then in both cases from the
induction hypothesis we obtain 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏. So, in this case * is proved.

Case 2 : 𝑆𝑑𝑗 ∩𝑆𝑑𝑗+1 ̸= 𝑆𝑏 for all 𝑗 ∈ {2, . . . , 2𝑛−3} and 𝑆𝑑𝑖∩𝑆𝑑𝑘 = 𝑆𝑏
for some different elements 𝑖, 𝑘 ∈ {2, . . . , 2𝑛−2}. Hence 𝑆𝑑𝑖∩𝑆𝑑2𝑛−2 = 𝑆𝑏
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for some 𝑖 ∈ {2, . . . , 2𝑛 − 3}. Let 𝑗 be a minimum element such that
2 ≤ 𝑗 ≤ 2𝑛 − 3 and 𝑆𝑑𝑗 ∩ 𝑆𝑑2𝑛−2 = 𝑆𝑏. Then 𝑆𝑑𝑗+1 ∩ 𝑆𝑑2𝑛−2 ⊃ 𝑆𝑏 and
𝑆𝑑𝑗 ∩ 𝑆𝑑𝑗+1 = 𝑆𝑏, that contradicts our assumption.

Case 3 : 𝑆𝑏 ⊂ 𝑆𝑑𝑖 ∩ 𝑆𝑑𝑘 for all different elements 𝑗, 𝑘 ∈ {2, . . . , 2𝑛− 2}.
By Lemma 3 (1) we have

⋂︀
2≤𝑖≤2𝑛−2

𝑆𝑑𝑖 = 𝑆𝑑 for some 𝑑 ∈ 𝐴. So, 𝑆𝑏 ⊂ 𝑆𝑑.

We have three sub-cases: 𝑆𝑏 = 𝑆𝑏1 and 𝑆𝑏 = 𝑆𝑑1 ∩ 𝑆𝑑, or 𝑆𝑏 = 𝑆𝑏1 and
𝑆𝑏 ⊂ 𝑆𝑑1 ∩ 𝑆𝑑 = 𝑆𝑐, or 𝑆𝑏 ⊂ 𝑆𝑏1. In the thirst case we have 𝑆𝑑1 ∩ 𝑆𝑑0 =
𝑆𝑑1∩𝑆𝑑 = 𝑆𝑑0∩𝑆𝑑, since 𝑑0𝜃1𝑑1𝜂𝑑2 and 𝑆𝑑1∩𝑆𝑑2 = 𝑆𝑏 ⊂ 𝑆𝑑 ⊆ 𝑆𝑑2 then
by Lemma 4 (2) we have 𝑑1𝜂𝑑, and then by Lemma 5 (1) we have 𝑏𝜃1𝑑0,
i.e. 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏, or 𝑏𝜂𝑑; if 𝑏𝜂𝑑 then by induction basis 𝑑0𝜃1𝑑1𝜂𝑑𝜂𝑏 implies

𝑑0(𝜃
𝑖
1 ∨ 𝜂𝑖)𝑏. In the second case, since 𝑑0𝜃1𝑑1 and 𝑆𝑑0 ∩ 𝑆𝑑1 = 𝑆𝑏 ⊂ 𝑆𝑐 ⊆

𝑆𝑑1, then by Lemma 4 (2) we have 𝑑0𝜃1𝑐; if 𝑆𝑐 ⊆ 𝑆𝑑2𝑛−1 then by Lemma
2 we have 𝑑2𝑛−1𝜂𝑑2𝑛 implies 𝑐𝜂𝑏, i.e. 𝑑0𝜃1𝑐𝜂𝑏; by induction basis we have
𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏. If 𝑆𝑐 ∩ 𝑆𝑑2𝑛−1 ⊂ 𝑆𝑐 then by Lemma 4 (2) 𝑑2𝑛−2𝜃1𝑑2𝑛−1 and

𝑆𝑑2𝑛−2 ∩ 𝑆𝑑2𝑛−1 ⊆ 𝑆𝑑2𝑛−2 ∩ 𝑆𝑐 ∩ 𝑆𝑑2𝑛−1 = 𝑆𝑐 ∩ 𝑆𝑑2𝑛−1 ⊂ 𝑆𝑐 ⊆ 𝑆𝑑2𝑛−2

imply 𝑐𝜃1𝑑2𝑛−1; so 𝑑0𝜃1𝑐𝜃1𝑑2𝑛−1𝜂𝑑2𝑛, hence by induction basis we have
𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛 and by Lemma 2 we have 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏. Let 𝑆𝑏 ⊂ 𝑆𝑏1. Note

that by Lemma 4 (2) 𝑑1𝜂𝑑2 implies 𝑢𝜂𝑑1 and 𝑣𝜂𝑑2 for all 𝑢, 𝑣 such that
𝑆𝑏 ⊂ 𝑆𝑢 ⊆ 𝑆𝑏1 ⊆ 𝑆𝑑1 and 𝑆𝑏 ⊂ 𝑆𝑣 ⊆ 𝑆𝑑 ⊆ 𝑆𝑑2, in particular, 𝑏1𝜂𝑑1
and 𝑑𝜂𝑑2. Let 𝑆𝑏 ⊂ 𝑆𝑏2𝑛−1. Clearly, 𝑆𝑏1 ∩ 𝑆𝑏2𝑛−1 = 𝑆𝑢 where 𝑢 = 𝑏1
or 𝑢 = 𝑏2𝑛−1. By Lemma 2 𝑑2𝑛−1𝜂𝑑2𝑛 and 𝑆𝑑2𝑛 ⊆ 𝑆𝑏 ⊂ 𝑆𝑢 ⊆ 𝑆𝑑2𝑛−1

imply 𝑢𝜂𝑏. As noted above 𝑢𝜂𝑑1. Hence 𝑑0𝜃1𝑑1𝜂𝑢𝜂𝑏, so by induction basis
we have 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏. Let 𝑆𝑏 = 𝑆𝑏2𝑛−1 ⊂ 𝑆𝑑 ∩ 𝑆𝑑2𝑛−1. By Lemma 3

(1) we have 𝑆𝑑 ∩ 𝑆𝑑2𝑛−1 = 𝑆𝑣 for some 𝑣 ∈ 𝐴. By Lemma 2 𝑑2𝑛−1𝜂𝑑2𝑛
implies 𝑣𝜂𝑏. As noted above 𝑣𝜂𝑑, i.e. 𝑑0𝜃1𝑑1𝜂𝑑𝜂𝑣𝜂𝑏. By induction basis
we have 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏. Let 𝑆𝑏2𝑛−1 ⊂ 𝑆𝑏 or 𝑆𝑏2𝑛−1 = 𝑆𝑏 = 𝑆𝑑 ∩ 𝑆𝑑2𝑛−1.

In the first case, by Lemma 4 (2) 𝑑2𝑛−2𝜃1𝑑2𝑛−1 implies 𝑑𝜃1𝑏. Let us prove
𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏 or 𝑑𝜃1𝑏 in the second case. By Lemma 4 (2) 𝑑2𝑛−2𝜃1𝑑2𝑛−1

and 𝑆𝑏 ⊂ 𝑆𝑑 ⊆ 𝑆𝑑2𝑛−2 imply 𝑑𝜃1𝑑2𝑛−1. By Lemma 5 (1) 𝑑1𝜂𝑑𝜃1𝑑2𝑛−1

and 𝑆𝑑1 ∩ 𝑆𝑑 = 𝑆𝑑1 ∩ 𝑆𝑑2𝑛−1 = 𝑆𝑑 ∩ 𝑆𝑑2𝑛−1 = 𝑆𝑏 imply either 𝑑1𝜂𝑏,
i.e. 𝑑0𝜃1𝑑1𝜂𝑏 and by induction basis 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑏, or 𝑏𝜃1𝑑2𝑛−1, i.e. 𝑏𝜃1𝑑. It

remains to prove that 𝑏𝜃1𝑑 implies 𝑑0(𝜃
𝑖
1∨𝜂𝑖)𝑏. Let 𝑏𝜃1𝑑. Since 𝑑0(𝜃𝑖2∨𝜂𝑖)𝑏

then there exists 𝑢 ∈ 𝐴 such that 𝑆𝑏 ⊂ 𝑆𝑢 ⊆ 𝑆𝑏1 and 𝑢𝜂𝑏 or 𝑢𝜃2𝑏. As
noted above we have 𝑢𝜂𝑑1, i.e. 𝑑0𝜃1𝑑1𝜂𝑢 and by induction basis we have
𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑢. If 𝑢𝜂𝑏 then 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑢𝜂𝑏, i.e. 𝑑0(𝜃𝑖1 ∨ 𝜂𝑖)𝑏. Let 𝑢𝜃2𝑏. Since

𝑏𝜃1𝑑 then 𝑏𝜃2𝑑. So, 𝑢𝜃2𝑏𝜃2𝑑. Since 𝑢𝜂𝑑 then 𝑢(𝜃2∧𝜂)𝑑. Since 𝜃2∧𝜂 = 𝜃1∧𝜂
then 𝑢𝜃1𝑑. So, 𝑢𝜃1𝑑𝜃1𝑏 and 𝑑0(𝜃

𝑖
1 ∨ 𝜂𝑖)𝑢𝜃1𝑏, i.e. 𝑑0(𝜃𝑖1 ∨ 𝜂𝑖)𝑏.

Therefore, we proof 𝑑0(𝜃
𝑖
1 ∨ 𝜂𝑖)𝑑2𝑛. So, (*) is proved. Thus, 𝜃𝑖1 ∨ 𝜂𝑖 =

𝜃𝑖2 ∨ 𝜂𝑖 and step I is finished.
Since by Proposition 1 the lattice 𝐶𝑜𝑛(𝑆𝑆𝑎𝑖) is distributive then it is

modular and by Theorem 2 we have 𝜃𝑖1 = 𝜃𝑖2.
Step II. We show that 𝜃1 = 𝜃2.
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We suppose to the contrary that 𝜃1 ⊂ 𝜃2. Then there are 𝑑0, 𝑑1 ∈ 𝐴 and
different 𝑘0, 𝑘1 ∈ 𝐼 such that 𝑑0 ∈ 𝑆𝑎𝑘0 , 𝑑1 ∈ 𝑆𝑎𝑘1 and (𝑑0, 𝑑1) ∈ 𝜃2 ∖ 𝜃1.
Then 𝑑0 ̸∈ 𝑆𝑑1 and 𝑑1 ̸∈ 𝑆𝑑0. By Lemma 3 (1) there exists a minimum
element 𝑠 ∈ 𝑆 such that 𝑆𝑠𝑑0 = 𝑆𝑑0 ∩ 𝑆𝑑1 and 𝑠𝑑0 = 𝑠𝑑1 = 𝑏. Note that
𝑠𝑑0 ̸= 𝑟𝑑0 and 𝑠𝑑1 ̸= 𝑟𝑑1 for all 𝑟 ∈ 𝑆, 𝑟 < 𝑠. Indeed, suppose for example
that 𝑠𝑑0 = 𝑟𝑑0 for some 𝑟 ∈ 𝑆, 𝑟 < 𝑠; by Lemma 4 (2) we have 𝑑0𝜃2𝑟𝑑0𝜃2𝑑1;

since 𝜃𝑘01 = 𝜃𝑘02 and 𝜃𝑘11 = 𝜃𝑘12 then 𝑑0𝜃1𝑟𝑑0𝜃1𝑑1, i.e. 𝑑0𝜃1𝑑1, contradiction.
Since 𝑑0𝜃2𝑑1 then 𝑑0(𝜃2 ∨ 𝜂)𝑑1. Since 𝜃1 ∨ 𝜂 = 𝜃2 ∨ 𝜂 then 𝑑0(𝜃1 ∨ 𝜂)𝑑1.

By Theorem 1 𝑑1𝜂𝑑2𝜃1𝑑3 . . . 𝑑2𝑛−1𝜂𝑑2𝑛 = 𝑑0 for some 𝑑2, . . . 𝑑2𝑛−1 ∈ 𝐴 and
𝑛 ≥ 1. Note that 𝑛 > 1 (otherwise 𝑑0(𝜃2 ∧ 𝜂)𝑑1, so 𝑑0(𝜃1 ∧ 𝜂)𝑑1 and 𝑑0𝜃1𝑑1,
contradiction).

There is one of two cases.
Case 1 : 𝑆𝑑𝑘 ∩ 𝑆𝑑0 ⊆ 𝑆𝑏 and 𝑆𝑑𝑘 ∩ 𝑆𝑑1 ⊆ 𝑆𝑏 for some 𝑘, 1 < 𝑘 < 2𝑛.

Let 𝑖 be a minimum number such that 𝑆𝑑𝑖∩𝑆𝑑1 ⊆ 𝑆𝑏 and 1 < 𝑖 < 2𝑛, 𝑗 be
a maximum number such that 𝑆𝑑𝑗 ∩ 𝑆𝑑0 ⊆ 𝑆𝑏 and 1 < 𝑗 < 2𝑛. Consider
only the case 𝑖 > 2, 𝑗 < 2𝑛 − 2 as the most difficult. By Lemma 3 (1)
we have 𝑆𝑟1𝑑1 = 𝑆𝑑𝑖−1 ∩ 𝑆𝑑1 ⊃ 𝑆𝑏, 𝑆𝑟0𝑑0 = 𝑆𝑑𝑗+1 ∩ 𝑆𝑑0 ⊃ 𝑆𝑏 for some
𝑟0, 𝑟1 ∈ 𝑆. Note that 𝑟1 < 𝑠, 𝑟0 < 𝑠. By Lemma 4 (2) 𝑑1𝜃2𝑟1𝑑1𝜃2𝑟0𝑑0𝜃2𝑑0.
Clearly, 𝑆𝑑𝑖 ∩ 𝑆𝑑𝑖−1 ⊆ 𝑆𝑏.

Suppose that

𝑆𝑑𝑖 ∩ 𝑆𝑑1 = 𝑆𝑏 𝑎𝑛𝑑 𝑆𝑑𝑖 ∩ 𝑆𝑑0 ⊃ 𝑆𝑏. (1)

Let 𝑆𝑑𝑖 ∩𝑆𝑑0 = 𝑆𝑡0𝑑0 and 𝑑𝑖−1𝜉𝑑𝑖, where 𝜉 ∈ {𝜃1, 𝜂}. Since 𝑆𝑑𝑖−1 ∩𝑆𝑑𝑖 ⊆
𝑆𝑏 ⊂ 𝑆𝑡0𝑑0 ⊆ 𝑆𝑑𝑖 and 𝑆𝑑𝑖−1 ∩ 𝑆𝑑𝑖 ⊆ 𝑆𝑏 ⊂ 𝑆𝑟1𝑑1 ⊆ 𝑆𝑑𝑖−1, then in view of
𝑑𝑖−1𝜉𝑑𝑖 by Lemma 4 (2) we have 𝑡0𝑑0𝜉𝑟1𝑑1. Since 𝑑0𝜃2𝑑1, 𝑆𝑑0∩𝑆𝑑1 = 𝑆𝑏 ⊂
𝑆𝑡0𝑑0 ⊆ 𝑆𝑑0 and 𝑆𝑑0 ∩ 𝑆𝑑1 = 𝑆𝑏 ⊂ 𝑆𝑟1𝑑1 ⊆ 𝑆𝑑1, then by Lemma 4 (2)

we have 𝑑0𝜃2𝑡0𝑑0𝜃2𝑟1𝑑1𝜃2𝑑1. Since 𝜃𝑘01 = 𝜃𝑘02 and 𝜃𝑘11 = 𝜃𝑘12 , then 𝑑0𝜃1𝑡0𝑑0
and 𝑑1𝜃1𝑟1𝑑1. If 𝜉 = 𝜃1 then 𝑑0𝜃1𝑡0𝑑0𝜃1𝑟1𝑑1𝜃1, i.e. 𝑑0𝜃1𝑑1, contradiction.
If 𝜉 = 𝜂 then 𝑡0𝑑0(𝜃2 ∧ 𝜂)𝑟1𝑑1; since 𝜃1 ∧ 𝜂 = 𝜃2 ∧ 𝜂 then 𝑡0𝑑0(𝜃1 ∧ 𝜂)𝑟1𝑑1
and 𝑑0𝜃1𝑡0𝑑0𝜃1𝑟1𝑑1𝜃1𝑑1, i.e. 𝑑0𝜃1𝑑1, contradiction.

Let (1) not be done. We show that

𝑟1𝑑1𝜂𝑏 ∨ 𝑟1𝑑1𝜃1𝑏. (2)

Let 𝑆𝑑𝑖 ∩ 𝑆𝑑1 ⊂ 𝑆𝑏. Since 𝑑𝑖𝜉𝑑𝑖−1, where 𝜉 ∈ {𝜃1, 𝜂}, then in view of
𝑆𝑑𝑖−1∩𝑆𝑑𝑖 ⊂ 𝑆𝑏 ⊆ 𝑆𝑑𝑖−1 and 𝑆𝑑𝑖−1∩𝑆𝑑𝑖 ⊂ 𝑆𝑟1𝑑1 ⊆ 𝑆𝑑𝑖−1 by Lemma 4 (2)
we have 𝑏𝜉𝑑𝑖−1 and 𝑟1𝑑1𝜉𝑑𝑖−1, i.e. 𝑏𝜉𝑟1𝑑1. Let 𝑆𝑑𝑖∩𝑆𝑑1 = 𝑆𝑏. Because (1)
is wrong then 𝑆𝑑𝑖∩𝑆𝑑0 = 𝑆𝑏. Since 𝑑1𝜃2𝑑0 and 𝑆𝑑0∩𝑆𝑑1 = 𝑆𝑏 ⊂ 𝑆𝑟1𝑑1 ⊆
𝑆𝑑1, by Lemma 4 (2) we have 𝑟1𝑑1𝜃2𝑑0. Since 𝑑𝑖𝜉𝑑𝑖−1, where 𝜉 ∈ {𝜃1, 𝜂},
and 𝑆𝑑𝑖 ∩ 𝑆𝑑𝑖−1 ⊂ 𝑆𝑟1𝑑1 ⊆ 𝑆𝑑𝑖−1, then by Lemma 4 (2) we have 𝑟1𝑑1𝜉𝑑𝑖.
By Lemma 5 (1) we have 𝑑0𝜃2𝑏, or 𝑑𝑖𝜉𝑏. If 𝑑0𝜃2𝑏 then 𝑏𝜃2𝑑0𝜃2𝑟1𝑑1 and in

view 𝜃𝑘11 = 𝜃𝑘12 we have 𝑏𝜃1𝑟1𝑑1. If 𝑑𝑖𝜉𝑏 then 𝑏𝜉𝑑𝑖𝜉𝑟1𝑑1.
Thus, (2) is proven. Just like (2), it is proved 𝑟0𝑑0𝜂𝑏 ∨ 𝑟0𝑑0𝜃1𝑏.
If 𝑟1𝑑1𝜃1𝑏 or 𝑟0𝑑0𝜃1𝑏 then 𝑟1𝑑1𝜃2𝑏 or 𝑟0𝑑0𝜃2𝑏; hence 𝑑1𝜃2𝑏𝜃2𝑑0; in view

𝜃𝑘01 = 𝜃𝑘02 and 𝜃𝑘11 = 𝜃𝑘12 we have 𝑑1𝜃1𝑑0, contradiction. Let 𝑟1𝑑1𝜂𝑏𝜂𝑟0𝑑0.
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Then 𝑑0𝜃2𝑑𝑖, 𝑆𝑑0 ∩ 𝑆𝑑𝑖 ⊂ 𝑆𝑟0𝑑0 ⊆ 𝑆𝑑0 and 𝑆𝑑0 ∩ 𝑆𝑑𝑖 ⊂ 𝑆𝑟1𝑑1 ⊆ 𝑆𝑑1
by Lemma 4 (2) imply 𝑟1𝑑1𝜃2𝑟0𝑑0. Then 𝑟1𝑑1(𝜃2 ∧ 𝜂)𝑟0𝑑0, i.e. in view
𝜃2 ∧ 𝜂 = 𝜃1 ∧ 𝜂 we have 𝑑1𝜃1𝑟1𝑑1𝜃1𝑟0𝑑0𝜃1𝑑0, contradiction.

Case 2 : 𝑆𝑑𝑘 ∩ 𝑆𝑑0 ⊃ 𝑆𝑏 or 𝑆𝑑𝑘 ∩ 𝑆𝑑1 ⊃ 𝑆𝑏 for all 𝑘, 1 < 𝑘 < 2𝑛.
Then we have 𝑆𝑑𝑘 ∩ 𝑆𝑑1 ⊃ 𝑆𝑏 for all 𝑘, 1 < 𝑘 < 2𝑛, or 𝑆𝑑𝑘 ∩ 𝑆𝑑0 ⊃ 𝑆𝑏
for all 𝑘, 1 < 𝑘 < 2𝑛, or 𝑆𝑑𝑘1 ∩ 𝑆𝑑0 ⊃ 𝑆𝑏 and 𝑆𝑑𝑘2 ∩ 𝑆𝑑1 ⊃ 𝑆𝑏 for
some 𝑘1, 𝑘2, 1 < 𝑘1, 𝑘2 < 2𝑛. In the first case by Lemma 3 (1) we have
𝑆𝑢1 = 𝑆𝑑2𝑛−1 ∩ 𝑆𝑑1 ⊃ 𝑆𝑏 for some 𝑢1 ∈ 𝐴. Since 𝑑2𝑛−1𝜂𝑑0 and 𝑑0𝜃2𝑑1
then by Lemma 4 (2) we have 𝑑0(𝜂 ∧ 𝜃2)𝑢1 and 𝑑1𝜃2𝑢1. Since 𝜃𝑘11 = 𝜃𝑘12
then 𝑑1𝜃1𝑢1 Since 𝜃1 ∧ 𝜂 = 𝜃2 ∧ 𝜂 then 𝑑0(𝜃1 ∧ 𝜂)𝑢1, in particular, 𝑑0𝜃1𝑢1.
Therefore, 𝑑0𝜃1𝑢1𝜃1𝑑1, i.e. 𝑑0𝜃1𝑑1, contradiction. The second case is similar
to case a. Let 𝑆𝑑𝑘1 ∩ 𝑆𝑑0 ⊃ 𝑆𝑏 and 𝑆𝑑𝑘2 ∩ 𝑆𝑑1 ⊃ 𝑆𝑏 for some 𝑘1, 𝑘2,
1 < 𝑘1, 𝑘2 < 2𝑛. Since 𝑆𝑑𝑘 ∩ 𝑆𝑑0 ⊃ 𝑆𝑏 or 𝑆𝑑𝑘 ∩ 𝑆𝑑1 ⊃ 𝑆𝑏 for all 𝑘,
1 < 𝑘 < 2𝑛 then 𝑆𝑑𝑘 ∩ 𝑆𝑑1 ⊃ 𝑆𝑏 and 𝑆𝑑𝑘+1 ∩ 𝑆𝑑0 ⊃ 𝑆𝑏 for some 𝑘,
1 < 𝑘 < 2𝑛 − 1, or 𝑆𝑑𝑘 ∩ 𝑆𝑑0 ⊃ 𝑆𝑏 and 𝑆𝑑𝑘+1 ∩ 𝑆𝑑1 ⊃ 𝑆𝑏 for some 𝑘,
1 < 𝑘 < 2𝑛−1. Let 𝑆𝑢1 = 𝑆𝑑𝑘∩𝑆𝑑1 ⊃ 𝑆𝑏 and 𝑆𝑢0 = 𝑆𝑑𝑘+1∩𝑆𝑑0 ⊃ 𝑆𝑏 for
some 𝑘, 1 < 𝑘 < 2𝑛 − 1 (an other sub-case is considered similarly). Then
𝑆𝑑𝑘 ∩ 𝑆𝑑𝑘+1 ⊂ 𝑆𝑢1 and 𝑆𝑑𝑘 ∩ 𝑆𝑑𝑘+1 ⊂ 𝑆𝑢0. Since 𝑑𝑘𝜉𝑑𝑘+1, where 𝜉 ∈
{𝜃1, 𝜂}, 𝑆𝑑𝑘 ∩ 𝑆𝑑𝑘+1 ⊂ 𝑆𝑢0 ⊆ 𝑆𝑑𝑘+1 and 𝑆𝑑𝑘 ∩ 𝑆𝑑𝑘+1 ⊂ 𝑆𝑢1 ⊆ 𝑆𝑑𝑘, then
by Lemma 4 (2) we have 𝑢0𝜉𝑑𝑘+1 and 𝑢1𝜉𝑑𝑘, therefore, 𝑢0𝜉𝑢1. Since 𝑑0𝜃2𝑑1,
𝑆𝑑0 ∩ 𝑆𝑑1 = 𝑆𝑏 ⊂ 𝑆𝑢0 ⊂ 𝑆𝑑0 and 𝑆𝑑0 ∩ 𝑆𝑑1 = 𝑆𝑏 ⊂ 𝑆𝑢1 ⊂ 𝑆𝑑1, then by
Lemma 4 (2) we have 𝑢0𝜃2𝑑0, 𝑢1𝜃2𝑑1, hence 𝑢0𝜃2𝑢1, i.e. 𝑢0(𝜃2 ∧ 𝜂)𝑢1 or

𝑢0𝜃1𝑢1. Since 𝜃1∧𝜂 = 𝜃2∧𝜂 then 𝑢0𝜃1𝑢1. Since 𝜃𝑘01 = 𝜃𝑘02 and 𝜃𝑘11 = 𝜃𝑘12 then
𝑢0𝜃1𝑑𝑢 and 𝑢1𝜃1𝑑1. Therefore, 𝑑0𝜃1𝑢0𝜃1𝑢1𝜃1𝑑1, i.e. 𝑑0𝜃1𝑑1, contradiction.

Thus, the lattice 𝐶𝑜𝑛(𝑆𝐴) is modular.
Step III. Let 𝑆𝐴 not be connected 𝑆-act. As we have proved, the

lattices of congruences on connected components of 𝑆𝐴 are modular. Let
us prove that the lattice 𝐶𝑜𝑛(𝑆𝐴) is modular. By Theorem 3 it is enough
to prove that there are no perforating congruences on 𝑆𝐴. Suppose that

𝑆𝐵⊔𝑆𝐶 ⊆𝑆𝐴, 𝜃 is the perforating congruences on 𝑆𝐴, 𝑏1, 𝑏2 ∈ 𝐵, 𝑐1, 𝑐2 ∈ 𝐶,
(𝑏1, 𝑐1) ∈ 𝜃, (𝑏2, 𝑐2) ∈ 𝜃, (𝑏1, 𝑏2) ̸∈ 𝜃, (𝑐1, 𝑐2) ̸∈ 𝜃. By point 1 of Theorem we
can assume that 𝑆𝐵 is connected 𝑆-act.

We show that 𝑠𝑏𝑖𝜃𝑏𝑖 for all 𝑖 ∈ {1, 2} and 𝑠 ∈ 𝑆. Note that 𝑆𝑏𝑖 ∩ 𝑆𝑐𝑖 =
𝑆𝑠𝑏𝑖 ∩ 𝑆𝑠𝑐𝑖 = ∅ for all 𝑠 ∈ 𝑆. Suppose that there is 𝑙 ∈ 𝑆 such that
(𝑏𝑖, 𝑙𝑏𝑖) ̸∈ 𝜃. Let 𝑡 = min{𝑙 | (𝑏𝑖, 𝑙𝑏𝑖) ̸∈ 𝜃}. Then 𝑡 > 1. By point 2 of
Theorem we have 𝑡𝑏𝑖 = 𝑟𝑏𝑖 or 𝑡𝑐𝑖 = 𝑟𝑐𝑖 for some 𝑟 ∈ 𝑆, 𝑟 < 𝑡. In the
first case, we have 𝑡𝑏𝑖 = 𝑟𝑏𝑖𝜃𝑏𝑖. Contradiction. In the second case, we have
𝑡𝑏𝑖𝜃𝑡𝑐𝑖 = 𝑟𝑐𝑖𝜃𝑟𝑏𝑖, contradiction.

Since 𝑆𝐵 is connected 𝑆-act then 𝑟1𝑏1 = 𝑟2𝑏2 for some 𝑟1, 𝑟2 ∈ 𝑆. As
proved above 𝑏1𝜃𝑟1𝑏1 = 𝑟2𝑏2𝜃𝑏2, contradiction. Therefore, there are no
perforating congruences on 𝑆𝐴 and by Theorem 3 the lattice 𝐶𝑜𝑛(𝑆𝐴) is
modular.
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4. Conclusion

In this paper, we obtain a description of 𝑆-acts over a well-ordered
monoid with modular congruence lattice. In [10], 𝑆-acts over linearly
ordered monoids with linearly ordered congruence lattices and 𝑆-acts over
a well-ordered monoid with distributive congruence lattices are character-
ized. The questions of describing 𝑆-acts over linearly ordered monoids
with distributive congruence lattices and with modular congruence lattice
remain open.
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S-полигоны над вполне упорядоченным моноидом с мо-
дулярной решеткой конгруэнций

А.А.Степанова

Дальневосточный федеральный университет, Владивосток, Российская Фе-
дерация

Аннотация. Исследование относится к структурной теории полигонов, под-
разумевающей описание полигонов над теми или иными классами моноидов или
обладающих теми или иными свойствами, например удовлетворяющих какому-либо
требованию, предъявляемому к решётке конгруэнций. Конгруэнции универсальной
алгебры — это ядра гомоморфизмов этой алгебры в другие. Знание всех конгру-
энций означает знание всех гомоморфных образов алгебры. Левый 𝑆-полигон над
моноидом 𝑆 — это множество 𝐴, на котором моноид 𝑆 действует слева, причем
единица этого моноида действует тождественно. Рассматриваются полигоны над
линейно упорядоченными и над вполне упорядоченными моноидами, где под ли-
нейно упорядоченным моноидом 𝑆 понимается линейно упорядоченное множество
с минимальным элементом и с бинарной операцией max, относительно которой 𝑆
является, очевидно, коммутативным моноидом; под вполне упорядоченным моно-
идом 𝑆 понимается вполне упорядоченное множество с бинарной операцией max,
относительно которой 𝑆 также является коммутативным моноидом. Статья является
продолжением авторского исследования с М. С. Казаком, где приводится описа-
ние 𝑆-полигонов над линейно упорядоченными моноидами с линейной решеткой
конгруэнций и 𝑆-полигонов над вполне упорядоченными моноидами с дистрибутив-
ной решеткой конгруэнций. Описываются 𝑆-полигоны над вполне упорядоченными
моноидами, решетки конгруэнций которых модулярны.

Ключевые слова: полигон над моноидом, решетка конгруэнций алгебры, мо-
дулярная решетка.
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