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1. Introduction

Among the equations of mathematical physics, a special place is occupied
by equations and systems of equations that are not solvable with respect
to the highest time derivative, called degenerate evolutionary equations. In
this paper, we investigate the solvability of a class of degenerate evolution
equations with fractional derivatives.

In Banach spaces X', ), a continuous linear operator L is given (briefly,
L e L(X,))), M is a linear closed operator with domain Dj; dense in X,
(M € Cl(X,Y)) and N : X — ) is a nonlinear operator, where X is an
open set in R x A™. Consider the equation

DLa(t) = Mx(t) + N(t, D®a(t), DXx(t), ..., D (1)), (1.1)

WhereO§a1<042<~--<an<a,m—1<a§m€N,Dfisthe
Gerasimov — Caputo derivative.

Note the studies of the solvability of degenerate evolution equations of
form (1.1) of integer [3;4;20-22] and fractional [2;5;6;8;9;15;16] orders.
For various equations resolved with respect to the fractional derivative,
as well as for the corresponding integral equations, results on the exis-
tence of a unique solution were obtained by such authors as J. Priiss [19],
E.G. Bajlekova [1], A.V. Glushak [10], M. Kostic [12], V.E. Fedorov [7].

Solvability conditions for the Cauchy problem to an equation of form
(1.1) with X =), L=1, M € L(X,)) are examined in [18]. Solvability of
initial problems for a degenerate (ker L # {0}) equation with a relatively
bounded pair of operators L and M the authors of the article investigated
for two types of constraints on the nonlinear operator [17;18]: if the image
of the nonlinear operator belongs to a subspace without degeneration, or
if the nonlinear operator depends on the elements of such subspace only.
In this paper, on the contrary, we use the condition that the nonlinear
operator depends on the elements of the degeneration subspace only. Using
the results of the theory of degenerate evolution equations (see [22]), we
investigate the equation (1.1) equipped with the initial conditions

a:(k)(to):xk, k=0,1,...,7r—1, (Px)(l)(to):xl, l=r,...,m—1, (1.2)

where P is the projector onto the space without degeneration, the number
7 is determined by the value of a, (see further). Such a problem is reduced
to the Cauchy problem for a system consisting of a linear equation solved
with respect to the highest fractional derivative on a subspace without
degeneration and a semilinear equation of a lower fractional order on the
subspace of degeneration obtained using the implicit function theorem. To
illustrate the abstract results obtained, examples of initial-boundary value
problems for an equation and a system of partial differential equations
that are nonlinear with respect to the lowest fractional time derivatives are
given.
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2. Equations solvable with respect

to the highest fractional derivative
Introduce the notations gs(t) := I'(8) 1971, gs(t) := T'(6) " (t — to)°~ 1,
JOh( fgg —$)h(s)ds for 6 > 0, t > 0. Let D" be the usual derivative

of the order m € N, J? be the identity operator. The fractional Gerasi-
mov — Caputo [1, p. 11] derivative of the function h is defined as

m—1

Dtah(t) = D;njtm—a ( h to gk+1 )) , t>1g.

k=0

Let Z be a Banach space, A € L(Z). Consider the Cauchy problem
M) =2, k=0,1,....,m—1, (2.1)
for the inhomogeneous linear equation

DO(t) = Az(t) + f(t), € [to, T). (2.2)

where T' € (tg, +0oc]. A function z € C™ 1([tg, T); Z) is called a solution of
m—1

problem (2.1), (2.2), if J™"™® (z -3 z(k)(to)§k+1> € C"™([to,T); Z) and
k=0
equalities (2.1), (2.2) are valid.

Theorem 1. [15]. Let A € L(Z), f € C([to,T);Z). Then for all
20, #15 - - -y Zm—1 € Z there exists a unique solution of problem (2.1), (2.2).

Let n € N, Z be an open set in R x 2, B : Z — Z be a nonlinear
operator, zp € Z, k=0,1,...m—1, 0 < a1 < ag0 < -+ < ap < q,
m—1 < a<m & N/ Consider the semilinear equation

DOz(t) = Az(t) + B(t, DX 2(t), D2 x(t), ..., D" 2(t)).  (2.3)

By a solution to problem (2.1), (2.3) on an interval [ty,t1] we mean a
function z € C™~([tg, t1]; Z), for which the condition

Jie (Z_ Z 2W(to gk+1) € C"([to, t1]; 2)

is satisfied, and for any t € [to,t1] (¢, D{"*2(t), D?z(t),...,Di"2(t)) € Z,
equalities (2.1) and (2.3) are true for all ¢ € [to, t1].
Further, the line above the symbol will denote a set of n elements with
indices from 1 to n, for example, & = (z1,22,...,zy,). Let S5(z) = {y €
"o lyk — xkllz < 0,k = 1,2,...,n}. A mappingB : Z — Z will be
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called locally Lipschitzian in z if for each (¢,Z) € Z there are § > 0 and
I > 0 for which [tg — 6,0 + 6] x Ss(x) C Z and for any (s,7),(s,0) €
[to — d,t0 + 6] x Ss(Z)

1B(s,9) = B(s,0)|lz <1 llyn — vellz-

k=1
Using the initial data zg, z1, ..., 2m_1 we define
- 21 22 2 Am—1 m—1
= Dt —to)+ 2t —t T Y
Z ZO+1!( 0)+2!( 0)" + +(m_1)!( 0)" 7,
Z1 = DY i—iy2(t),  Za = D{?|i—i,2(t), ..., Zn = D{m =i 2(2).

Theorem 2. [18]. Let A € L(Z2), a set Z be open in R x Z", a mapping
B € C(Z; Z) be locally Lipschitzian in z, z € Z, k = 1,2,...,m — 1 be
such that (to, 21,29,...,2,) € Z. Then problem (2.1), (2.3) has a unique
solution on a segment [to,t1] for some t; > tg.

3. Semilinear equation with a weak degeneration

Let X,) are Banach spaces, L € L(X;)), ker L # {0}, M € CI(X;)),
Dy be the domain of M operator equipped with the graph norm ||-||p,, :=
Il + 1 [y

We define an L-resolvent set p*(M) := {u € C: (uL— M)~ € L(V; X)}
of operator M and denote Rﬁ(M) = (pL — M)~'L, Lﬁ = L(uL — M)~ %
Operator M is called (L, o)-bounded, if

Ja>0 VYueC (ul>a)= (uep(M)).

Under the condition that the operator M is (L, o)-bounded, we define the
projectors
1 1
P:= — [ RE(M)du e L(X =— [ LE(M)duec L 3.1
¥ ¥

where v = {u € C : |u| = 7 > a} (see [22, p. 89, 90]). Let X := ker P,

X' = imP, )0 = kerQ, V' := imQ. Let us denote by Ly (M}) the
constriction of the operator L (M) on X* (Dyy, := Dy N &%), k=0,1.

Theorem 3. [22, p. 90, 91]. Let an operator M be (L, o)-bounded. Then
(i) My € L(XL; YY), My € CL(X%)0), Ly € L(X%VF), k=0,1;
(ii) there exist operators MO_1 € ﬁ(yo; Xo), Ll_1 € .c(yl; Xl).
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We denote G := My 'Lg. For p € Ng := {0} UN an operator M is called
(L, p)-bounded, if it is (L, o)-bounded, GP # 0, GPT! = 0.
Consider the problem

e W (tg) = ap, k=0,1,...,r—1, (Px)O(tg) =2, I=r,...,m—1, (3.2)
for the equation
DO La(t) = Ma(t) + N(t, DO a(t), D2x(t), ..., D x(t)), (3.3)

where 0 <o << - <ap<am—-1<a<meNr—1l<a,<re
N, X is an open set in R x X", N : X — ) is a nonlinear operator.

Since ker L # {0}, equation (3.3) is degenerate. In the case of an
(L,0)-bounded operator M, we have ker P = ker L [22], therefore, the
degeneration subspace X in this case is minimal and the corresponding
class of equations (3.3) is called weakly degenerate.

By a solution of problem (3.2), (3.3) on a segment [tg,?1] we mean a
function = € C([to, t1]; Dar) N O™~ Y([to, t1]; X), such that

m—1

EE:(Lx)“O(U0§k+1> € C™([to, t1]; ),
k=0

for all ¢ € [to,t1] (¢, Df*a(t), Di?a(t),...,Di"x(t)) € X and equalities
(3.2), (3.3) hold.

By [(I —Q)N],, (t, z1, 22, ..., z,) we denote the Frechet derivative of the
operator (I — Q)N at the point (t, 21, 22,...,2,) € X by the last argument
x,. For brevity, we denote the projector along X' on X° as Py:=1 — P.

We denote W = X N (R x (X)),

Lz cC™ ([to, t1]; V), J/ (L:v -

= Lt —to) + 2t —to)2 4 (¢
T xo+1!( 0)+2!( 0)° + +( _1)!( o)™
for zy, k=0,1,...,m — 1, from conditions (3.2).

Theorem 4. Let0< a3 <as < - <ap<a,m—1<a<meN,r-1<
an <1 €N, an operator M be (L,0)-bounded, a set X be open in R x X™;
N e C(X;Y), forall (t,z1,...,2,) € X, such that (t, Pyz1,. .., Pozn) € X,
N(t,z1,...,2n) = N1(t, Poz1,. .., Pozn) at some N1 € C(W;)), such that
(I —Q)Ny € C*(W;Y); 21,%2...2p1 € X, Tp, Tps1,...,Tm_1 € X, the
mapping My [(I — Q)N1l,, (t,21,...,2n) : X0 — XY be a bijection for all
elements (t, z1,22,...,2n) of the point (to, Dyt |i=to %, ..., D{" 1=, @) € W
neighborhood, herewith

Poxg + My (I — Q)N (tg, D 1=ty Po, . . ., DY |1=4y PoT) = 0. (3.4)

Then there exists such t1 > to, that problem (3.2), (3.3) has a unique
solution on the segment [to,t1].
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Proof. Let us act on equation (3.3) by a continuous operator Mal(I -Q),
the existence of which follows from Theorem 3. We get the equation

0=w(t)+ My (I - Q)N (t, D{w(t), Df*w(t), ..., D w(t)),

where w(t) := Pyx(t). By the implicit function theorem, since there exists
the inverse operator

(Mg ' [(I = QN1 (8, D w(t), D2w(t), ..., Dimw(t)) " € L&),

this equation can be solved with respect to Dy"w at ¢ from some interval
(to — d,to + 9). Hence, we have the equation

D{mw(t) = R(t, D' w(t), D{?w(t), ..., Dy w(t)) (3.5)

with a continuously differentiable mapping R. Theorem 2 implies the exis-
tence of a unique solution to the Cauchy problem w®) (to) = Poxk, k =
0,1,...,7 — 1, for equation (3.5) on some segment [tg,?;]. Moreover, under
the conditions of this theorem Ly = 0, therefore, Lw = 0.

Consider the Cauchy problem for the second equation obtained after the

action by the operator Ll_lQ on equation (3.3),
Dfo(t) = Su(t) + LTTQN (t, DM w(t), DY2w(t), . . ., D& w(t)),

v(k)(to) =Pz, k=0,1,...,m—1,

where Sy = L7'M; € £(X"). The unique solvability of this problem on
[to,t1] at some t; € (to, 1] follows from Theorem 2. It completes the proof
of the theorem. O

Remark 1. Note that at 7 = m (3.2) is the Cauchy problem

4. Initial-boundary value problem
for a nonlinear integro-differential equation

In the region (0,1) x [to, 00), to € R, consider the initial-boundary value
problem
Olw

W(S,to):vl(s), 1=0,1,...,7r—1, s€(0,1), (4.1)

kA
%Tw(s,to) = Avg(s), k=r,r+1,...,m—1, s (0,1), (4.2)
w0 =wLe, SU00=2000, 126, (@43)

0s 0s
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for a semilinear fractional-order equation
B 1
DY Aw + /DO‘1 (s,t)d /Da2 (s,t)ds =0, s € (0,1), t >tg. (4.4)

Herem—-1<a<m, 0oy <o <o r—1<a <r >0 Let us
denote by (-, -) the inner product in the space L2(0,1). Let

X ={ve H*0,1):v(0) =v(1),2(0) = (1)}, Y = L(0, 1),

~ Um—1 m—1
= t—t t—t e (t—t
U=wo+ 1'( 0) + 21( 0)? + +(m_1>!( o)™,

for vg, k=0,1,...,m — 1, from conditions (4.1), (4.2).

Theorem 5. Supposem —1<a<m,0<a;<a<a,r—1<ay<r,
>0, veX, 1=01...m—1, (v,1) =0, k=r,r+1,...,m—1,
Dt =4y (0,1) # 0, D{?|—,(0,1) = 0. Then for some t1 > to problem
(4.1)~(4.4) has a unique solution on the set (0,1) X [tg, t1].

Proof. Let’s take L = A, Mz = (z,1) at € X, then for p # 0, x € X,
y € YV we have

(uL — M)z = plAz — (z,1) = —(x,1) + Z 2mhkp(z(s), 627rlcis>e27rk;is7
keZ\{0}

1 ) .

_ -1, _ 2rkis\ 2mkis

(WL = M)y =~y )+ ) ok (), €T,
kez\{0}

Z 1+ 472k

O [

(el = M) yl3201) = DI+
kez\{0}

< CQHZ/H%Q(OJ)-

Therefore, the operator M is (L, o)-bounded. Wherein

1 ki ki
RY(M) = Ly(M)= > ;(-,62 His) 2T,
kez\{0}

consequently, P = Q = Y. (-, e¥™kis)e2mkis - x1 ig the closure of the
keZ\{0}
linear span of the set {e*2 e*4mis 1 in the space X', V! is the closure
of the same set in L2(0,1), and the subspaces X = Y = span{1} coincide
and are one-dimensional. Insofar as ker L. = ker P, then operator M is

(L, 0)-bounded.
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The nonlinear operator in the considered equation will have the form
N(z,y,2) = —{(x,1) — |(y,1)|P(2,1), it is defined on X = R x X3, so W =
R x (X%)3. Let’s show the action N : X — Y, for x,y,2 € X we have

HN(I7y’ Z)HLz(O,I) < |<.CC, 1>| + |<y7 1>|B|<Za ]->|

It’s obvious that N € CY(X; L2(Q)), N(z,y,2) = N(Poz, Pyy, Pyz), since,
say, Pox = (x,1), (Poyz,1) = ((z,1),1) = (z,1).

Note that conditions (4.2) are of the form (Lz)*)(0) = Ly, and there-
fore, in the case of an (L, o)-bounded operator, by virtue of Theorem 3,
they are equivalent to the conditions (Pz)*)(0) = x4, k = r,7+1,...,m—1.

The equalities (vg, 1) =0, k =r,r+1,...,m — 1, entail the conditions
() =2, € XY, k=7r,r+1,...,m — 1, of Theorem 4.

The operator MO_1 is identical, for all y € ¥ (I — Q)y = (y,1) € )P,
Pyo(to,-) = Povo = (vo, 1),

My (I — Q)N (to, Poi(to, -), D ety Pot, D |e—t, Pot) =
= (I = Q)(—(v0, 1) = |D§* 14, (8, 1) DJ2 |14, (5, 1)) =
= _<U0a 1> - ‘Dtal |t=t0 <1~7a 1>|I8D?2|t=to <1~7a 1>7
hence condition (3.4) from Theorem 4 has a form
|Dtal |t=t0 <'Dv 1>|6Dta2|t=to <'Dv 1) = 0.

It is true in this case, since D{?|;—, (0,1) = 0.
The Frechet derivative has the form

[(1 = Q)NLL(2,y, 2)h = [(y, DI[(h, 1)] = [y, 1)|"h

at h € XY Since by the hypothesis of this theorem D{|;_s, (7, 1) # 0,
then the operator M, '[(I — Q)N].(z,y, z) is a multiplication by a nonzero
number |(y, 1)|? for all (x,y, z) from the neighborhood of the point

(UO, Dt&1 ’t=t0 <1~}> 1>a Dt&2 |t=t0 <1~}> 1>)
in the spase X0, therefore all conditions of Theorem4 are satisfied. O

Remark 2. For example conditions Dy =, (0, 1) # 0, D{?|4—,(0,1) = 0
are met, if oy =7 < az ¢ N, (v,,1) # 0.
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5. Initial-boundary value problem for a nonlinear system

Let Q € R? be a bounded domain with a smooth boundary 0. Consider
the initial boundary value problem

oFx;
Wiz(s,to) —an(s), k=0,1,....,r—1,s€Q, i=1,2,3,  (5.1)
8l
a—tl;l(s,to):azll(s), l=r,r+1,....m—1, s €, (5.2)
xi(s,t) =0, s€0Q, t >tg, i =1,2,3, (5.3)

DtO‘Axl = Az + hy (57t7D?1$2, D?lfL‘g, c ,D?".TQ, D?”.’L’g) s
0= Axs+ ho (S,t, D?1$2, Dtal.xg, ... ,D?”ﬂjg, Df‘”xg) s
0= Ax3+ hs (S,t, D?ll‘g, Dthx?” ... 7Df"$2, D?”xg) s

sEQN, t>ty,

(5.4)

wherem—1<a<meN,0<ag << - <a, <a,r—1<a,<re
N, functions h; are defined on R?"*2 j =1,2,3.

Let A be the Laplace operator with the domain HZ(Q) = {z € H*(Q) :
z(s) = 0,s € 09} C La(9), {pr} be an orthonormal in Lo(£2) sys-
tem of its eigenfunctions corresponding to the eigenvalues of the opera-
tor A, numbered in the non-increasing order, taking into account their
multiplicity.

We reduce problem (5.1)—(5.4) to abstract problem (3.2), (3.3), by choos-
ing the spaces ,

X =(H Q)P v =(HY () (5.5)

where j > ¢ — 1, Hy™(Q) = {z € H**Y(Q) : 2(s) = 0, s € 90}, and the
operators

A
L=1| o e L(X;Y). (5.6)
0

O OO

0 A0
0| ecx;y), M=|o0 A
0 00 A

Lemma 1. Let spaces (5.5) and operators (5.6) be given. Then the oper-
ator M is (L,0)-bounded and the projectors have the form

100 100
P=1000], @=1000 (5.7)
000 000
Proof. For pn # 1 we have the operator
i~ (78 S i VR 0
(L= M)™" = (- on) 0 N0 eLsa),

1 0 0 —)\,;1
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so M (L, o)-bounded,
0 (w—1)"too
RE(M => (o 0 00
k=1 0 00
From these equalities, using formulas (3.1) and the residue theorem, we

obtain the form of projectors (5.7). Since ker P = ker L, the operator M is
(L, 0)-bounded. O

It follows from this lemma that
Xt = Hy(Q) x {0} x {0}, X0 = {0} x H*™(Q) x Hy ™(Q),

Y= H¥(Q) x {0} x {0}, V" = {0} x H¥(Q) x HY(Q).

From the form of the projector P it follows that the initial conditions
(5.1), (5.2) for system (5.3), (5.4) can be written as (3.2). Let’s construct
according to the initial data elements

xl(m—l) m—1
= Lt —t) + 22t —t e (g
T1 = 210 + 1,( 0) + 2,( 0)” + +(m_1)!( 0)
Li(r—1) -1 .
_— o e B e g
ZO+ 1|( )+2‘( 0) + +(’I"—1)'( 0)
Note that the functions h; = h;(s,t, 21, 22, 23, . . ., 22,) depend on the 2n
phase variables z1, 29, ..., 22,. Let us introduce the notation
85:2 (8,8, 215+, 22n) —ghQ (8, t, 21, ., 29n)
J(S,t,Zl,...722n): Ohs 8}1 .
. (s ty 21,y Zon) Do 3 (8.t 21, .., 29n)

Theorem6.Letm—1<a§m6N,0§a1<a2< < a, < a,
r—1<a, <reN, h € COR™ZR), j >4 1, zy,2y eH”?J(Q),
1=1,2,3,k=0,1,....,r—1,l=rr+1,...,m—1, forsomec>0f0rall
s €

| det J(S, to, D?l ’t:toi‘% D?l ‘t:toj& ey Dtan|t:t0j3)| >c> 0, (58)

Amio—}-hi(‘, to, D?l |t:t0='i’2; D?l ’t:tofg, - ;Dtan|t:toa~73) = 0, 7= 2, 3. (59)

Then there exists such ty > to that problem (5.1)—~(5.4) has a unique solution
on the set Q X [to, t1].

Proof. For the proof, we check the conditions of Theorem 4. First of all,
note that H;(t) € C°((H?*t%/(Q))?"; H?t27(Q)), where

Hi(t)(ZhZZ? .- '72271) = hi(‘atazl(‘)az2(‘)7 .. ‘72271('))7 1= 172737
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for a fixed ¢ by virtue of Proposition 1 [11, p. 197], since 2 + 2j > d/2.
From the form of the projectors obtained in the previous lemma it follows
that the nonlinear part of the equation depends only on the elements of the
subspace X, and the mapping (I — Q)N is defined by two functions hs, h3.
The bijectivity condition for the operators of the Frechet derivative follows
from condition (5.8) of this theorem. Condition (3.4) for this problem is
(5.9). By Lemma 1 the operator M is (L,0)-bounded and by Theorem 4
we obtain the required. ]

6. Conclusion

A new class of initial value problems for degenerate evolution equations
that are nonlinear with respect to the lowest fractional derivatives is inves-
tigated. In what follows, we will study the solvability of optimal control
problems for systems whose state is described by equations of this class.
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HauajgbHast 3aava AJjisi OQHOIO KJiacca cJjiabo BBIPOXK/I€H-
HBIX MOJIYJIMHEHHBIX YPaBHEHUN C MJIAAIINMU JPOOHBIMHA ITPO-
N3BOHBIMU

I". /1. Baiibynarosal, M. B. ITrexanosal?

L Yepabuncruti 2ocydapemeenmvds yrusepcumem, Yeaaburck, Poccutickan Pede-

pavu,
2 Ootero-Ypaavexudi 2ocydapemeeniiti yrnusepcumem (HUY), Yeasbuncx, Poc-
cutickas Dedepavus

Amnvoranms.  VccienoBana paspemmMOCTb OJHON HadaJIbHON 3aJa4d s KJlacca
9BOJIIOIMOHHBIX YPABHEHUI CO C/1abbIM BBIPOXKIEHUEM, HEJTMHEHHBIX OTHOCUTEIHHO MJIAI-
mux JpoOHBIX Tpon3BoAHbIX ['epacumoBa — Kamnyro. Jluneitnast yactb ypaBHeHUs COJiep-
2KHUT OTHOCUTEIHFHO OIPAHNIEHHYIO ITapy onepaTopos. JlokazaHa olHO3HAYHAS JIOKAJIbHAS
Pa3peIINMOCTh B CJIydae HEJIMHEHHOrO OIIepPaTOpa, 3aBUCHIIETO TOJBKO OT 3JIEMEHTOB
MIOZIIPOCTPAHCTBA BBIPOXKIeHUs. [IpuBeieHb! IpUMeph! yPaBHEHNS U CUCTEMBI yPABHEHUI
B 9aCTHBIX IIPOU3BOHBIX, HAYAIbHO-KPAEBBIE 3aaH JIJIsT KOTOPBIX CBE/IEHBI K HAYAIbHOM
3ajade JjI8 YpaBHEHMH B 6AHAXOBOM IIPOCTPAHCTBE U3YUYEHHOI'O KJIACCA.

KuaroueBsbie cioBa: jpobuast mpousBogHast [epacumoBa — Kamyro, nuddepentu-
aJIbHOE ypaBHEHHe JPOOHOI'O IOpPsKa, BHIPOXKJIEHHOE SBOJIIOIMOHHOE YpaBHEHHE, IIOJIy-
JIMHEHOE ypaBHEHHE.
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