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Abstract. Minimization of Boolean functions in their various representations is required
in logic design of digital devices. EXOR sums (polynomial forms) are considered among
other representations. An EXOR sum (a polynomial form) is an expression that is an
EXOR sum of products of factors in a certain form. We can accentuate some classes of
EXOR sums (of polynomial forms) such that Fixed Polarized Reed-Muller forms, FPRMs
(polarized polynomial forms, PPFs), EXOR Sums of Products, ESOPs (polynomial nor-
mal forms, PNFs), EXOR Sums of Pseudo-Products, ESPPs (pseudo-polynomial forms,
PSPFs), etc. In series of works, minimization algorithms are devised, and bounds are
obtained for the length of functions in these classes of EXOR sums. Herewith, there are
different aspects in these researches, in particular, to obtain bounds of the length for the
most complex functions of n variables for an arbitrary number n and to find the exact
length for functions of a small number of variables.

The present work is devoted to finding the exact length for functions of a small
number of variables. EXOR Sums of Pseudo-Products, ESPPs (pseudo-polynomial forms,
PSPFs) for Boolean functions are considered in it. An EXOR Sum of Pseudo-Products,
ESPP (a pseudo-polynomial form, PSPF) is an expression that is an EXOR sum of
products of linear functions. The length of an ESPP is the number of its summands;
the length of a function in the class of ESPPs is the smallest length among all ESPPs,
representing this function. In the work, the complete classification by the length in the
class of ESPPs is obtained for functions of four variables. The largest length and the
average length in the class of ESPPs are found for functions of five variables.

Keywords: Boolean function, Zhegalkin polynomial, EXOR Sum of Pseudo-Products,
ESPP (pseudo-polynomial form, PSPF), length, classification by the length.
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1. Introduction

Minimization of Boolean functions in their various representations is
required in logic design of digital devices [10]. Polynomial forms (EXOR
sums) are considered among other representations [2;6]. A polynomial
form (an EXOR sum) is an expression that is an EXOR sum of products
of factors in a certain form. We can accentuate some classes of polynomial
forms such that polarized polynomial forms, PPFs (Fixed Polarized Reed-
Muller forms, FPRMs), polynomial normal forms, PNFs (EXOR Sums
of Products, ESOPs), pseudo-polynomial forms, PSPFs (EXOR Sums of
Pseudo-Products, ESPPs), etc.

The number of summands in a polynomial form (in an EXOR sum) is
called its length. The length of a function in a particular class of polynomial
forms is the smallest length among all polynomial forms from this class such
that these forms represent this function. In [1-3;5-9;11], length bounds are
obtained for the “most complex” Boolean n-variable functions in various
classes of polynomial forms.

In logic design of digital devices, the complexity of functions of a small
number of variables is important. In [6], a comparison is adduced for
the average length of four-variable Boolean functions in the classes of dis-
junctive normal forms, DNFs (Sums of Products, SOPs) and of ESOPs.
This comparison is adduced for functions with the same number of their
minterms. The average length of ESOPs appears to be less than the average
length of SOPs. In the same paper [6], the average length is compared for
symmetric n-variable functions, where n = 3,...,7, in the classes of SOPs
and of ESOPs. Again the average length of ESOPs always appears to be
less than one of SOPs. Notice that it is shown in [3] that the maximum
length of n-variable functions is less in order for the class of ESOPs than for
the class of SOPs. In [11], the maximum length of seven-variable functions
is evaluated for the class of ESOPs.

Notice also that complexity bounds of functions of a small number of
variables are examined for other representations [4].

In [2], polynomial forms and their application capability in design of
digital devices are considered. A pseudo-polynomial form, PSPF (an EXOR
Sum of Pseudo-Products, ESPP), or a pseudo-polynomial, is an expression
that is a sum modulo two (an EXOR sum) of products of linear Boolean
functions. In [2], a comparison of PSPFs and pseudo-disjunctive forms,
PSDFs (Sums of Pseudoproducts, SPPs) is adduced (a PSDF (a SPP) is
an expression that is a disjunction of products of linear functions). It is
shown that the average length of symmetric n-variable functions, where
n = 3,...,6, is always less for the class of ESPPs than for the class of

* The work is supported by the MCFAM-MSU project “Bounds of complexity
characteristics for Boolean functions and graphs” (2020 y.)
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SPPs. Notice that the order is obtained in [7;8] for the maximum length
of n-variable functions in the class of ESPPs.

2. Basic definitions

Assume FEy = {0,1}, and EJ denotes the set of all tuples on zeros and
ones of length n, n > 1. If o € E then we consider that «; denotes the 7th
component of the tuple a. In other words, o = (a,..., ). A mapping
f + Ey — Ej is called a Boolean n-variable function, n = 0,1,2,.... We
denote the set of all Boolean functions by P», and the set of all Boolean
n-variable functions by Pg(n). Everywhere further in the paper, “a function”
means “a Boolean function”.

A monomial is an expression that is either a product (modulo two) of
distinct variables or the constant 1. A Zhegalkin polynomial is an expression
that is either a sum modulo two of distinct monomials or the constant 0.
Any Boolean function can be represented by a Zhegalkin polynomial, and,
for any function, there exists a unique Zhegalkin polynomial, representing
this function [12]. We will denote the Zhegalkin polynomial of a function
f by P(f).

A function g(x1,...,x,) is called linear, if its Zhegalkin polynomial P(g)
has no products of variables, i.e. if

P(g)=co®c1z1® ... D chan

for some coefficients ¢y, c1,...,cn € Eo. A pseudo-monomial is an expres-
sion that is a product of linear functions. A pseudo-polynomial form (a
PSPF), or a pseudo-polynomial, is an expression that is a sum modulo two
of pseudo-monomials. In other words, a PSPF is an expression in the form

Ly
DIl

j=11i=1

where g, ... s G, are linear functions, r; > 1, j = 1,...,l. Notice that any
Boolean function is represented by a PSPF, for example, by its Zhegalkin
polynomial. The length I(P) of a PSPF P is the number of its summands.
The length I( f) of a Boolean function f in the class of PSPF's is the smallest
length among all PSPFs, representing this function f. It is true that I[(f) <
2™ for an arbitrary Boolean n-variable function. Define the length [(n) and
the average length [*(n) of Boolean functions in the class of PSPFs as the
largest length in the class of PSPFs among all n-variable functions and as
the ratio of the sum of the lengths of all n-variable functions in the class

of PSPFs to the number of n-variable functions. In [7;8], it is proved that
l(n)=06 (i—z)
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3. Function classification by the length in the class of PSPF's

In order to get a classification of functions by the length in the class of
PSPFs, we wrote a program in C+-+14 language. The program performs a
sorting through all n-variable functions, some restriction of the sorting are
realized in the algorithm. The program computes not only the length I( f)
in the class of PSPFs for each function f but also a minimum length PSPF
of this function f.

Below we describe some results, obtaining by this program.

3.1. FOUR-VARIABLE AND FIVE-VARIABLE FUNCTIONS

In the following table, we provide the average length in the class of the
PSPFs for all 4-variable functions and for all 5-variable ones. In this table,
the columns indicate a number n of function variables, the maximum length
I(n) of n-variable functions in the class of PSPFs, and the average length
I*(n) of n-variable functions in the class of PSPFs, respectively

n|l(n)|l*(n)
41 4 12,8515015
5| 5 [4.115962973795831

In the following table, we show the distribution for 4-variable functions
by their length in the class of PSPFs. In this table, the columns indicate a
length [, the number my(l) of 4-variable functions of the length [ in the class
of PSPFs, and the proportion d4(I) of the number of 4-variable functions of
the length [ in the class of PSPF's to the number of all 4-variable functions,
respectively. .

my(l) | da(l)

308 0,005
16284 |0, 248
417760, 637
7168 0,101

=W N | e~

In the following table, we show the distribution for 5-variable functions
by their length in the class of PSPFs. In this table, the columns indicate a
length [, the number ms (1) of 5-variable functions of the length [ in the class
of PSPFs, and the proportion d5(I) of the number of 5-variable functions of
the length [ in the class of PSPF's to the number of all 5-variable functions,
respectively.
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ms(1) ds(1)
2452 0
1836348 0

279379440 0,065
3232632384 |0, 753
781116672 |0,182

TR W N |~

3.2. CLASSIFICATION OF FOUR-VARIABLE FUNCTIONS

Assume f(z1,...,2,) € P», where n > 1. If A is a non-degenerate
matrix of the size n x n over the residue field modulo two Zs = (Ey; P, ),
i.e. A is a non-degenerate matrix from (Zs),xn, then we say that the
function

h(z1,...,xn) = f((x1,...,2n) - A) € Py

is derived by a non-degenerate linear transformation of variables from the
function f(z1,...,x,). In other words, h(z1,...,zn)=f(y1,...,Yn), where

n
vi =D ai;
i=1

forall j = 1,...,n. In this case, we denote the function h by Af. If b € E7,
then we say that the function

g(x1,...,zp) = f(x B D) € Py

is derived by negating some wvariables from the function f(x1, ..., x,).
In other words, g(z1,...,2n) = f(y1,...,Yn), where y; = z; @ b; for all
i =1,...,n. In this case, we denote the function g by bf.

We say that two functions f, fo € PQ(n) are in the relation p, if one
of them can be derived from other by a finite number of operations, each
of which is either a non-degenerate linear transformation of variables or
negating some variables. In other words,

fo=ps(ps—1(... (p1f1) ),

where p; is either a non-degenerate matrix from (Z3),x, or a tuple from
Ey,j=1,...,5 5> 1. It is easy to see that p is an equivalence relation
on the set PQ(n). We call any equivalence class of the relation p by a class of
the set PQ(n). It is clear that if @ is a class of the set PQn) then I(f1) = I(f2)
for any functions fi, fo € Q. If Q is a class of PQ(n) then we denote its

cardinality |@| by m(Q), and we denote the length of any function from @
in the class of PSPFs by 1(Q).

Ussectus VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
2020. T. 33. Cepus «Maremarukas. C. 96-105



ON LENGTH OF BOOLEAN FUNCTIONS OF A SMALL NUMBER

In the following table, we provide all 32 classes of the set P2(4). In this
table, the columns indicate the number k of a class Qy, the length [(Qy),
the cardinality m(Qy), and a function f € Qy, respectively.

Classification of 4-variable functions

F Q) [ m(@n) [ J € Qs
1 |1 1 0

2 1 16 T3X2X1T4

3 1 120 T2X1X3

4 1 140 12

5 |1 30 T

6 |1 1 1

7|2 560 r1T9 + (:El + arg)(a:g(xl(xg + x9 + 334)))

8 | 2 1680 xl(azg + 20+ 21 + 564) + (.7:2 + 21 + :133)(:1,’1 (xg +
r1 + 74))

9 |2 1680 x3((x1 + z2)T124) + T122

10 | 2 840 1 +—(x1-+-w2)(x1(x2 +—$1-+—$3))

11 |2 240 z1 + (x1 + x3)((z1 + 22) (x1 (23 + 22 + 1 + 24)))

12 | 2 6720 1'3((171 + 332)1'4) + z129

13 | 2 1920 (.%'1 + :L‘3)((.%'1 + :L'Q)(:Ul + 1‘4)) + a1

14| 2 240 x3((x1 + z2)w2my) + 21

15| 2 840 xz3t+xa+axr+ 1+ (g +xo+ 1) (23 +21+1)

16 | 2 448 (x4—|—x3+x2+1)(3:4+x1+1)—|—(x4+:c3+x1+
1)(xg + 22+ 21+ 1)

17 | 2 840 (xl—%aa)xgxg%—xl

18 | 2 140 1—|—($2—|—$1—|—1)(1’2—|—1)

19 | 2 120 1—|—(1‘3—|—$2—|—1)(($3—|—$2—|—1‘1+1)($3—|—1))

20 | 2 16 14+ (zg+az3+x1+ 1D)((2g + 23+ 22+ 1) (24 +
T3+ 22+ 21+ 1)(24 +1)))

21 | 3 2688 (r3+xo+1)(x3+z1+1)+(xa+a3+x1+1)((T4+
x3+xo+1)((xa+23+22+21+ 1) (24 +1))) +
374(:U3 + T2+ 21 + x4)

22 | 3 6720 x3+axo+ax+ 14+ (s +ax2+ 1)(zs+21+1)+
z3((z1 + @2)(2(23 + 24)))

23 | 3 4480 (xa+axs+xo+1)(xg+x14+ 1)+ (24 + 23+ 21+
1) (w4 + 20 + 21 + 1) + 23700124

24 | 3 10080 | xz3+xo+ 1+ (z3+ a2+ x4+ 1)(xs+1) + (21 +
$2)<$1(x3 + T2+ 21+ $4))

25 | 3 6720 xzst+axe+axr+ 1+ (xs+a2+1)(zs+x1+1)+
(w1 + 23)((71 + 22)7174)

26 | 3 6720 1+ (o 421+ 1)(x2+ 1) + (22 + 21 + 23)((x1 +
xz)(:tg + 29+ 21 + 1‘4))

continued on the next page
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k| UQk) | m(Qk) | [ € Qr

27 | 3 1680 1+ (zo4x14+1) (x2+1)+(z2+23) ((x14+22) (w2 (23 +
To + x1 + x4)))

28 | 3 448 1+(1’24—331—i—l)(.%'2—}—1)—1—(1‘2—1—1’14—.%3)(%24—%‘1 +I‘4)

29 | 3 1680 1+ (o421 +1)(x2+ 1) + (22 + 21 + 23)((x2 +
x3)(x2 + x4))

30 | 3 560 1+($2 +x1+1)(x2+1)+(x2+$3)((:v1 —|—:B3).%'3$4)

31 |4 4480 1+ (xa+z1+1)(z2+ 1)+ (za+x3+1)(xa+1) +
(g +x3+x1+1)((xg +23+22+1)((24 + 23+
x2+ 21+ 1)(z4 4+ 1)))

32| 4 2688 14 (zg + 21+ 1)(x2 + 1) + (22 + 1 + 23) (22 +
1+ x4) + T3T2T 1Ty

4. Conclusion

In the paper, the complete classification by the length in the class of
pseudo-polynomials is obtained for Boolean functions of four variables. The
maximum length and the average length in the class of pseudo-polynomials
are found for Boolean functions of five variables.

References

Baliuk A.S. Complexity lower bound for Boolean functions in the class of extended
operator forms. The Bulletin of Irkutsk State University. Series Mathematics, 2019,
vol. 30, pp. 125-140. https://doi.org/10.26516,/1997-7670.2019.30.125

Ishikawa R., Hirayama T., Koda G., Shimizu K. New three-level Boolean expres-
sion based on EXOR gates. IEICE Trans. Inf. & Syst., 2004, vol. E87-D, no 5,
pp.214-1222.

Kirichenko K.D. An upper bound for complexity of polynomial normal forms
of Boolean functions. Discrete Math. Appl., 2005, vol. 15, no. 4, pp. 351-360.
https://doi.org/10.1515,/156939205774464891

Lozhkin S. A., Shupletsov M. S., Konovodov V. A., Danilov B.R., Zhukov V.V.,
Bagrov N. Yu. Raspredelennaya sistema i algoritmy poiska minimal’nyh i blizkih
k nim kontaktnyh shem dlya bolevyh funkthiy malogo chisla peremennyh. Sbornik
trudov vserossiyskih nauchno-tehnicheskih konferentsiy “Problemy razrabotki per-
spektivnyh mikro- i nanoelektronnyh sistem (MES)”, 2016, vol. 1, pp. 40-47. (in
Russian)

Peryazev N.A. Complexity of Boolean functions in the class of polar-
ized polynomial forms. Algebra and Logic, 1995, vol. 34, pp. 177-179.
https://doi.org/10.1007/BF02341875

Sasao T., Besslich P. On the complexity of mod-2 sum PLA’s. IEEE Trans. on
Comput., 1990, vol. 39, no. 2, pp. 262—266.

Wssectus VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
2020. T. 33. Cepus «Maremarukas. C. 96-105



ON LENGTH OF BOOLEAN FUNCTIONS OF A SMALL NUMBER 103

7. Selezneva S.N. On the length of Boolean functions in the class of
exclusive-OR~ sums of pseudoproducts. Moscow University Computa-
tional Mathematics and Cybernetics, 2014, wvol. 38, no. 2, pp. 64-68.
https://doi.org/10.3103/S0278641914020083

8. Selezneva S.N. Order on the length of Boolean functions in the class
of exclusive-OR sums of pseudoproducts. Moscow University Computa-
tional Mathematics and Cybernetics, 2016, vol. 40, no. 3, pp. 123-127.
https://doi.org/10.3103/S0278641916030043

9. Suprun V.P. Complexity of Boolean functions in a class of canonical polarized
polynomials. Discrete Math. Appl., 1994, vol. 4, no. 3, pp. 273-277.

10. Ugryumov E.P. Tsifrovaya shemotehnika [Digital Circuitry]. Saint-Petersburg,
BHV-Petersburg Publ., 2004. 528 p.

11.  Vinokurov S.F., Kazimirov A.S. On the complexity of one class of Boolean func-
tions. The Bulletin of Irkutsk State University. Series Mathematics, 2010, vol. 4,
pp- 2-6. (in Russian)

12. Yablonski S.V. Vwedeniye v diskretnuyu matematiku [Introduction in Discrete
Mathematics]. Moscow, Higher School Publ., 2001. 384 p.

Svetlana Selezneva, Doctor of Sciences (Physics and Mathematics),
professor, Lomonosov Moscow State University, build. 52, 1, Leninskiye
Gory, 119991, Moscow, Russian Federation, tel.: (495)9395392, email: se-
lezn@cs.msu.ru, ORCID iD https://orcid.org/0000-0002-9918-5337.

Aleksey Lobanov, student, Lomonosov Moscow State University, bu-
ild. 52, 1, Leninskiye Gory, 119991, Moscow, Russian Federation, tel.:
(495)9395392, email: alex_cmc@likemath.ru,

ORCID iD https://orcid.org/0000-0002-4983-8985.
Received 27.07.20

O giamHe PyHKIHIT ajaredpbl JIOTMKMA MAaJIOro 4ucJjia mepe-
MEHHBIX B KJIacce IICEBJIOIIOJINHOMOB

C. H. Cenesnesa', A. A. Jlobanos!

! Mocxoscxuti eocydapemeennvti yrnusepcumem um. M. B. Jlomonocosa, Mocksa,
Poccutickan Dedeparyus

AwnunHoranusi. Muanvmusanust GyHKIU aaredpbl JIOTUKA TPU PA3IAIHBIX HX
[IPEJICTaBJIEHUSX BOCTPEOOBAHA IIPHU JIOTMYECKOM IIPOEKTUPOBAHUY IIU(MPPOBLIX YCTPONCTB.
Cpeau Ipyrux IpeCTaBICHUN PACCMATPUBAIOTCS TOJIUHOMUAIBHBIE POpMBL. [losmHoMBE-
aJIbHOM (pOPMOil HA3BIBAETCSI BBIPAYKEHIE, SIBJISIIOIIEECST CyMMOI IO MOJLYJIIO JIBA MPOU3Be-
IeHUI COMHOXKUTEJIEH OIpeIeIeHHOro Bruaa. MoKHO BBIIEINTD TAKUE KJIACCHI TOJTUHOMMU-
aJIbHBIX POPM, KaK MOJISIPU30BAHHbBIE IOJIMHOMUAIBHBIE, TOJTHHOMUAJIBLHBIE HOPMAJIBHBIE,
IICEBIOIIOIMHOMUAIBLHBIE U Ip. B psime paboT paspaboTaHbl aJropuTMbl MUHUMU3ALANA U
TOJTy YEHBI OIEHKU JTUHBI (DYHKIUN B 3TUX KJIACCAX MOJUHOMUAIBHBIX (popM. [Ipu sTom
HCCJIEIOBAHUS BEIYTCS B HECKOJIBKHUX HAIPABJIEHUSX, B YaCTHOCTHU, IOJIyUYEHHE OLEHOK
JJTAHBI CAMBIX CJIOXKHBIX (DYHKITAN 71 EPEMEHHBIX JIJIsT IPOU3BOJILHBIX 71 M HAXOXKJICHWE
TOYHOHN JJIUHBI (DYHKIINNA MaJIoro Yucja NEPEMEHHBIX.

Hacrostias paboTa mocssineHa HaX0XKIEHUIO TOTHON JITUHBI (DYHKITHI MaJjIoro InuCsIa
epeMeHHBIX. B Hell paccMaTpuBarOTCs ICEBIONOJNMHOMUAIbHBIE (POPMBI 11T PYHKITHI
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anrebpsr soruku. [lox ncesponosmmuoMuansuoit dopmoii (IICTID), nam 1CeBIONOMUHO-
MOM, TIOHUMAETCsI BhIPAYKEHUE, SIBJISIONIEECs] CyMMOI IO MOJIYJTIO IBYX IIPOU3BEIEHUI JIni-
ueitubix Gyukiuii. Jauaoit [ICTI® nasbiBaeTcs 4ncio ee caaraeMblX; JIUHON (DyHKIMNA
aaredpnl Joruku B Kiacce [ICIIP — mammenbinas gnuna cpean Beex ITCIID, npeacras-
JISTIOIUX 3Ty pyHKIMIO. B pabore mosydyeHa moJiHas KjiacCuUKAIUs 110 JUIMHE B KJIacce
TICII® dyuknmii, 3aBUCAMAX OT YETHIPEX MTepeMeHHbIX. st hyHKImi, 3aBUCIIUX OT
[IITU TIEPEMEHHBIX, HalijleHa HaubosbIast U cpeHsisi AnuHa B Kiacce [ICITD.
KuaroueBble cioBa: dbyuknus aare6pel jgoruku (Oynesa dbynknus), moauaom 2Ke-
rajikuHa, ncesgonosnHoMuanbias dopma (IICII®), quna, kinaccudukanus Mo JjIuHE.

Criucok amureparTyphbl

1. Baliuk A.S. Complexity lower bound for Boolean functions in the class of
extended operator forms // MzBectns VpKyTCKOro rocyIJapCTBEHHOTO YHUBEPCHUTE-
ta. Cepust Maremaruka. 2019. T. 30. C. 125-140. https://doi.org/10.26516,/1997-
7670.2019.30.125

2. New three-level Boolean expression based on EXOR gates / R. Ishikawa, T.
Hirayama, G. Koda, K. Shimizu // IEICE Trans. Inf. & Syst. 2004. Vol. E87-D,
N 5. P. 1214-1222.

3. Kupuuenko K./I. Bepxusis oreHka CJI0KHOCTH MOJHHOMHAJILHBIX HOPMAaJIbHBIX
dopm Gynepbix dbyuxuumit // duckpernas maremarnka. 2005. T. 17, sem. 3. C.
80-88. https://doi.org/10.1515/156939205774464891

4. PacnpeneneHnas cucreMa M aJrOPUTMBbI IONCKA MUHUMAJIBHBIX U OJIM3KUX K HIM
KOHTAKTHBIX CXeM JjIsl Oy/eBbIX QyHKIMH OT Majoro uucia nepemenbix / C. A.
Jloxkun, M. C. Ilymienos, B. A. Konosogos, B. P. Jauunos, B. B. 2Kykos, H. FO.
Barpos // C6opHuk TpyaoB BceepoccuiicKux HaydHO-TEXHUIECKUX KOHMepeHIuit
«IIpobrembr pa3zpabOTKM TEPCHEKTUBHBIX MHUKDPO- W HAHOIJEKTPOHHBIX CHCTEM
(M3C)». 2016. T. 1. C. 40-47.

5. Ilepsizes H.A. CnoxHocTh OyseBbix (GyHKIUH B KJIacce IOJMHOMUAJBHBIX II0-
Jsipu30BaHHbIX dopM // Anrebpa um sorumka. 1995. T. 34, sem. 3. C. 323-326.
https://doi.org/10.1007 /BF02341875

6. Sasao T., Besslich P. On the complexity of mod-2 sum PLA’s // IEEE Trans. on
Comput. 1990. Vol. 39, N 2. P. 262-266.

7. CemezueBa C.H. O mnune 6yneBbIX (OYHKIUN B KJIacce MOJTUHOMHUAIBHBIX (HOPM
¢ abdUHHBIME MHOXKATEIAMA B ciaraembix // Becrank MocKOBCKOro yHUBEpCH-
tera. Cepusi 15, Beraucimrensnast MmareMaruka u kudbepueruka. 2014. Boir. 2. C.
34-38. https://doi.org/10.3103/50278641914020083

8. CenesneBa C.H. llopsimok mmmabl GyHKIUI aarebpbl JIOTUKA B KJIaCCEe ICEB-
JononuHOMuaIbHbIX opMm // Bectnuk MockoBckoro yumsepcurera. Cepust
15, Beramcnurenbuasi maremarwka u kKubepuermka. 2016. Bem. 3. C. 27-31.
https://doi.org/10.3103/5S0278641916030043

9. Cyupyn B.II. Croxuocts OyeBblx (QYHKIUI B Kjacce KAHOHHYECKHUX I0JIsi-
pusoBaHHBIX HosuHOMOB // Jluckpernas maremaruka. 1993. T. 5, Bem. 2. C.
111-115.

10. Yrpromos E. II. ITudposast cxemorexuuka. CII6. : BXB-Ilerep6ypr, 2004. 528 c.

11. Bunokypos C.®., Kaszumupos A.C. O cijoxXHOCTH OIHOrO Kjacca OyJIeBbIX
dyukmmit // Ussectmst VpKyTCKOTo rocynapcTBeHHOrO yHuBepcurera. Cepus
Maremaruka. 2010. T. 3, Boir. 4. C. 2-6.

12. d6nouckuit C.B. Beemenne B muckpernyio maremaruky. M. : Bwicmas mkosta,
2001. 384 c.

Wssectus VIpKyTCKOro rocyapCTBEHHOIO YHUBEPCUTETA.
2020. T. 33. Cepus «Maremarukas. C. 96-105



ON LENGTH OF BOOLEAN FUNCTIONS OF A SMALL NUMBER 105

Caetsiana HukonaeBua Cesie3HeBa, JOKTOP (DUBHKO-MaTeMaTHYde-
CKUX HayK, mnpodeccop, (pakyjJIbTeT BBIYUCIUTEJIHLHON MaTeMaTUKH U KH-
6epueruku, MockoBckuii rocynapcrBennbiit yausepcurer um. M. B. Jlomo-
HocoBa, Poccuiickas Peneparus, 119991, r. Mocksa, Jlennnckue ropsl, 1,
crp. 52, ren.: (495)9395392, email: selezn@cs.msu.ru,

ORCID iD https://orcid.org/0000-0002-9918-5337.

Anekceii AuapeeBuu JIo6aHOB, cTyneHT, (PAKyIbTET BBHIYUCIUTE b
HOIl MaTeMaTUKn u KubepHeTuku, MOCKOBCKUIT TOCYIapCTBEHHDIN YHUBED-
curer uMm. M. B. Jlomonocosa, Poccuiickas @emeparnust, 119991, r. Mocksa,
Jlennnckue roper, 1, crp. 52, remr.: (495)9395392,
email: alex cmc@likemath.ru,

ORCID iD https://orcid.org/0000-0002-4983-8985.
Hocmynuaa 6 pedaxyuro 27.07.2020



