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1. Introduction

When developing the classical model of options pricing, F. Black and
M. Scholes [8] introduced several restrictions, such as the absence of trans-
action costs, an infinitely small number of stocks and cash, the possibility
of continuous trading, etc. The model required continuous hedging, that
is, maintaining a certain amount of the underlying asset (shares) so that
the change in the value of the option sold is offset by a change in the value
of the acquired shares. F. Black and M. Scholes developed a model for
evaluating options in the form

up + %azxzum +rau, —ru =0, (1.1)
where the price of the underlying asset x > 0 varies in the time interval
t € [0,T], r > 01is the risk-free interest rate, and o is the historical volatility
of the price of the underlying asset.

But the presence of transaction costs violates the relationship established
in the work [8], since the continuous portfolio adjustment (or "rebalancing”,
"rehedging”) implies the continuous trading and, therefore, endless trans-
action costs. Discrete portfolio rebalancing, if transaction costs are taken
into account, generates errors in the value of the replicating portfolio, which
correlate with the market, and do not tend to zero during a more frequent
adjustment.

The first work aimed at accounting for transaction costs was article of
H. Leland [22]. Leland’s idea was to replace the option pricing through
the value of the replicating portfolio with the option pricing from the
approximate hedge value. The suggestion of Leland was to rehedge the
portfolio periodically, as in the Black — Scholes model, but using a modified
volatility reflecting the presence of transaction costs. In the Leland model,
the modified volatility 67 has the form

52 = o2 [1 + /27 k/a\/E] : (1.2)

where o is the volatility from the Black — Scholes model, At is a small but
not infinitesimal time interval between portfolio revisions, and k is the cost
of the two-way transaction, measured as the fraction of the volume of the
transactions in buying and selling (for example, first we bought the asset,
then sold):
k— Task — Thid _ Qxask - xbid7 (13)
T Zask T Thid
where z,¢; and xpiq are the supply and the demand prices, respectively.
Leland’s method proved to be convenient for practitioners. However, as
it is shown by Y. M. Kabanov and M. M. Safarian [21], there are certain
mathematical points in this approach. Even for the European call option,
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the final cost of the replicating portfolio does not converge to the final
payment on the option contract, if the transaction cost does not depend on
the number of portfolio rebalances [21, Theorem 2]. The authors suggested
that k = k, = kon™%, a € [0,1/2]. Then the modified volatility 7xg,
depending on the number of rebalances, will take the form

5% g = o2 (1 n %) = \/gknnlp - \/gkonlﬂa. (1.4)

Much attention is paid to studying the impact of transaction costs on
option prices. Here are just a few works on this topic [6;10; 11;13; 14; 20;
25-27].

Often authors uses the approximate hedging approach proposed by Le-
land [22], when instead of historical volatility, modified volatility is used
that takes into account certain effects in the model.

M. Jandacka and D. Sevcovic [19] summarized and analyzed the risk
adjusted pricing methodology (RAPM) model. The model takes into ac-
count the risk of a change in the value of the portfolio arising from an
insufficiently frequent adjustment of the portfolio and the risk of an increase
in transaction costs with frequent rebalancing. The modified volatility has
a form

535 = 0% (1-q(au)? ), (1.5)

where ¢ = 3 (k2R / 277) %, R > 0is the risk premium coefficient. It represents
the marginal cost of investor exposure to risk (in other words, the premium
to the price that the investor is willing to lose, if rebalancing does not
occur often). Note that this model was further thoroughly numerically
investigated in [3], and in [9] a family of exact solutions was found by the
group analysis methods.

Another factor affecting prices is the liquidity. The current spread be-
tween the ”bid” and ”ask” prices in the limit order book is considered as a
measure of transaction costs in most models. If you need to buy or sell a
minimum lot, usually 1 or 100 units of the underlying asset, such a spread
may reflect the future price. However, if you need to buy or sell more units
of the underlying asset, then the existence of orders in order book and their
volumes are important.

Two effects related to the liquidity are usually studied in the works
[1;2;5;7;17;23]. These are so-called temporary effect on the price and
permanent effect on the price. The first of them arises in a short time as a
result of the trade, directly during operations. The second one is a certain
lasting effect on the price after operations with a some amount of an asset.

The article of L.Rogers and S. Singh [24] presents the model, in which
the permanent impact on prices is eliminated. The idea is that there is an
influence of the illiquidity, but this illiquidity does not affect the average
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price of the underlying asset. This affects the price at which the trader
bought or sold the asset in the order book. For example, if a trader wants
to buy an asset faster, he will have to pay more, because the price of
subsequent units of the acquired asset will be higher. However, once the
fast transaction is completed, the model assumes that the order book is
quickly filled again and that the fast transaction does not have a lasting
effect on the average price of the underlying asset.

The aim of this work is to supplement the RAPM method, which already
takes into account the risk of increased transaction costs and hedging errors.
The risk of increasing the cost of illiquidity, which depends on the state
of the limit order book, will be added. On the one hand, this approach
allows one to naturally supplement the pricing models of nonlinear options
with various factors that influence price changes. On the other hand, this
approach allows to quickly switch to the practical use of models, providing
the ability to calculate values, for example, the optimal interval for hedging.

The paper is structured as follows. Section 2 describes briefly the model
of RAPM and the model of L. Rogers and S. Singh and their generalization.
Also it was obtained a non-linear Black — Scholes equation and the optimal
time interval for the delta-hedging. Numerical solution of the general model
is discussed in Section 3. Also Section 3 illustrates the application of this
model to the option combination ”short strangle”. Section 4 concludes the
work.

2. The model and main results

2.1. THE RISK ADJUSTED PRICING METHODOLOGY (RAPM) MODEL

Briefly recall some assumptions and results of RAPM [19]. First of all,
the assumption was made that the risk premium is added to the change of
portfolio II for the time interval At:

ATl = rIIAt + (""TC + Tvp)xAt, (2.1)

where r is the risk free interest rate, ¢ is the transaction cost risk pre-
mium per unit asset price and 7y p is the portfolio volatility risk premium.
The first of these corresponds to the risk of increased transaction costs with
frequent hedging. The second takes into account the risk from unprotected
portfolio (an increase in hedging error) with insufficiently frequent hedging.

For the increasing of the transaction cost risk premium rpc the next
expression is obtained:

kxo|ug,|

rrC = ———e,
re V2mV AL
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and for the portfolio volatility risk premium 7y p we have
1
ryp = §R04x2u§xAt. (2.3)

By minimizing the total risk function rp = rpc + ryp with respect to
At, an expression is derived for the optimal rehedging interval Atqp:

k13 1
Atopt = | = . 2.4
v <Rv27r> 02 | Uy, (24)
Risk-adjusted Black — Scholes equation was obtained in the form
1
up + 50’2 (1 - q(muxx)l/?’) 2 Uy — 1 (u — 2u,) = 0, (2.5)

where ¢ = 3(k2R/2m)'/3.
2.2. THE MODEL OF L. C. G. ROGERS AND S. SINGH

We also briefly present here some results of [24], which are necessary for
further discussion. The authors present the cost of illiquidity that traders
pay when they quickly buy or sell A units of the underlying asset. This cost
is the difference between the book value of holding (h units at mid price )

S

and real value (from order book, h = [ p(v)dy, with the density of orders
1

p(7) and relative price v = z/%):

S S

o [ ot~ ha = [ Dp)ay = al(h), (2.6)
1 1

where s is the maximum of the relative price v (or the minimum, if trader

sell asset). If a trader needs to buy or sell a certain amount of the underlying

asset h within a some time interval At, then the cost of illiquidity is Zl(h)At.
Subsequently, the authors used for the function /() in form

S

1) = [ (= Doty = e, (2.7)
1

where € is a small parameter. For numerical solutions, the authors take
e = 0.006, based on practical measurements. This form of I(h) was chose
for reasons of the tractability of the HJB equation (see [24, Remark and
equation (3.12)]).
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2.3. GENERALIZATION OF THE RAPM MODEL

A natural way to complement the RAPM method is to add new risk fac-
tors to (2.5). It is possible to obtain new coefficients r; of the corresponding
new risk per unit of the underlying asset. In general, formula (2.1) can be

represented as
N

ATl = rIIAt 4+ zAt Z i, (2.8)
=0
where N is an unknown (at this moment) number of all risks. If N = 0,
then we have Black — Scholes model.

Expressions (2.2) and (2.3) take into account the risk of increasing trans-
action costs (rp¢) and the risk of portfolio volatility (ryp). Consider now
the risk of illiquidity (r7z) from the model of Rogers and Singh.

Please note that h corresponds to the amount of the underlying asset
needed to rebalance the portfolio in the RAPM model. Since the delta
hedging strategy is used, we have 6 = —u,. Therefore, h = Aj = A(—uy)
at the adjustment of portfolio. And, as it can be seen in [19], A(—uy) =
—Ug s OTAW.

Taking into account the Leland approximation,

AW~ E[AW] = v/2/7VAL,

obtain the following formula of the required risk coefficient r7;, per unit of
the underlying asset:

1 1 exofug| 1

rrrp = El(h) = §€h = —— %—E

The resulting formula is similar to the formula for the risk premium for
transaction costs, as expected. The absolute value of u,, is used, since, as
in the case of transaction costs, there is always a risk of illiquidity, and it
must be taken into account.

The total risk premium has the form

(2.9)

k+e)xo|u 1
TR:TTC"FTVP‘FTIL:M—F

V2mV/At 2

Please note that k characterizes the transaction cost with sufficient lig-
uidity to buy or to sell the underlying asset at the best price (x,g or
Zpiq) in the market. The e characterizes the costs of acquiring or selling an
underlying asset when a trader makes an operation for an amount exceeding
the amount offered at the best prices. These latter costs are similar to

transaction costs, but they are determined by the completeness of the order
book, or, in other words, by the liquidity.

Ro*z?u? At. (2.10)
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2.4. THE OPTIMAL TIME INTERVAL AND THE NON-LINEAR EQUATION OF
BLACK — SCHOLES TYPE

Following [19], we find the minimum of the total risk premium by the
differentiating with respect to At:

o <(k¢+€)0'$ |
f Ver \/_
_1(k+e)ox iz 1

2 Ver T (VA3

whence we get the optimal time interval for adjustment of portfolio

2/3 2/3
Atopy = (ﬂ) <;> . (2.11)
\/27TRO’3 w‘uxx’

The obtained interval, on the one hand, minimizes the risk of an increase
in hedging errors due to rare rebalancing, and on the other hand, minimizes
the risk of increased transaction costs and the cost of illiquidity due to too
frequent re-hedging.

Similarly, using k + ¢ instead of k we get a non-linear Black — Scholes
type equation (cf. (2.5) and [19, (2.19)—(2.20)])

/
+ - R04x2u2 At)

+ §Ra4w2u§x =0,

1
u + 502 (1 — q(xuxx)l/?’) I Ta— (u — zu,) =0, (2.12)

where ¢ = 3((k + )2 R/2m)'/3.

3. Numeric example

3.1. CALIBRATION OF MODEL

We will consider the futures-style options for the Brent crude from the
Moscow Exchange. The underlying asset is the futures contract BR-11.19.

First of all, we need to calibrate the model. There are 3 parameters k,
R and ¢, the values of which are necessary for the numerical solution of the
equation (2.12). Based on the current spreads x,sx — Tpiq, we get that the
relative cost of a two-way transaction is k£ = 0.0004.

To find € the instant status of the order book was collected. The data
allowed to build the distribution of the quantity of the underlying asset at
prices in the order book. This allowed us to calculate the function I(h) for
each volume of the underlying asset using the data obtained.

Recall that we did not have a goal to investigate the function I(h).
Therefore, for its approximation, the most accessible tool was used. Using
Microsoft Excel, two approximations were performed, the power-law and
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the polynomial. The results presented on the Fig. 1 on p. 10. It show that
the value ¢ is non consistent with the value from the L. Rogers and S. Singh
model. However, since the underlying asset under consideration is a futures
contract, not a stock, for our own calculations we will use the approximate
value € = 0.00006.

7000 | h y = 7E-06x2 - 0.0326x + 103.1
6000 ( ) R?=0.9652
5000
4000 / y = 7E-05x1746
R?=0.9769
3000
2000
1000
h
0 :
0 10000 20000 30000 40000

Figure 1. The function I(h) for futures contracts BR-11.19

M. Jandacka and D. Sevéovié note the difficulty in calculating the R
metric. Therefore, for simplicity and possibility of comparison, we find
it from the formula for the coefficient ¢ = 0.2 without accounting of the
cost of illiquidity, as in [19]. It should be noted that R and k are not
directly used in numerical calculations, unlike q. With our numbers R =
2mq®/27k* = 11635. Adding the value of ¢ to k in the formula for g,
we obtain a new value ¢ that takes into account the cost of illiquidity
q=3((k +¢)?R/2m)"/? = 0.2195.

3.2. DISCRETISATION OF NON-LINEAR BLACK — SCHOLES EQUATION

Non-linear equations of the Black — Sholes type with a modified volatil-
ity are actively studied by numerical methods [3;4;12;15;18|.

In this paper, the approach described in [16] was used to construct a nu-
merical scheme. We briefly note that we used a two-layer implicitly explicit
six-point stencil with weights, when the values of the desired function "+
on the (m + 1)-th layer have weight w, and the values from the previous
m-th layer is counted with a weight of 1 — w.

The dependence of Aty on x and t is found numerically for the often

used option combination ”short strangle”. This combination consists in
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selling a put option with a lower strike price K7 and selling a call option
with a higher strike Ky (i.e. Kj; < Ks). A trader who forms such a
combination makes money, if the price of the underlying asset and the
volatility do not change significantly before the options expire. otherwise,
regardless of the direction of movement, the trader will take a loss.

The boundary conditions for the short strangle are determined by the
sum of the boundary conditions for the options included therein:

short put: w(0,t) = (—K; _|_p1)e*T(T*t)7 lim u(z,t) = +p1€7T(T7t)7
Tr—r00
u(z,T) = —max{K; — z,0} + p1,

short call:  u(0,1) = +ppe™" "0, lim — (Kzufz;;))e—r@—t)
uw(z,T) = —max{z — K2,0} + po,
short strangle:  u(0,t) = (4+p1 4 p2 — K1)e 7T,
lim u(z,t) _
w00 1 — (K + p1 + pp)e (T
u(z,T) = —(max{K; — 2,0} + max{x — K2,0}) + p1 + p2,

-1

)

where p; and py are the prices of sell of the options when forming the
combination. These values are obtained for simplicity from the Black —
Scholes model. We also assume that the risk-free interest rate is r = 0,
that corresponds to the situation with the futures-style options.

3.3. THE RESULTS OF CALCULATIONS

Fig. 2 on p. 12 presents difference of the combination price between the
RAPM model and the RAPM model with the illiquidity cost, hereinafter:
the model JSRS is the model of Jandacka — Sevcovié — Rogers — Singh.
It can be seen that the price of the combination according to the RAPM
model is slightly higher than the price according to the JSRS model.

Fig. 3 on p. 12 presents how the optimal time interval changes with
reduction of time to expiration of options in the JSRS model. Please note
that as the options expire, the price range of the underlying asset, where
rebalancing is required, becomes narrower.

The calculations show that the interval value for the RAPM model is
slightly less than for the JSRS model. In other words, a trader can rebalance
less often if he uses the JSRS model.

4. Conclusion

We made an attempt to generalize the model RAPM and complement
it with the cost of illiquidity. The calculations showed that, as expected,
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Figure 3. The optimal time interval for different time till expiration of the
”short strangle”

taking into account the cost of illiquidity, the portfolio rebalancing in accor-
dance with the delta hedging strategy should be somewhat less frequent. To
determine the frequency of rebalancing, a method has been demonstrated

UzBectusi IpKyTCKOro rocyjapCTBEHHOIO yHUBEPCHUTETA.
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for obtaining the optimal time interval at which the risk of an increase in
transaction costs, the risk of an increase in the cost of illiquidity and the
risk of an increase in the hedging error are minimized.

The procedure for applying the obtained optimal rebalancing interval
can be as follows. A trader who wants to hedge his portfolio of options
can count the time from the last portfolio review and compare it with the
interval defined by the formula (2.11). And if the calculated interval turned
out to be less than the time elapsed after the previous adjustment, then the
trader, buying or selling the underlying asset in accordance with the delta
hedging strategy, can rebalance the portfolio. This method can be used in
automatic systems for placing orders in the trading system.
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OnTuManbHBIN MHTEPBAJI Xe/I>KUPOBAHUA JJisi TIOPTQeist
onmuoHOB B paMKax RAPM c ydyeToMm omnepanmoHHBIX
n37eprKEeK M 3aTpaT Ha JIUKBU/THOCTD

M. M. Opmmaes!, B. E. ®enopos’?

Y Yepabuncruti 2ocydapemeenniti yrusepcumem, Yeasbunck, Poccus
2 FOorcno- Yparvcrudi 2ocydapemesenmoni yrusepcumem, Yeasbunck, Poccus

Awnnoramusi. Vcnonssys nmogxon L. C. G. Rogers u S. Singh, mb1 qobaBuin yuer 3a-
TPAT HA JUKBUIHOCTD B METOIOJIOIHIO IIEHOO0Pa30Banus ¢ monpaskoii na puck (RAPM),
0606utennyio M. Jandatka u D. SevEovie (2005). Dra MOmeTh CBOAUT K MEHHMYMY PHCK
pocTa TPaH3aKIIMOHHBIX U3/IEPXKEK M3-38 9aCTOrO JeJIbTa~-XePKUPOBAHMS U CHIXKAET PUCK
n3MeHeHus: cronmoctr noprdens (ommbka XeIKUPOBaHUs) U3-3a PEJKUX NepebaTancu-
poBok. Haiijieno duciieHHOe pereHue Jisl IeHbl KomMOnHanmy omnrpoHoB short strangle.
Tlosyden onTuMa/IbHBIN HHTEPBAJI BPEMEHHU JIJIs JIeJIbTa-XeKUPOBaHusi. Pe3ysbrarhl uc-
CJIeZIOBaHUSI IIPEJICTABIIEHBI B BUJE I'Pa(UKOB, XapaKTepU3yIOIINX 3aBUCHMOCTh HHTEPBa-
Jla OT TEeKyIe# 1eHbl 6a30BOro aKTUBA U OT BPEMEHU, OCTABIIErOCs JI0 UCTEYEHUS] CPOKA
JefiCTBHST OTII[UOHOB.
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