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Identification of Input Signals in Integral Models of
One Class of Nonlinear Dynamic Systems

*

S. V. Solodusha
Melentiev Energy Systems Institute of SB RAS, Irkutsk, Russian Federation

Abstract. The problem of restoring input signals is one of the intense developing research
areas and is the intersection of the mathematical modeling theory, the automatic control
theory and the inverse problems theory. This paper focuses on solving the identification
problem of the input signal that corresponds to a given (desired) output in the case of
no feedback. An approach to the approximate solution of polynomial Volterra equations
of the first kind of the Nth degree that arise when modeling nonlinear dynamics by the
apparatus of Volterra integro-power series is described. These equations appear when a
nonlinear dynamic process is modeled using the integro-power Volterra series.One class of
nonlinear dynamical black box type systems is considered. Unlike a scalar input, the form
of the integral model is complicated by the inclusion of terms that take into account the
simultaneous change of individual components of the input signal vector. Integral models
with constant Volterra kernels were considered earlier. This paper assumes the symmet-
ric Volterra kernels are representable as the product of a finite number of continuous
functions. The identification problem is solved using the Newton-Kantorovich method.
A numerical solution of the corresponding linear integral Volterra equation of the first
kind is proposed as an initial approximation. The obtained formulas for calculations
are based on quadrature methods (right rectangles). The effectiveness of the proposed
algorithms is illustrated for the reference dynamic system and confirmed by numerical
results.

Keywords: Volterra polynomial equations of the first kind, the problem of restoring
input signals, the Newton-Kantorovich method.
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Introduction

The relevance of solving the problem of identifying input signals is due to
the wide range of its practical applications [5]. The article considers one of
the approaches to the numerical solution of this problem that arises when
modeling the response of a nonlinear dynamical system y(t) to an input
signal x(t) in the form of a Volterra polynomial (a segment of an integro-
power series) [10]. So, if z(t) = (21(¢),...,z,(t))T — is a vector function of
time, then the Volterra polynomial of the N-th degree has the form

N t t m
> > l/m/k%mwaﬁhm@mllﬂg%m%:ym,m@
0 j=1

m=1 1<i; <...<im<p |

t € [0,T], y(t) — is a scalar function of time, y'(t) € Cio 1}, y(0) = 0,
and Volterra kernels K;, ;. are symmetric in variables s;,, ..., s;,, whose
indices coincide. This apparatus is well known in the theory of mathe-
matical modeling [3]. In what follows, for simplicity, we choose p = 2 in
(0.1). An analysis of existing ways of applying Volterra polynomials to an
automatic control problem (see, for example, [8]) allows us to consider the
identification problem associated with the restoration of the control input
signal u(t) = x1(t), corresponding to known kernels K, a disturbance input
signal ((t) = z2(t), and a given output y(t). In mathematical terms, the
problem is reduced to solving the polynomial equation (0.1), in which the
Volterra kernels satisfy the following conditions

Kij(t,s) € Ca, A={t,s:0<s<t<T},

Ki(t,t) £ 0Vt € [0,T].

The specificity of (0.1) for N > 1, in contrast to the linear case (given
N = 1), consists in locality of 7%, i.e. the domain of existence of a
(unique) continuous solution [1]. Equation (0.1) can be interpreted as a
linear equation

/ K (¢, s)u(s)ds = (1)

with the disturbed right side:

m

Z Z / 01,0008 t 81""78m)Hu(3j)d3j—
m=2141,...,im=1 0 jabe
m
_Z Z / 11,ee0yd t 81,...,Sm)HC(3j)de_
m=1 11,.. ,zm_g =1
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N l 1 v
— Z Z /K,h im (81500, Sm) H u(s;)ds; H C(s5)ds;.
m=2 pt+v=m 0 j=1 j=1
i1y ip=1
1y bptr =2
. o (1)
In [2], the correctness of (0.1) for p = 1 on a pair of spaces (Cjo 1}, Cjo,17)
given a sufficiently small 7" < T™* is shown, which guarantees the existence,
uniqueness, and stability of the solution in the space of continuous functions
Clo,r)- Thus, for given Volterra kernels, equation (0.1) is uniquely solvable

in Cjo,7], and the solution of u*(0) is determined by the following formula:
— K5(0,0)¢(0)

w  Y'(0) :
u*(0) = 70,0 : (0.2)

The equality (0.2) determines the value of the solution of the equivalent
Volterra equation of the second kind given ¢ = 0 obtained by differentiating
(0.1) with respect to ¢t. In what follows, we use (0.2) in solving (0.1) by the
Newton-Kantorovich iterative method: as an initial approximation, it is
natural to choose the solution of the corresponding equation that is linear
with respect to u(t). Let us dwell on cases N = 2,3 in (0.1) that are most
common in practice. We study the specifics of the numerical solution (0.1)
using the Newton-Kantorovich method [4]. The case of constant Volterra
kernels was studied in [6]. In this study we consider the situation when

2 3
Kll(t7$1782) - H @(t, Sm)a Klll(t7 81732733) - H SO(t, Sm)7
m=1 , m=1 (03)
Kiia(t, s1,82,83) = [ 0(t, sm)o(t, s3),
m=1

where p(t,s) € Ca, A={t,s:0<s<t<T} T <T"

1. The numerical solution of the equation forN = 2

Let N = 2. Then instead of (0.1) we have

Pu) = f(u(t)) —y(t) =0, (1.1)
where, taking into account (0.3),
Flu(®) = I(u(®)) + I3 (u(t)) + p(t), (1.2)

0/( 1(t, 1) /K12 (t 31,32)C(32)d32> (s1)ds1,
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t t t 9
//Kn (t, s1,82)u(s1)u(s2)dsidss = (/ﬁp > ,
00 0

t 2

t t
/K2 t 81) 81 d81 +//K22 t 81,82 C(sz)dsz
0
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0
The iterative process of solving (1.1) by the Newton-Kantorovich method
has the form

U = U1 — [P (1)) (P(um_1)), m=1,2,.., (1.4)

[P/(umfl)] (u) = Il(u) + 2]2(um,1)I2(u).

Given (1.4) the sequence of approximate solutions u, () is found from the
solution of the linear equation

Iy (um(8)) + 20 (-1 (1) L2 (um (1) = I3 (um-1(t)) +y(t) = p(t).  (L5)

As an initial approximation of ug(t) in (1.5), we choose a numerical solution

of the equation
Ii(uo(t)) = y(t) — p(t). (1.6)

To solve (1.5), (1.6) numerically, we apply the quadrature formulas of the
right (middle) rectangles that have the property of self-regularization [9].

In particular, approximation of u*(¢;) in the i-th node of mesh t; = ih,
tj =jh,i=1,n,j5 =14, nh=T,T <T*, obtained using the method of
right rectangles has the following form:

i—1

Zm—1(ts) = > ulty () W1 (t, 1)
j=1
T

ul (t;) = 0% : (1.7)
2
<h290 (ti, 1) (tj)> —p(t:) +y(ta),
U1 (ts, tj) = hK{l (ts, tj) + h? zz: K?Q (ti, tj, tr) Ch(tk)-l— (1_8)

k=1

i
202" (1, t5) Y O™ (ti, tr )l (t)
k=1
with the initial approximation

ug(t;) =
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77
where '
R(t;) = hK (i ti) + h* Y Ky (ti ti, te)C" (), (1.9)
k=1
W(t;) = hZKl ti b up(t h2ZZK12 tis by, tr)ug ()¢ (1) —
j=1 j=1k=1
—h > K3t )¢ () = B2 Y K (tity, te)CM ()¢ (), (1.10)
j=1

j=1k=1

where p(t;), y(t;) — are the values of the functions at the i-th node of the
mesh, and at each iteration the corresponding conditions W,,_1(¢;,t;) # 0
R

(t;) # 0 must be satisfied in (1.8) and (1.9).
2. The numerical solution of the equation for N =3

In what follows, let N = 3. Then, given (0.3), instead of (1.2) in (1.1)
we have

Flu(t)) = L(u(t) + q(t)13 (u(t)) + I3 (ult)) + p(2),

t t 2
p(t) = /KQ(t, $1)C(s1)ds1 +//K22 (t,s1,52) ((Si)d«sﬂr
00

i=1

¢ 3
/K222(t731732733)HC(Si)d3i7
0

i=1

[1(u(t)) = <K1(t,$1) —l—/Klg(t, Sl,Sg)C(Sg)dSQ—I— (2.1)
0

t t 3
+0/0/K122(t,51,82,53)HC(Sz)d«Sz)u(Sl)d«Sl,

1=2

t
1—{—/1,[)7581 81d81
0

Taking into account the introduced notation (1.3), (

2.1), the iterative pro-
cess will take the form of (

1.4), where

[P (up—1)] (w) = I (u) + 2q() 2 (wm—1)T2(w) + 313 (tp—1)I2(u).
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Hence,

1y () + Ta 1t (1)) (2q<t>fz<um_1<t>> T 3I§<um_1<t>>) - @2

= B(umi (1) (q<t> T 212<um_1<t>>) T y(t) - p(o),

where initial approximation wug(t) is a numerical solution of (1.6), (2.1).
Using the method of right rectangles and taking into account (1.9), (1.10),
we have:

ug (t;) = Wk ;
( ) h3 lez:l K122(tz‘7tiatkatl)ch(tk)ch(tl)
i—1 1
W(ti) = h?EZZKm iy by b 0)C" (1) (0 ufy () —
Jj=1k=11=1
03 NS T Kttt ) ()M (10)C (1),
j=1k=11=1

Approximating definite integrals in (2.2) by quadrature formulas, we obtain
a calculation formula for u” (¢;) of the form (1.7) in which

Zm—1(ti) = y(t;) — p(t:)+

i

(e ) Jate +2hZ<P (tt) 1 (t))].

Jj=1

i
U (tisty) = BT (ti b)) + B2 Ky (it te) ¢ (t)+
=1

i

—{—h?’ Z Z K?QZ (ti, tj, ks tl) Ch(tk)ch(tl)_i_

k=11=1

7 7 2
TR [2q<ti> S Pttty (1) +3h(2 s tk>u’nzl<tk>) ] |

k=1 k=1

Remark. Approximating definite integrals in (1.5), (2.2) using the
quadrature formula of middle rectangles, it is easy to obtain a similar
algorithm for calculating u”, m =0,1,2,....
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3. Results of the numerical experiment

Let us consider (0.1) given N = 2. We will illustrate the use of the
obtained formulas on a test example. Let the kernels be K7 = —i, Koy =

&, Ko =—1, p(t) =t, K1 = £ and ((t) = t. We choose
10 47 3t 42 2 ¢t
t = — _— = — t = _— - .
v =5+t 2P0 5 T 61

Using formulas from [7], we obtain: u*(t) = 3, T* = 2~ 3~ 0,7937. Taking
into account the replacement U (¢ ft u(s)ds, as per (1.6) we choose the
initial approximation "

Up(t) = —t4(i;f 1_) 2.
According to (1.5),

216 U2 (t) — 2+ 5 +18)
4(t3 — 14+ 8Um—1(t))

Un(t) =

The approximate solution of equation (1.1) obtained with double precision
of calculations is presented in Table. 1, where 7 = 0,55, » = 0,6, 73 = 0,65,
74 = 0,7, [lemlc, = max |ul (t;) — u*(t;)|, m — is the iteration number,

0<t; <7
m=1,3.
Table 1
Errors of mesh solutions.
m | Jenll, lenlle, | lenlle, | llenlle,
1| 0,895:107® | 0,769-107° | 0,616-10~* | 0,488-1073
2 | 0,125-107*% | 0,123-107 ! | 0,112-107° | 0,110-107°
3 0 0 0 0,232-1078

Table 2 shows the results of calculating uh
7) for the indicated data.

using (1.

inequality T < T™, a boundary layer appears.

= ul (t;) given that m = 1,3
Under t—>0,79, due to violation of

If, for example, we limit ourselves to value 7, = 7, then

[€2=008 16, = 0,004, [|h=000| ¢, = 0,0004,

h=0,01
lles™ |l

¢, = 0,004,

h=0,001
lles [

¢, = 0,0004.
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Table 2
Values of functions u?n:io’017 u?n:io’om.
m ts Uh:_O’Ol Uh:,0’001 m t; uhé0,0l Uh:_0’001
0,1 | 0,00086 | 0,00098 0,1 | 0,00086 | 0,00098
0,2 | 0,00742 | 0,00794 0,2 | 0,00742 | 0,00794
0,3 | 0,02568 | 0,02686 0,3 | 0,02568 | 0,02686
1104 006164 | 0,06376 3 |04 | 0,06164 | 0,06376
0,5 | 0,12129 | 0,12462 0,5 | 0,12129 | 0,12462
0,6 | 0,21039 | 0,21514 0,6 | 0,21066 | 0,21546
0,7 | 0,31911 | 0,32235 0,7 | 0,33572 | 0,34227
Here, |lepm|c, = [ ax |t (t;) —u*(t;)| and linear convergence takes place.
Stism
Conclusion

This study continues the line of research initiated in [6]. A numer-
ical solution to the problem of identifying an input signal of one class
of nonlinear dynamical systems, formulated in the form of a polynomial
Volterra equation of the first kind, was considered. It is assumed that
the symmetric Volterra kernels corresponding to the change of the desired
input signal are represented as a product of the finite number of continuous
functions. Numerical algorithms based on the application of the Newton-
Kantorovich methods and the method of right rectangles were developed.
As an initial approximation, taking into account the specifics of polynomial
integral equations, a numerical solution of the corresponding linear Volterra
equations of the first kind is used. The specifics of the algorithms are
illustrated by the model example.
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K I/I}leHTI/ICl)I/IKaIlI/II/I BXOJHBIX CUI'HAa/JIOB B MHTEIrpaJIbHbIX
MOJeJidX OJHOIO KJIaCCa HeJIMHEIHBIX ANMHaAMMN4YeCKUX CUcCcTemM

C. B. Comomyma

Hrnemumym cucmem anepzemuxy um. JI. A. Mesenmwvesa CO PAH,
Hprxymex, Poccutickan Dedepayus

AnHorauusa. Ilpobirema BOCCTaAHOBJIEHUsI BXOJAHBIX CUTHAJIOB SIBJISIETCS OJIHUM U3
WHTEHCUBHO Pa3BUBAIOIINXCS HAYYHBIX HAIIPABJIEHUN M HAXOJUTCSI Ha CTHIKE TEOPUU Ma-
TEMATHIECKOTO MOJIEJIMPOBAHNsI, TEOPUN ABTOMATHIECKOTO YIIPABJICHUS U TE€OpUU 00paT-
HbIX 3a7a49. CTaThsl MOCBSIEHA PEIIEHUIO TPOOIEMBbl MIEHTU(MUKAIIMA BXOIHOTO CUTHA-
JIa, KOTOPOMY COOTBETCTBYET 3aJIAHHDIH (2KEJAEMbIii) OTKJIMK IIPU YCJIOBUU OTCYTCTBHS
06paTHOI1 cBsi3u. VI3/107KEeH TOIX0/ K TPUOINKEHHOMY PEIIEHUIO TOJTMHOMUAIBHBIX YPaB-
nennit Bosbreppa I poma N-if crenenn, BO3HUKAIONUX TPY MOJAETUPOBAHUI HEJIMHETHOM
JIMHAMUKY allapaToM WHTErpo-CTENEHHBIX psiioB Bosibreppa. PaccMmarpusaercst onun
KJIACC HEJIMHEHHBIX JUHAMUYIECKUX CUCTEM THUIIA YE€PHOTO SIIUKA, BXOTHOW CUTHAJ KOTO-
PBIX SIBJISIETCSI BEKTOPHOM (DyHKIME BpeMeHu. B JaHHOM ciiydae, B OTJIMYKE OT CKAJISIP-
HOT'O BXO/1a, MHTErPaJIbHAs MOJEb YCIOKHIETCS 38 CIET BKIIOUEHUS CIIAra€MbIX, YIUTHI-
BAIOIINX OJHOBPEMEHHOE U3MEHEHUE OTIAE/IbHBIX KOMIIOHEHT BEKTOPa BXOJHOIO CUTHAJIA.
Panee paccMoTpeHbl MHTErpajibHBIE MOJIENIN C TIOCTOSIHHBIMU siipaMu Bosbreppa. B Ha-
CTOSIIEH CTAThEe MPE/ITOIAraeTCsI, 9YTO CHUMMETPUYIHbBIE si/ipa Bosbreppa mpe/icTaBuMbl B
BHUJIE TPOU3BE/IEHNSI KOHEYHOTO YMCJIa HEMPEPBIBHBIX (DYHKIUA. 3a1a9a uieHTU(OUKAIT
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permrera ¢ momorbio Merona Heotona — KanToponua. B kagecTBe HavapHOTO mpubIim-
JKEHUSI TIPEJIJIOKEHO IUCJIEHHOE PEIIEHNEe COOTBETCTBYIONIErO JTUHEHHOTO MHTErPATBHOTO
ypaBuenusi Bonbreppa I poma. Pacuernbie dpopmysibl mosrydeHsl HA OCHOBE KBAJIPATYP-
HOro Merojia (IPaBbIX IPSIMOYTOIBHUKOB). DbGMEKTUBHOCTD HPe/JIaraeMbIX aJlOPUTMOB
MIPOMJLIFOCTPUPOBAHA Ha, STAJIOHHOW JUHAMUYECKON CUCTEME U TOJITBEPXK IEHA YUCJIEHHBI-
MU Pe3yJIbTaTaMH.

KuroueBble ciioBa: mosmmHOMuabHBIE ypaBHeHus Bousbreppa I poma, 3amada Boc-
CTaHOBJIEHUsI BXOJHBIX CUTHAJIOB, MeTos HetoTona-KanTopoBuya.
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