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Generalized Reduced Mal’tsev Problem
on Commutative Subalgebras of E; Type Chevalley
Algebras over a Field

E. A. Kirillova

Siberian Federal University, Krasnoyarsk, Russian Federation

Abstract. In 1905 I. Shur pointed out the largest dimension of commutative subgroups
in the groups SL(n, C) and proved that for n > 3 such the subgroups are automorphic to
each other. In 1945 A.I. Mal’tsev investigated the problem of description of the largest
dimension commutative subgroups in the simple complex Lie groups. He solved the
problem by the transition to the complex Lie algebras and by the reduction to the same
problem for the maximal nilpotent subalgebra. Let N be a niltriangular subalgebra of a
Chevalley algebra. The article deals with the problem of describing the largest dimension
commutative subalgebras of N over an arbitrary field. The solution of this problem is
obtained for the subalgebra N of Eg type Chevalley algebra.

Keywords: Chevalley algebra, niltriangular subalgebra, largest dimension commutative
subalgebra.

1. Introduction

In 1905 I. Shur [9] pointed out the largest dimension of commutative
subgroups in the group SL(n,C) and proved that for n > 3 such the sub-
groups are automorphic to each other. In 1945 A. I. Mal’tsev investigated
the problem of description of the largest dimension commutative subgroups
in all finite dimension simple Lie groups using the transition to complex
Lie algebras.

Let Lo (K) be a Chevalley algebra over an arbitrary field K associated
with the root system @, [2]. The Chevalley base in this algebra consists of
the elements e, (r € ®) and the appropriate base of Cartan subalgebra. The
elements e, (r € ®) form the base on niltriangular subalgebra N®(K).
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A. I. Mal’tsev solved his problem by reduction to analogous problem for
the Lie algebras N®(C). Later his methods were modified and applied to
description of maximal order commutative subgroups of a finite Chevalley
group and to reduced problem for an unipotent radical U of its Borel
subgroup [4]- [10], [1] - [7].

The following problems were stated in [6]:

Generalized Mal’tsev’s problem: Describe the largest dimension
commutative subalgebras of Chevalley algebra over arbitrary field.

Generalized reduced problem: Describe the largest dimension com-
mutative subalgebras in the subalgebra N®(K) of Chevalley algebra over
arbitrary field.

The generalized reduced problem was studied in [3] and such the hy-
potheses was confirmed: any largest dimension commutative ideal of the al-
gebra N®(K) is its largest dimension commutative subalgebra. We proved
(Theorem 1) that the algebra N®(K) of Eg type has no another largest
dimension commutative subalgebras.

2. Preliminary remarks

The structure constants of the algebra N®(K) are determined by Che-
valley theorem on base:

if r+s€ ®" then e, *x 65 = Nypgeris, N = —Nyg;

if r+s¢ ®", then e, xes = 0.

The coefficients N,s in the algebra N®(K) of Eg type are equal only
+1.

The sum ht(r) of coefficients in the root r base decomposition is called
the root height. The subset ¥ of the root system & is called commutative
if for any two roots r,s € ¥ holds r + s ¢ ®. Let {r}* be the set of roots
s € ®* such that the base decomposition of the root s — r contains only
non-negative coefficients. Let, further, T'(r) and Q(r) be the subalgebras of
N®(K) with the bases {es|s € {r}T} and {es | s € {r}T\{r}}, respectively.

If the condition H C T'(r1) + T(r2) + -+ - + T(ry,) holds and any substi-
tution of T'(r;) for Q(r;) leads to wrong inclusion then the set

{ri,re,...,rm} = L(H)

is called the corner set for H.

Let the regular ordering is determined for the positive root system ®.
Any element a € N®(K) may be written as a sum a = aje,, +agep, +...+
aner, (a; #0), where r1,r9, ..., r, are the roots from ®* which are ordered
on increase. Then the root ry is called the first corner of the element a. If
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M C N®(K) is arbitrary subalgebra then £1(M) is the set of first corners
of all its elements.

Further we will use the A. I. Mal’tsev’s notation [8] for the base roots
a; (i=1,...,6) in the root system of Ej type:

(€51 (6% a3 Qg Qs (73

Wl —w2 | Wit Ws+We | Wy — w3 | W3 —Wyq | Wy —Ws5 | Ws — Wep

The positive root system of Eg type consists only of the roots w; — w;
1 <i<j<6),wtw +w, (1 <j<ki j k=1,...,6)and
wp = w1 + ...+ ws. The height of roots is calculated as j — ¢ for w; — wj,
as 16 — (i +j + k) for w; + w; + wi. The root wy is maximal and it has the
height 11. See Pic. 1 for positive root system of Eg type.

Further we denote Cw;—w; and ey, 4w, +wm as €;; and ey, respectively.
It is easy to note that:
the product of e;; and ey (i < j < k <) is non-zero only if the case j = k;
the product of e;; and ey, is non-zero only if i ¢ {k,I,m} and j € {k,l,m};
the product e;j, and €, is non-zero only in the case {i, j, k, [, m, n} =
{1,2,3,4,5,6}.

3. Largest dimension commutative subalgebras

Theorem 1. A largest dimension commutative subalgebra of the algebra
N®(K) of Eg type over the field K coincides with either T(aq) or T(cg).

Proof. 1t is proved [3] that a subalgebra M of the algebra N®(K) over the
field K is a largest dimension commutative subalgebra if and only if the set
of roots L£1(M) is a commutative root set of a maximal order in ®.

According A. I. Mal’tsev, the maximal order commutative subsets in
Eg are only {a1}" and {ag}". Now we consider the largest dimension
commutative subalgebras with such the sets as the sets of first corners for
their elements.

Lemma 1. Let M be a largest dimension commutative subalgebra of the
algebra N®(K) over the field K. Then there exists a base in M consisting
of the elements

r>s
Vs =es+ As (s € L1(M)), where As € Z Ke,. (3.1)
re®+\L1 (M)

Proof. For any s € L£1(M) there exists an element in M with the first corner
s. Choose such the element «g with the s-coordinate equal to one. It is of
a form
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Figure 1. The root system of Es type
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r>s r>s
as = es + Bs + As, where 35 € Z Ke,, As € Z Ke,.
rely (M) red+\L1(M)

We can map to zero all items from S5 decomposition by adding the
elements from K-y, for all possible s’ > s. O

Let’s show that for ® of Eg type all A are zero. The elements A, may
be written as

p>q(s)
As = cseq(s) + L, where 7. € Z Ke,.
pE®T\L1 (M)

If Ay # 0 then we suppose that ¢s # 0 and so ¢(s) is a first corner in Aj.
Let’s choose such s and arbitrary r € £1(M). The product vs * 7, is equal
to zero and is equal to

cr(es * eqry) + €s %Yy + Cs(Eq(s) * €r) + CsCrleq(s) * €q(r))+ (3.2)
+es(eqis) * 1) T e+ (Vo eqer)) + ek
Lemma 2. Ifr+q(s) and s + q(r) are the equal roots then
Ni,q(r)er + No(s) s = 0.

If r+q(s) is a root which is not equal to s+ q(r) then r+q(s) — s is a root
and corresponding coordinate of 7. is equal to —(Nq(s),,nNs,Hq(s)_s)cs.

Proof. If r + q(s) is a root then the third item in (3.2) is cs(eys) * €7) =
tcseriqs) 7 0. 7+ q(s)-coordinate in the product 75 7, is non-zero, so
the sum (3.2) contains, except the third item, another items with non-zero
7+ g(s)-coordinate. It is easy to prove that it may be either first or second
items, but not simultaneously. Then r + ¢(s)-coordinate in (3.2) is a sum
of corresponding coordinates of either first and third items or second and
third ones. The first case is possible only if r + ¢(s) = s+ ¢(r), and in this
case N, o(r)¢r + Ny(s)r¢s = 0. The second case ~,. contains such the element
ae; that ae; x eg = —Nq(s)mcsequ. So ae; * eg = Ny saei45, and we have
t=7r+q(s) —s. Then a = —(Ny(s),r/Nyiq(s)—s,5)Cs- O

This lemma leads to

Corollary 1. If r + q(s) is a root then r + q(s) — s is a Toot too.

In the case ® = Eg and L£1(M) = {a;1}T for arbitrary s and ¢(s) there
exists such the root r that r + ¢(s) is a root but r + ¢(s) — s is not a root.
We will not consider ¢(s) which does not commute with the roots ¢ of the
height > 8 (because A; in (3.1) is equal to zero).
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1) For the roots s = w; — w; and ¢(s) = w; — w; we choose the root
r = w1 + wj + wk, where k # i.

2) For the roots s = w; —w; and ¢(s) = w; — wy (i # j) we choose the
root r = wy + w; + wg.-

3) For the roots s = w; — w; and ¢(s) = w; + w;j + wy, we choose the root
=W — Wwj.

4) For the roots s = wy —w; and ¢(s) = w; +wi +w; (i # j, k,1) we choose
the root r = wy — q(s).

5) For the roots s = wy + ws + wg and ¢(s) = wa — wg we choose the root
r=wi — wW2.

6) For the roots s = w1 + w; + w; and ¢(s) = w; + wy, + w; we choose the
root r = wy — wj.

7) For the roots s = wy +w; +w; and ¢(s) = wy +w; +wm (s +¢q(s) = wo)
we choose the root r = w; — wy,.

The possibility of such a choice contradicts to the corollary, and, so,
contradicts to the proposition Ag # 0. So, the largest dimension commu-
tative subalgebra of the algebra N Eg(K) with the first corners set {ay}™
is only T'(a1). Acting to it by the graph automorphism we obtain the
analogous result for the first corners set {ag} ™. So, the largest commutative
subalgebras of NEg(K) are only T'(aq) and T'(ag). O

4. Conclusion

We proved that the list of largest dimension commutative subalgebras of
the algebra N Eg(K) completely coincides with the list of its largest dimen-
sion commutative ideals, which was obtained earlier. So, the generalized
reduced Mal’tsev’s problem is completely solved in this case. The problem
of description of all maximal commutative ideals of the algebra N®(K) is
written in [3] and now this problem is solved not for all root system types.
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O6o06mEénHast peaAyKIIMOHHAas 3aada MaJjibieBa
0 KOMMYTATHMBHBIX moaajireopax anredop IlleBase Ttuma FEjg
HAJI 10JIeM

E. A. Kupujosa

Cubupcruti gedeparvrniii yrusepcumem, Kpacroapck,
Poccutickas Pedeparyus

AnHoTanus. B 1905 r. 1. Illyp yka3aj HamWBBICIIYIO Pa3MEPHOCTb KOMMYTa-
THUBHBIX HOArpymn rpynnsl SL(n,C) u goKa3aj, 9T0 KOMMYTATUBHBIE IOAIPYIIIBI STOH
pasMepuoctu 1pu n > 3 aromopdubl. B 1945 1. A. V. Manbues ucciemoBai 3agadqy
ONMCAHMS KOMMYTATHBHBIX HO/I'PYIIIT HAUBBICIIEH PA3MEPHOCTH B KOMIIJIEKCHBIX IIPOCTHIX
rpynmnax Jlu. OH noaydni pemenne, IPUMEHHB IIEPEX0/] K KOMILIEKCHBIM ajirebpam JIu u
pelypOBaHye K aHAJIOTMYHOM 3a/1a4e ISl MAKCUMAJIbHON HUJIBIIOTEHTHOI 1101aareOphl.
IIycts N — nunbrpeyrosbraas noganrebpa aiareops: [lesasse. Vccnenyercs 3amada onn-
CcaHUs KOMMYTATUBHBIX HOJAreOp HamboJbIneil pa3MepHOCTH momairedpsr N ajarebpor
IIleBaste, accouunpoBaHHOI € cUCTEMON KOpHei Tuna Fg, Ha/ IPON3BOIBHBIM ITOJIEM.
Panee npu pabore man sToit 3amadeil ObLIO HOJYYEH MOJHBIA CIHCOK KOMMYTATHBHBIX
nteasioB HaubouibIneil pasmepHocTH ronaaredops: N tuna Fg. B Hacrosimeit crarbe nmokasa-
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HO, YTO KOMMYTATHBHBIE TOAITeOPBI HAUBBICITIEH PA3MEPHOCTH TAKXKE MCIEPIIBIBAIOTCS
9TUM CIIMCKOM; TaKMM 0Opa30M peleHa 0OOOIIEHHAs PeayKIMOHHAs 3ajada MaJbiesa
nns anrebp lesaste Tuma Eg.

KiroueBnie cioBa: anrebpa Illeasure, HuiabTpeyronapHas mnogaiarebpa, KOMMYTa-

THBHAasl Hofaaredbpa HanbOJIbIIeH Pa3MEePHOCTH.
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