KPATKUWE COOBIIIEHNA

PCTBEy,
06‘&‘16/‘7;_ Cepusa «<MaremaTukas N3BECTMNWA
s ‘vmﬂ— H 2019. T. 28. C. 138—145 Uprymexoeo
% hllll[l& 5 t T 20CcYy0aPCMBEHHO20
2 [manganfm 3

Ontai . yHusepcumema
gt HJIARH-TOCTYT K 3KyDHAJTY:
% YIS ¥ http://mathizv.isu.ru

VIIK 518.517
MSC 90C26
DOI https://doi.org/10.26516/1997—7670.2019.28.138

Maximizing the Sum of Radii of Balls
Inscribed in a Polyhedral Set
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Abstract. The sphere packing problem is one of the most applicable areas in mathe-
matics which finds numerous applications in science and technology [1-4;8;9;11-14]. We
consider a maximization problem of a sum of radii of non-overlapping balls inscribed in a
polyhedral set in Hilbert space. This problem is often formulated as the sphere packing
problem. We extend the problem in Hilbert space as an optimal control problem with
the terminal functional and constraints for the final moment. This problem belongs to a
class of nonconvex optimal control problem and application of gradient methods does not
always guarantee finding a global solution to the problem. We show that the problem
in a finite dimensional case for three balls (spheres) is connected to well known Mal-
fatti’s problem [16]. Malfatti’s generalized problem was examined in [6;7] as the convex
maximization problem employing the global optimality conditions of Strekalovsky [17].

Keywords: Hilbert space, maximization problem, optimality conditions, optimal con-
trol, sum of radii.

1. Statement of the problem and optimality conditions

Let X be a Hilbert space. We introduce the following sets. Denote by
B(a2",r) a ball with a center 2° € X and a radius r € IR :

B r) = {z € X| ||z — 2% < r}. (1.1)
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A polyhedral set D C X is given by
D={zecX|{a,z)<b, a" € X, b€ R, i=1,m}, (1.2)

where (, ) denotes the scalar product of two vectors in X, || || is the norm
on X, and intD # (). a* € X, i = 1,m are linearly dependent.

Theorem 1. B(z",r) C D if and only if

(a', %) 4 r||a’|| < b, i =T, m. (1.3)

The proof can be done in a similar way as in [6], [7].

Denote by u',u?,...,u” centers of the balls inscribed in D defined by
(1.2). Let r1,79,...,rKk be their corresponding radii.

Now we consider a problem of maximizing sum of radii of K non-
overlapping balls inscribed in D.

Then this problem is formulated as follows:

K
max f = Zm (1.4)

i=1
(ai,uj>+rj\]ai]\§bi, i=1m; j=1,K, (1.5)
||ul—uj||22(rl+r])2, lajzl’Ka l#]a (16)
7“120,7“220,...,7“[(20. (1.7)

The function f in (1.4) denotes a sum of radii of K balls which has to
be maximized with respect to variables u!,u?,..., u® and r1,7r9,... 7K.
Condition (1.5) define that all balls are inscribed into a polyhedral set D.
Conditions (1.6) describe non-overlapping balls.

In order to write optimality conditions for problem (1.4)-(1.7), we intro-

duce the Lagrange function:

K m K
== mi+ D 2 Ay [l )+ mllall b +

i=1 1=17j

=1
K K ' K
+D 0> [Tz+?"y —||ul—u]||2}—zlﬂ“j
j=1

=1 j#l

~
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Then the Karush-Kuhn-Tucker( KKT)conditions applied for the problem
(1.4)-(1.7) are as follows:

oL
872—1+Z)\zg||al||+222% ri+r)—l;=0,j=1K,
J I=1 j#I

Buﬂ Z)\”a +2zz,ulju—uj )=0,j=1K,

=1 j#l

)\Z]((a,u3>+r]||al||—b)—(), 1=1,m, 1, K,
g [(Tl+rj)2_ Hul_u]H2] =0, l,j=1,Kj; l#]
lj’l“j:O,jzl,K.

Example 1. Let X = L8[to, 1] be a space of functions

2

1/
to < t < ty with the norm ||ul|r, = /|u(t)|2dt and scalar product

(u,v)r, = /(u(t),v(t)>dt, u,v € X

Problem (1.4)-(1.7) has the form:

K
max f = > ry,
=1
" ! 1/2
[0+ | [ldopa| b i=Tm j-TF,
to to
t1
/ W (1) — W (@)Pdt > (g + )% LG = TR, 145,
to
r1 >0, 79>0,...,7x >0, ue Lblty, t1].

(1.8)
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Introduce the new variables x;;(t), 4;(t), vi(t), 2(t) and v;(t) as fol-

lows:

xi;(t) = /(ai(t),uj(t»dt, i=1,m

zi(to) = 0,

1
=

t 1/2
/|al<t>|2dt L =TK 1+,

st /|u (O)2dt, 1j =T, K, L # ),

yl](to)*o
v =T, l= 17K7

vy(t) =0,

ylj(tl) > (vl(tl) +Uj(t1))2? la.] = LK’ l#]a te [thtl]'

The problem (1.8) is formulated as the following optimal control problem

with the terminal functional and constraints.

xzj(to)ZO,Z:Lm,]:LK,

zij(t1) +vj(t)yi < b, i=1,m, j=1K,
yij(to) =0, i=1,m, j=1,K,

yii(t1) > (u(tr) +v5(0))?, L,j =1, K, 1 # .

Existence of a solution of the above problem and numerical solutions

will be discussed in a next paper.

Example 2. Let X = IR? and D be a triangle set. Assume that K =
3. In this case, we can reformulate problem (1.4)-(1.7) as the perimeter

maximization problem:

maxf—QﬂZr,,

(a’, u]>+7"HaZH<bz,m—13
||u _uj”z (TZ+T])2a j_l ’Z#ja
7“120 7“220,7‘320.

(1.9)



142 R. ENKHBAT, J. DAVAADULAAM

This problem is maximization of a linear function over the nonconvex
set and belongs to a class of nonconvex optimization problem.

2. Connection of the perimeter maximization problem to
Malfatti’s problem

We also consider the following problem of maximizing total area of 3 balls
inscribed in a triangle set. This problem in the literature [16], [18], [10] is
called Malfatti’s problem. In [5] it was shown that the global optimality
conditions by Strekalovsky [17] can be applied to Malfatti’s problem. Also,
numerical methods and algorithms for solving Malfatti’s problem have been
developed in [6] and [7]. The Malfatti’s problem first formulated in [5] as
the convex maximization problem as:

3
max S =m Y. r2,
i=1
(a®, u]>+rj||a’|| <b,i=1,3,
(ri +1;)% — ||[ut —u/|)? <0, 1]—
r1 >0, rg > 0,73 > 0.

1,3, (2.1)
3, 1 # J,

Theorem 2. A solution of the perimeter mazimization problem (1.9) is a
stationary point of Malfatti’s problem (2.1).

Proof. We write down the lagrange functions for the problems (1.9) and
(2.1), respectively

L(u,r)=—2m § ri + 53 53 i [(a®,u?) +rjlla’]| — b5] +
i=1j=
+ Z Z i [(Tz +17)% = |l — W/ [P] - illjrﬁ
]:

i=1 j#i
3 3 o )
L(u,r)=—7 z r2 + 21 Zl)\” [(al,uj> +rjlla’|] — bi} +
i=1j
) ) 3
35 g [ ) [l = w1P] = 3 L
i=1 j2i j=1

Let a point z = (a',u?,u3,71,72,73) be a solution to problem (1 9) with
l;

7; >0, i = 1,2,3. Then there exist Lagrange multipliers (\;;, fiij, ;) such
that the optimality conditions (KKT) are satisfied as:

WzBectusi IpKyTCKOro rocyZjapCTBEHHOI'O yHUBEPCUTETA.
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0L(z ~ .
37§) = _27T+Z>‘l]||a | +22Mzg (Fi+75)—1;=0,1=1,3,
‘ Jj=1 VS
3
o0L(z ‘
E)zEJ)_Z ZQWU—“J =0,j=1K,
=1 J#i
Aij((a*, @) + 75| = b;) = 0, 4,5 = 1,3,
fij [(““J) —[@ = @] =0, 4,5 =13 i#j,

\

On the other hand, it can be checked that the point z satisfies the

. i

KKT conditions for problem (2.1) with the Lagrange multipliers A;; = =
7

i

Indeed we have

OL(2) .
8—7“2__2 +Z)\@]||a||+;2#zy 7’@""’"]) li=0,i=1,3,

3

ZX]-ai + Z 2 (@' — @) =0, j=1,3,

)‘ (<a U’]> +TjHaZH - bl) =0,1475=13,

i [(Tl "’7"]) - ||uZ - uj||2] =0, 4,5 = 1,3; 4 # 7

which means that the point z is a stationary point of Malfatti’s problem.
Inversely, we can show that if Z is a solution to Malfatti’s problem then

Z is a stationary point of problem (1.9). O

(

3. Conclusion

In this paper, we formulate the problem of maximizing a sum of radii of
non-overlapping balls inscribed in a polyhedral set in Hilbert space as an
optimal control problem with the terminal functional and constraints for
the final moment. The problem belongs to a class of global optimization.
We show that the problem in a finite dimensional case is connected to
Malfatti’s problem via its optimality conditions.

References

1. Birgin E.G., Gentil J.M. New and improved results for packing identical uni-
tary radius circles within triangles, rectangles and strips. Computer and Operations
Research , 2010, vol. 37, pp. 1318-1327. https://doi.org/10.1016/j.cor.2009.09.017



144

10.

11.

12.

13.

14.

15.

16.

17.

18.

R. ENKHBAT, J. DAVAADULAAM

Birgin E.G., Martinez J.M., Ronconi D.P. Optimizing the packing of cylinders into
a rectangular container: a nonlinear approach. Furopean Journal of Operational
Research, 2005, vol. 160, pp. 19-33. https://doi.org/10.1016/j.ejor.2003.06.018
Castillo 1., Kampas F.J.,, Pinter J.D. Solving circle packing problems
by global optimization: numerical results and industrial applications. FEu-
ropean Journal of Operational Research, 2008, vol. 191, pp. 786-802.
https://doi.org/10.1016/j.ejor.2007.01.054

Cui Y., Xu D. Strips minimization in two-dimensional cutting stock of cir-
cular items. Computers and Operations Research, 2010, vol. 37, pp. 621-629.
https://doi.org/10.1016/j.cor.2009.06.005

Enkhbat R. Global optimization approach to Malfatti’s problem. Journal of Global
Optimization, 2016, vol. 65, pp. 33-39. https://doi.org/10.1007/s10898-015-0372-6
Enkhbat R., Barkova M. Global search method for solving Malfatti’s four-circle
problem. The Bulletin of Irkutsk State University. Series ”Mathematics”, 2016,
vol. 15, pp. 38-49.

Enkhbat R., Barkova M., Strekalovsky A.S. Solving Malfatti’s High Dimensional
Problem by Global Optimization. Numerical Algebra, Control and Optimization,
2016, vol. 6, no. 2, pp. 1563-160.

Fejos Toth L. Lagerungen in der Ebene auf der Kugel und im Raum. Zweite Auflage.
Grundl Math. Springer-Verlag, Wiss, 1958.

Folkman J.H., Graham R.L. A packing inequality for compact subsets of the plane
Canadian Mathematical Bulletin, 1969, vol. 12, pp. 745-752.

Goldberg M. On the original Malfatti problem. Mathematics Magazine, 1967, vol.
40, no. 5, pp. 241-247. https://doi.org/10.1080/0025570X.1967.11975806

Grosso A.R., Jamali M.J.U., Locatelli M., Schoen F. Solving the problem of packing
equal and unequal circles in a circular container. Journal of Global Optimization,
2010, vol. 47, no. 1, pp. 63-81. https://doi.org/10.1007/s10898-009-9458-3
Hamacher H-W., Drezner Z. Facility Location: Application and Theory. 2nd ed.
Springer-Verlag, New York, 2004.

Hifi M., M’Hallah R. A Literature Review on Circle and Sphere Packing Problems:
Models and Methodologies. Advances in Operations Research, 2009, vol. 22. https://
doi.org/10.1155/2009/150624.

Huang W., Ye T. Global optimization method for finding dense packings of equal
circles in a circle. Furopean Journal of Operational Research, 2011, vol. 210, pp.
516-524. https://doi.org/10.1016/j.ejor.2010.11.020

Lob H., Richmond H.W. On the solutions of the Malfatti problem for
a triangle. Proc. London Math. Soc., 1930, vol. 2, no. 30, pp. 287-301.
https://doi.org/10.1112/plms/s2-30.1.287

Malfatti C. Memoria sopra una problema stereotomico. Memoria di Matematica e
di Fisica della Societa italiana della Scienze, 1803, vol. 10, no. 1, pp. 235—244.
Strekalovsky A.S. On the global extrema problem. Soviet Math. Doklad, 1987,
vol. 292, no. 5, pp. 1062-1066.

Zalgaller V.A. An inequality for acute triangles. Ukrainskii Geometricheskii
Sbornik,1991 , vol. 35, pp. 11-14.

Rentsen Enkhbat, Doctor of Sciences (Physics and Mathematics),
Professor, Institute of Mathematics, National University of Mongolia, 4,
Baga toiruu, Sukhbaatar district, Ulaanbaatar, Mongolia,

tel.:

976-99278403, (e-mail: renkhbat46@yahoo.com)

Jamsranjav Davaadulam, Ph. D. (Mathematics), Professor, Insti-
tute of Mathematics, National University of Mongolia, 4, Baga toiruu,

WzBectusi IpKyTCKOro rocyZ[apCTBEHHOI'O yHUBEPCHUTETA.
2019. T. 27. Cepusa «Maremaruxas. C. 138-145



MAXIMIZING THE SUM OF RADII OF BALLS 145

Sukhbaatar district, Ulaanbaatar, Mongolia,tel.: 976-99141976,
(e-mail: jdavaadulam@yahoo.com)
Received 04.02.19

MaKCI/IMI/IBaIH/IH CYMMbI PpPaAnyCOB IIIapOB BIIMCAHHBIX B
MHOI'OIrpaHHHUK

P. Qux6ar

Havyuonarvrut ywusepcumem Moneosuu, Yaan-Bamop, Moneoausn
K. TaBaamyram

Havyuonarvrut ywusepcumem Moneosuu, Yaanu-Bamop, Monezoausn

AnHoranusi. 3ajada YIAKOBKU IIAPOB UMEET MHOYKECTBO MPUJIOKEHHI B Pa3JIdd-
HBIX O0JIACTSIX HAyKW W TexHUKU. Mbl paccMarpuBaeM 3a/ady MaKCHMU3AIUU CYMMBbI
PaJyCOB HEIepeCceKaromMuXCsl MapOB, BIUCAHHBIX B MHOTOIDAHHOE MHOXKECTBO B TI'HJIb-
GeproBoM mpocTpaHcTBe. Takast 3ajada 4acto GOPMYIUpyeTcss Kak 3a/ada yIaKOBKH.
PaccmarpuBas 3azady B rusib0epTOBOM MIPOCTPAHCTBE, MBI (DOPMYJIIPYEM €€ KaK 3aady
ONTUMAJIBHOI'O yIPABJIEHUsI C TEPMHUHAJIBHBIM (DYHKIIMOHAJIOM U TEPMUHAJILHBIMUA OrPa-
HAYEHUSIMU HA KOHEYHbBI MOMEHT BPEMEHH. DTa 3a/ada MPUHAJIEKUT K KJIACCY HEBbI-
MYKJIBIX 3329 OITUMAJILHOIO YIIPABJIEHUS, [I09TOMY IIPUMEHEHHUE I'PAJUEHTHOIO METO/[A
HEe BCerjia rapaHTUPyeT HAXOXKJIEHUs IJI00AJbHOTO pellleHus Jjisd JaHHON 3aja4du. B pa-
6oTe OKa3aHO, YTO 3aJa4a JJIsl TPeX KPYTOB B KOHEYHOMEPHOM IIPOCTPAHCTBE sIBJISIETCSI
XOpoIIo u3BecTHON 3anadeii Masbdarru [16]. lononHuTe pHO J0KA3aHO, YTO MaKCH-
MH3AIMA CYyMMbI PaJMyCOB KDPYIOB, BIIMCAHHBIX B TPEYTOJbHUK, SKBUBAJIEHTHA 3ajade
Mausbdarru. O6061mennast 3agada MaabdarTn paccMaTpuBaiach Kak 3a/a9a BbITYKJIONH
MakCUMH3auK B paborax [6;7] ¢ mpuMeHEeHHEM YCIIOBHs TJIOBAIBHOM ONTHMAIbLHOCTH A.
C. Crpekasosckoro [17].

KimroueBble cioBa: ruib6epTOBO TPOCTPAHCTBO, BBIYKJIas MAKCUMUIAIUS, YCIOBUST
ONTUMAJILHOCTH, OITHMAJIbHOE YIIPABJI€HUE, PAJINYC IIapPOB.
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