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Classic Solutions of Boundary Value Problems for
Partial Differential Equations with Operator
of Finite Index in the Main Part of Equation

N. A. Sidorov
Irkutsk State University, Irkutsk, Russian Federation

Abstract. This paper is an attempt to give the review of a part of our results in the
area of singular partial differential equations. Using the results of the theory of complete
generalized Jordan sets we consider the reduction of the PDE with the irreversible linear
operator B of finite index in the main differential expression to the regular problems.
Earlier we and other authors applied similar methods to the development of Lyapunov
alternative method in singular analysis and numerous applications in mechanics and
mathematical physics. In this paper, we show how the problem of the choice of bound-
ary conditions is connected with the B-Jordan structure of coefficients of PDE. The
estimation of various approaches shows that the most efficient approach for solving this
problem is the functional approach combined with the alternative Lyapunov method,
Jordan structure coefficients and skeleton decomposition of irreversible linear operator in
the main part of the equation. On this base, the problem of the correct choice of boundary
conditions for a wide class of singular PDE can be solved. The aggregated theorems of
existence and uniqueness of classical solutions can be proved with continuously depending
of experimental definite function. The theory is illustrated by considering the solution
of some integro - differential equations with partial derivatives.

Keywords: degenerate PDE, Jordan set, Banach space, Noether operator, boundary
value problems.

This paper is dedicated to the 100th anniversary of
Irkutsk State University
1. Introduction

Let B and A;, i = 1,q be closed linear operators from F; to Ey with
the dense domains in Ej. Let Ej, E5 be Banach spaces, D(B) C D(4;),



56 N. A. SIDOROV

B the operator of finite index with closed range of values, dim N(B) = n,
dim N(B*) = m, v =n —m < co. The operator

0 i k.
Ll<%> = Z ap(x)D", i=1,...,q

|k|<q;
is a partial differential operator of order g¢;,

qo>q1>q2> > (qq-

Functions ai (z) : @ € RY — R and f(z) : Q € RY — E, are sufficiently
smooth. The differential equation

LO(%)Bu—FM(%)AlU—F'”+Lq((%)Aqu_f(w) (1.1)

is considered below.

Definition 1. Equation (1.1) is a regular equation, if the operator B has
bounded inverse. Otherwise we say that (1.1) is a singular equation.

In sections 2, 3 the investigation of singular equation (1.1) with irre-
versible operator B in the main part is reduced to the regular problems. The
special decomposition of the Banach spaces F7 and E5 in accordance with
the generalized B-Jordan structure of the operator coefficients Aq,..., A4,
is used. In section 4 this reduction makes it possible to pose boundary
value problems for singular equation (1.1) with natural conditions on special
projections of the solution.

The methods of this investigation interconnect with the functional ap-
proach from [8-11;27] (see also references in [1;2;6;24;25] and the extensive
bibliographical review of Loginov school papers [3]).

2. Preliminaries: P, () — commutability of linear operators in
case of Noetherian operator B

Let B4y = M1 ® Ny, Eo = Ms@® Ny, P be a projector on M7 along N1, Q
a projector on My along N2, A be a linear closed operator from Ej to Es,
D(A) =F, A€ {Al, e ,Aq}.

Definition 2. If u € D(A), APu= QAu, then A (P,Q) —commutes.

Let {gpg/), e ,gpg)} be a basis in N(B), {1#5/), e ,Q,Z)S,IL)} a basis in N(B*).

Suppose the following condition is satisfied:

1. The Noether operator B has a complete A; —Jordan set gbgj), 1=1,n,

j = 1,p;, and B* has a complete A} -Jordan set ng), i1=1,m,j=1,p;, and
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the systems 'yi(j) = Afwi(p“q_j), zl.(j) = A1¢§pi+1_j), wheret =1,1,7 = 1,p;,
[ = min(m,n) corresponding to them are biortogonal [27].
The projectors
L def
. \ de
Pk:ZZ< 'a’yl'(J) >¢1(J) = (< 5 >’(I))a (21)
i=1 j=1
L def
,  de
Qu=2> <~ > = (<>, 2), (2:2)
i=1 j=1

where k = p1 + - - -+ p; is a root number, generate the direct decomposition
Ey = E, ® Eioo—k, Eo = FEoj, @ Foso_y,.

Corollary 1. The bounded pseudoinverse operator B+ (Py, Qy)-commutes,
the operator AB™ (Qy, Qk)—commutes, BT A (P, Py)-commutes, Eioo_p,
E\ i are the invariant subspaces of operator BT A, Eoso_j.,and Eyy, are the
invariant subspaces of operator ABT.

Suppose the operator A (Py, Q))—commutes, where Py, Q are defined
by formulas (2.1), (2.2). Then there is a matrix A, such that A® = AZ,
A*W = A’y. This matrix is called the matrix of (Py, Q))-commutability.

Corollary 2. The operators B and A (P, Qx)—commute and the matrices
of (P, Qr)—commutability are the symmetrical cell-diagonal matrices:

Ap = diag(By,--- ,B;) As =diag(Ay,--- , A,

where
8...(1) 0.1
B;, = ) A; = .
01..0 b0

See the detailed proof in the preprint [10] .

Definition 3. The operator G (Py,Qy)—commutes quasitriangularly, if
Agq is upper quasitriangular matriz, whose diagonal blocks A;; of dimension
p; X p; are lower right triangular matrices.

3. The reduction of equation (1.1) to the regular PDE

Suppose:



58 N. A. SIDOROV

2. The operators Ay, --- , Ay (Pg, Qr)-commute. Then there are matri-
ces A; i = 1,q, such that

Ai® = A Z, AFU = Aly

and A; = (Aq1,---, A1) is a cell-diagonal matrix ,where
0---1
A1 = , =11
1 ---0

Let us consider the case m < n.
We introduce the projectors Py, Q) based on formulas (2.1), (2.2) and
the projector

n
Prm = Z <> ¢
i=m+1
generating the direct decompositions

Ey = Eip @ span{¢mi1,-  dn} @ Eloo (ktn—m), B2 = Eo & Eoooy.

Note that Bt : Eyoo_ — Eloo,(kJrn,m) C Fiso—k, BT : By, — Eikin—m.
We shall seek the solution of equation (1.1) in the following form

u(z) = Bto(z) + (C Z ()i, (3.1)

i=m-+1

where BT is a bounded pseudoinverse operator for B, v € Eay g, C(z) =
(Ci(x), - ,C’m(x))’, Ci(z) = (Cu(z),---,Cip(x)), & = (P1,+, D),
q)z:( i ’gbpl)i:l,—m'

Substltutlng the expression (3.1) in equation (1.1) and noting that
BBTv = v, because v € Eoso_ C Foso—i, C Eooo_m, we obtain

q

U+ZL AB+v+L0(aa) B(C, ®) +ZLZ-(%)AZ-(C,<I>)+
= (3.2)
+Z Z JAjdidi(w) = f(=).

j=1i=m+1
The operator B™ (Qg, P )—commutes, so from condition 2 and corollary
1 it follows that QpA;BT(I — Qi) = 0, (I — Qx)A;BTQr = 0. Hence,
QrA;BTv = 0, Vv € Ey_. According to corollary 2 B® = AgZ, where
Ap = (B1, -+, By,) is a symmetrical cell-diagonal matrix. Consequently,
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because (I — Qx)Z = 0. The following equalities are fulfilled:

(4(C, @), ) E ALC, (B(C,),T) E ApC. (3.4)
Projecting equation (3.2) onto Eay_j by virtue of (3.3) we obtain the
regular PDE

n

=m+1

where
Li( A BT 3.6
8x +Z (36)

is a regular differential operator of order gg. In order to determine the
vector-function C(z) : RV — RF, we project the equation (3.2) onto Eop
and by virtue of (3.4) we obtain the PDE-system

( ABC+ZL A’C =< f(z Z Z Li(-)Aj¢iMi(w), ¥ > .
Jj=2i=m+1 (37)

So we have proved

Theorem 1. Suppose conditions 1 and 2 are satisfied, m < mn, f:Q C
RN — B, is a sufficiently smooth function. Then any solution of equation
(1.1) can be represented in the form

uw= B v+ (C,®) + Z i,
i=m-+1

where v satisfies reqular equation (3.5), and the vector C(z) is defined by
system (3.7). The functions \j(x), i = m + 1,n remain arbitrary functions.

Theorem 1 allows generalizations. Suppose the operators Ag(z),--- ,
A,(x) with the domains independent from x, are subject to the operators
B, and for any x € 2 satisfy condition 2. Then theorem 1 remains valid.

Let us consider system (3.7) with a unknown vector-function C(z).

Lemma 1. Suppose conditions 1,2 are satisfied, operators A;, i = 1,q,
(Pg, Qr)—commute quasitriangularly. Then system (3.7) is a recurrent se-
quence of linear differential equations of order g1 with the reqular differential
operators of the form

0
ﬁks—Ll +Zapk s+1,s0 _m)'
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In particular, if condition 1 is satisfied and Ay = --- = A, = 0, system
(3.7) takes the form

L) Oy () =< Jla), A >,

L1<%>c@m<w> =< (o), 6" > —Lo%)@pﬁw(w),

s=1,p,—1,i=1,m.

Corollary 3. Let equation (1.1) has the form
L (E)Bu—FA u= f(x)
ol 57 1=

and condition 1 be satisfied. Then the vector C(x) is defined by simple
TeCUTSION.

Proof. The proof is obvious, because in this case Li(%) =1 and Ay =
-= A, =0 in equation (1.1).
Let us consider the second case m > n.
In this case we use the direct decompositions:

E = E1, ® Broo—k, B2 = Eop @ span{znt1,- s 2m} © Easo—(ktm—n)

and also BT : Eoso(kpm-n) = Floo—k, BY © Eopym-—n — E1p. We shall
seek the solution of equation (1.1) in the following form

u(z) = BTou(z) + (C(x), ®), (3.8)
where v € Eaoor, C(z) = (C1(z), - - ,Cn(x)),’ Ci(x)=(Cir(x), - ,Cipi(x),)

= (Py,--,P,), b= ((bl(,l)’... ’(blﬁpi))’ i=Tm.
By substituting (3.8) in equation (1.1) we obtain

0

Lo(%

M= Qoo + 3. L) AB v + Lo B9 (39)
i=1

+ZL A(C,®) = f(x)

with the condition < v,1; >=0, i = 1,n. Let condition 2 is satisfied. By
projecting equation (3.9) onto the subspaces Eok, Fom—n, Eoco(ktm—n)
we obtain

( ABC+ZL A’C =< f(z),¢ > (3.10)

=1
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q

Z Li(%)@m—nAiB—hU - Qm—nf(x)a (311)
=1
d I d N
LO(%)(I — Qm-n)v+ Z Li(%)menAiB v=—-Qr— Qm-n)f(x),
=1
(3.12)

where v = E2oofk7\:[j = (¢17 T 7¢n)/71/}i déf (1/11(1)7 o 71/12(171)) The element

v can be found from the regular equation

Lo=(I-Qpf (3.13)

in the subspace Faxo—k N Faoo—(m—n)- Indeed, if Qv = 0, then by virtue
of Qm-nQr = 0 the solution v of the equation 3.13 satisfies equations (3.11),
(3.12). O

Thus we obtain the following result

Theorem 2. Let n < m, conditions 1, 2 be satisfied, and f : Q@ Cc RN —
Es be a sufficiently smooth function. Then any solution of equation (1.1)
can be represented in the form (3.8), where v € Easo—k N Eaag_(m—p) is the
solution of equation (3.13), the vector C'is defined by the system (3.10).

4. Examples

Let operator B be Fredholm (m = n). Then basing on theorems 1, 2 the
choice problem of correct boundary conditions for equations (3.2), (3.7) and
(3.13), (3.10) can be solved for a number of differential operators Lo(a—i)
and Ll(a%).

Example 1

Consider the equation

82

0xdy

This equation with usual Goursat conditions u|y,—g = 0, u|y—o = 0 and an
arbitrary right part evidently has no the classical solution.

Let operators B and A satisfy condition 1, K = p1 + - - - + pn, p; are the
lengths of A-Jordan chains of operator B.

Then in accordance with our theory we can impose the following condi-
tions on the projections of the solution:

(I = Pr)u(z,y)le=0 = 0, (I = Pr)u(z,y)ly=0 =0 (4.2)
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As a result we can construct the following unique classical solution

(z,y) =
- /Ox /OyFZ(—l)T(AP)r (z1 _ z)" (m;y)"([_ O0) (e )yadin
r=0 : .

n_ pi )
+3°3 Gyl ), (4.3)

i=1 j=1

where I' = (B + Y. | < -7 > 2;)~ ! is the bounded operator (see Scmidt

lemma in [27]) The functions Cjj(x,y) are defined recursively

Csz(% y) = 61'1 (‘T? y)a
2
Cipi—1(z,y) = Biz(z,y) — 8x—aycipi($,y)

9
Cipi—2(z,y) = Bis(x,y) — ax—gycipi—l(%y%

where st(way) =< f(w7y)7w@(8) >7 1= 17—“7 S = 17pl

Evidently our solution of this special Goursat problem continuously

depends on the right part if f(z) € C®), where p = maz(py, - - -

Example 2
Consider the equation

o b o
“(Ttt’x) _ 3/0 m%ds =u(t,x) + f(t, )

with the condition

1
u(0,z) — 3/ xzsu(0, s)ds = 0.
0

,Pn)-

(4.4)

(4.5)

According to (3.8) we can construct the solution as the sum wu(t,z) =

v(t, z) + c(t)x, where fol zo(t,x)dz =0, c(t) = =3 fol xf(t,x)dz

v !
—=v+f - f d
r v (t,x) 3/0 xsf(t,s)ds,

U’tzo = 0.

Therefore, we have the unique solution of example 2

u(t,z) = /Ot et_z<(f(z,x) - 3/01xsf(z,s)ds))dz - 3/01xsf(t,s)ds.
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Example 3
Consider the integro-differential equation of order 2

0u(t, ) L 9%u(t, s) Ju(t, )
at? _3/0 T T Ty

The continuous function f(t,z) is defined under z € [0,1], ¢t > 0. The
Cauchy problem with standard conditions u|i—g = 0

ou
Ehzo =0

is unsolvable under an arbitrary function f(¢,x).

+f(t ). (4.6)

Projector P =3 fol xs[-]ds corresponds to the Fredholm operator

1
B=1- 3/ xs[-|ds.
0

We can use theorem 1. Therefore introducing special conditions u|,—¢ = 0,

(- )t

5| =0 (4.7)

t=0

we can construct the solution as the sum
u(t,x) = v(t,x) + c(t)x,

where Pv = 0. Functions v(t, z) and ¢(t) can be found from two the simplest
Cauchy problems

2
98 =00+ %eq 4+ f(t,x)
U‘t:O =0 %\tzo =0,

e pf=0
c(0) = 0.

Conditions (4.7) were induced by our theorem 1. As a result we can
easily construct the desired classical solution of the problem (4.6), (4.7)

u(t,z) = /Ot(ets —1)f(s,z)ds — 3z /Ot /01 e S f(s, x)dxds.

Example 4
Consider the equation

2

sorBule.) + 5 Aule.y) = 1) (4.9

Let B be a Fredholm operator, (¢1,--- ,¢,) be a basis in N(B), and
(1, ,1y,) a basis in N(B*).
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Let

1,i=k
< Ad;, >= ’
O {O,i#k,

Then according to theorem 1 we can impose the following conditions on
projections:

P=Y < A% >¢i, Q=) <> Ad:
1 1

B
(I — P)ulg—o =0, (I— P)a—zyﬁo =0, Puly—=0. (4.9)

As a result we have the unique classical solution in the form of the sum

) =Tolw) + 3 [ < fa) > do @10
1

where

— B+ < Ay > Agy) !
1

is the bounded operator. The function v(z,y) is the unique solution of the
regular Cauchy problem

0*v(z,y)
Ox? +4r Oy

8U(x7y) — (I _ Q)f(x,y)’ U|$:0 = 0, %|m=0 =0.

If f(z,y) is an analytic function, then

ry) = Cily)!
=2
where )
Ca(y) = 5;(I = Q)f(0,9),

Gyt = 31 - Y

8 f(w y)

|m 0

L dCs(y)

04( ) ‘1‘—0 E dy )

- @y

Therefore, we have the following asymptotics of the solution
L o 2% 2 3
u(w,y) = 52 Tf(0,0) + (y = ) Y < £(0,0), 41 > 61 + O + |af).
1
Example 5
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Consider the equation of 5th order
03 [ 0? 0?
%0 (W + 1>u(x,y,t) + (8—y2 + A)u(m,y,t) = f(z,y,t) (4.11)
with boundary conditions

Ulgeg =0, Ulp—r =0, (4.12)

uly—0 = 0, u|y—r = 0. (4.13)

Introduce initial conditions

o ¢
O S LALLCAL0) P (4.14)
ot —o0
where
2 ™
P= —/ sin x sin s-]ds
™ Jo

is the projector on Ker B.

The operator B = (%22 + 1 with condition (4.12) maps from C
(:%071}

Let A\ # n?, f(x,y,t) be a continuous function in the domain 0 < z < 1,
0<y<1,t>0.

Then from the proof of theorem 1 it follows that equation (4.11) with
the initial and boundary conditions (4.12), (4.13), (4.14) has the unique
classical solution.

Example 6

Consider the differential-difference integral equation

o(2)
1

0.1] n

1
8u(att, x)_3/ wsaugt, s)ds = u(t,x)+ u(t—A, )+ f(t,z), t >0, (4.15)
0

u(t, ) =0.
—~A<t<0

Following example 2, without loss of generality, we are looking for a
solution in the form of a sum

u(t,z) =v(t,x) + c(t)x, (4.16)
where

1
/ sv(t, s)ds = 0.
0
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Using the steps method we uniquely define the functions v(¢,z) and c(t)
from the following problems

—81}&’@ =o(t,z) + \w(t — A,z) + f(t,z) — 3 fol xsf(t,s)ds,

v =0,
—A<t<0

c(t) + Ae(t — A) = =3 fol sf(t,s)ds,

c(t) =0

~A<t<0

If A = 0, then (4.16) satisfies the initial condition (4.5), and we come to
the result discussed in Example 2.

5. Conclusion

The very first results concerning nonclassical correct boundary condi-
tions for a degenerate differential equation with the Fredholm operator
were established in paper [21].

In papers [8-10] the general approach how to construct the set of correct
boundary condition for equation (1.1) was considered. For example, some
authors effectively exploited Showalter-Sidorov boundary conditions for the
mathematical modeling of complex problems (see [25;26] ). Such conditions
can be obtained as a special case of the approach established above. Of
particular interest is finding the solution of a irregular PDE system (1.1),
where operator B is assumed to enjoy the skeleton decomposition [15].

In paper [15] the first version of skeleton chains of a linear operator is
introduced. In this case the problem of finding the solution of a singu-
lar PDE (1.1) also can be reduced to the regular split systems of equa-
tions. The corresponding systems also can be solved with the respect
of taking into account certain initial and boundary conditions. However
the effective use of the concept of skeleton chains for applications will
be in the future. The development and applications of our functional
approach to other linear and nonlinear integral and integro-differentional
systems can be found in [12]- [23] and in mathematical reviews (for exam-
ple, see MR3721762, MR1959647, MR 0810400, MR3343641, MR2920089,
MR279574, MR2675324, MR3201397, etc.)

It should be noted that the interest in this field was stimulated by the
important problems first posed in the famous article by L. A. Lusternik
”Some issues of nonlinear functional analysis” [4].
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Kunaccuyeckue penieHnsi rpaHUYHBIX 337a4 s audde-
pEeHINAIbHBIX yPaBHEHUII B YACTHBIX MPOU3BO/IHBIX C Oliepa-
TOPOM KOHEYHOT'O MH/IEKCA B IVIABHOU YacTu

H. A. Cunopos

Hpxymexuti 2ocydapemeennmidi ynusepcumem, Hprxymex, Poccutickas
Dedepayus

Awnunoramusi. B crarbe naercst 0630p pe3y/IbTaToB B 00JIACTH HEPETYJISIPHBIX ypaBHE-
HUl B GAHAXOBBIX POCTPAHCTBAX C YaCTHBIMUM ITPOU3BOIHBIMU C HEOOPATUMBIM OIEPATO-
POM B IJIaBHO# YacTu ypaBHeHusi. HeKOTOpbIe pe3ysibTaThl CTATbU PaHee AaHOHCUPOBAJINCH
B npenpunTax. [lokazano kak, ncrnonab3ys nadopmalmio 06 06obIIenHol B cMbicie Kes-
JBIIIA YKOPIAHOBOM CTPYKTyPe ONEPATOPHBIX KOIMDMOUIUEHTOB yPABHEHUSI, MOXKHO CBO-
JIATh HEpEeryJsipHbIE 33/1a4M K PerysipHbiM. Ha 9Toit OCHOBE JIeMOHCTPUPYETCsT PEIeHIe
mpobsIeMbl TOA00Pa KOPPEKTHBIX T'PAHUYHBIX YCIOBUM IS IIUPOKOrO KJIACCA HEPEry-
JISPHBIX YPaBHEHWII B YaCTHBIX MPOU3BOIHBIX BBICOKOrO mopsijika. OO6Iue TeopeMbl O
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PEeLyKINH, IPUBE/IEHHBIE B CTaThe, JAal0OT BO3MOXKHOCTD He TOJIBKO IIO/IyYaTh JJOCTATOYHBIE
YCJIOBHS CyIIIECTBOBAHUS U €IMHCTBEHHOCTHU KJIACCUYECKUX PEIIEeHN, HO U CTPOUTH Pellle-
HUS C BXOJIHBIMHA JIAHHBIMU, B3ATHIMHU U3 KCIIEPUMEHTA. 'eoprst abCTPAKTHBIX yPABHEHUN
B 6AHAXOBBIX IIPOCTPAHCTBAX HA COJEPXKATEIBHOM YPOBHE WJLIIOCTPUPYETCS PEIIEHUEM
TPaHUYHBIX 33784 JIjIsl Psijla KOHKPETHBIX MHTErpo-audpepeHnaabHbIX 1 PA3SHOCTHBIX
YPaBHEHUI PA3/IMIHBIX ITOPAIKOB.

KuroueBsbie cjioBa: BeIpOXKIEHHBIE TudhepeHnnaabHbie ypaBHEHUsI, 6AaHAXOBBI PO~

CTPAHCTBA, HETEPOB OMEPATOD, TPAHUTHAS 33/1a9a.
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