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Abstract. The problem of numerical solving a system of nonlinear equations is consid-
ered. Elaboration and analysis of two modifications of the Newton’s method connected
with the idea of parametrization are conducted. The process of choosing the parameters
is directed to provision of the monotonicity property for the iteration process with respect
to some residual.

The first modification uses Chebyshev’s residual of the system. In order to find the
direction of descent we have proposed to solve the subsystem of the Newtonean linear
system, which contains only the equations corresponding to the values of the functions
at a current point, which are maximum with respect to the modulus. This, generally
speaking, implies some diminution of the computational complexity of the modification
process in comparison to the process typical of Newton’s method. Furthermore, the
method’s efficiency grows: the subsystem can have its solution, when the complete system
is not compatible. The formula for the parameter has been derived on account of the
condition of minimum for the parabolic approximation for the residual along the direction
of descent.

The second modification is connected with the Euclidean residual of the system. It
uses the Lipscitz constant for the Jacobi matrix. The upper bound estimate for this
residual in the form of a strongly convex function has been obtained. As a result, the
new modification has been constructed. Unlike that for Newton’s method, it provides
for nonlocal reduction of the Euclidean residual on each iteration. The fact of global
convergence with respect to the residual for any initial approximation at the rate of
geometric progression has been proved.

Keywords: nonlinear system of equations, Newton’s method with parameter, modifica-
tions.
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Introduction

The problem of numerical analysis for the systems of nonlinear equations
still retains its theoretical and application urgency in the aspect elevation
of both efficiency and diversity of the methods used for its solving.

No doubt, the main approach used for solving systems of nonlinear
equations is the classical Newton’s method (NM) which attracts atten-
tion of specialists in computational mathematics during many decades.
Presently, one can find a large number of NM modifications, which provide
for improvement of some characteristics of the iteration process (complexity
of realization, domain and rate of convergence, property of monotonicity,
etc.) [2; 5–7;9–12]

In the present paper, the author constructs two modifications of NM
with alternative characteristics. The basis of the approach is formed by a
technology of NM with parameter, which is quite natural from the view-
point of optimization methods. In this case, the choice of the parameter
is directed to provision of the property of monotonicity of the iteration
process with respect to some residual.

The first modification (M1) uses Chebyshev system’s residual (maximum
of modules). To the end of finding the direction of descent with respect to
this residual we propose to solve the subsystem of the Newtonean linear
system, which contains only equations corresponding to maximum (with
respect to the modulus) values of functions at a current point. The normal
solution of this subsystem, in which the number of equations is, in the
general case, smaller than the dimension of initial system, is taken as the
basis. This, generally speaking, leads to the reduction of the computational
complexity of modificationM1 in comparison with NM. Furthermore, mod-
ification M1 can work (the subsystem has a solution), when the iteration
of NM is not realized (the full system is not compatible). Absence of the
guaranteed diminution of the residual for the proposed value of the param-
eter, which is obtained from the condition of minimum of the parabolic
approximation, is considered as a minus of the modification process.

The second modification (M2) is connected with the system’s Euclidean
residual, and it uses the Lipschitz constant for the Jacobi matrix, which
can be found in conditions of the theorem on convergence of NM. An
upper estimate for this residual in the form of a strongly convex function
(majorant) has been obtained. Along the Newtonean direction of descent
this majorant is bounded in its turn by the convex parabola, whose min-
imization leads to an obvious formula for the parameter. As a result, we
have obtained a modification M2, which, unlike that of NM, provides for
the nonlocal diminution of the Euclidean residual on each iteration. The
fact of global convergence of M2 with respect to the residual (for any initial
approximation) at the rate of geometric progression with denominator (0,5)
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has been proved. Note that the Lipschitz constant, which exists inM2, may
be computed by the formula for quadratic systems.

1. Newton’s method and the corresponding relations

Consider the following system of equations

fi(x1, ..., xn) = 0, i = 1, n (1.1)

under the assumption that fi : Rn → R are continuous-differential func-
tions with the gradients ∇fi(·).

Having assumed that x = (x1, ..., xn), F = (f1, ..., fn), let us proceed to
the vector form

F (x) = 0. (1.2)

Let F ′(x) be a Jacobi matrix for the vector function F (x) with rows
∇fi(x), i = 1, n.

A standard formula of the Newton’s method with the application to
equation (1.2) has the form:

xk+1 = xk − (F ′(xk))−1F (xk), k = 0, 1, ... (1.3)

Within frameworks of system (1.1) this formula is realized as follows

xk+1 = xk + pk, k = 0, 1, ...,

where vector pk is a solution of the linear system

〈∇fi(xk), x〉 = −fi(xk), i = 1, n. (1.4)

The iterative procedure

xk+1 = xk + αkp
k, k = 0, 1, ...

with parameter αk > 0, which can be obtained with the aid of an explicit
formula or as a result of one-dimensional search to the end of diminution of
the residual ϕ(x) of system (1.1) on a set of points xk(α) = xk+αpk, α > 0
is a natural modification of Newton’s method. The extremum property is
the sufficient condition of such diminution: vector pk is the direction of
descent of function ϕ(x) at point xk.

Consider now the following residual function in the Euclidean form

ϕ1(x) =

n∑

i=1

f2i (x).
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Hence vector pk is the direction of descent of function ϕ1 at point xk :
ϕ1(x

k) > 0. Indeed, the derivative with respect to the direction pk is
negative:

〈∇ϕ1(x
k), pk〉 = −2ϕ1(x

k) < 0.

Next, consider the conditions of the theorem on convergence of NM in
the form (1.3) [1; 8]

1) the vector function F (x) is continuous differentiable in the domain

Sδ = {x : ||x− x∗|| < δ}, δ > 0,

where x∗ is the solution of equation (1.2);
2) for all x ∈ Sδ there exists an inverse matrix (F ′(x))−1, furthermore,

||(F ′(x))−1|| ≤ α1, α1 > 0;

3) for all x, y ∈ Sδ
||F (x) − F (y)− F ′(y)(x− y)|| ≤ α2||x− y||2, α2 > 0;

4) x0 ∈ Sǫ, ǫ = min{δ, 1
α}, α = α1α2.

Under these conditions, the quadratic convergence of NM is ensured by
the following inequality

||xk+1 − x∗|| ≤ α||xk − x∗||2.

Let us pay attention to condition 3), which has a nonstandard character:
under the sign of the norm stands its increment minus its linear part. The
Lipschitz condition for the Jacobi matrix are more preferable (the matrix
norm and the vector norm are correlated)

||F ′(x)− F ′(y)|| ≤ L||x− y||, x, y ∈ Sδ,

from which follows condition 3) for α2 =
1
2L [3; 5].

Right the Lipschits condition may be taken as the basis for constructing
modification M2. In this connection, let us identify the systems (1.1) with
quadratic functions

fi(x) =
1

2
〈x, Aix〉+ 〈bi, x〉+ ci, i = 1, n,

where Ai ∈ Rn×n is a symmetric matrix; bi ∈ Rn, ci ∈ R.
Consider the Lipschitz condition for the gradient ∇fi in the Euclidean

vector norm || · ||2
||∇fi(x)−∇fi(y)||2 ≤ ||Ai||2||x− y||2, x, y ∈ Rn. (1.5)

Here ||Ai||2 is a spectral matrix norm. On account of the property of
symmetry this is a spectral radius of matrix Ai : ||Ai||2 = ρ(Ai). According
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to the known property ρ(Ai) ≤ ||Ai||, where ||Ai|| is any norm of matrix
Ai.

Let us verify the Lipschitz condition for the matrix F ′(x) on Rn, while
using the Frobenius matrix norm || · ||F and the Euclidean vector norm
coordinated with it

||F ′(x)− F ′(y)||F ≤ L||x− y||2, x, y ∈ Rn. (1.6)

On account of the structure of matrix [F ′(x) − F ′(y)] and inequality
(1.5), we obtain

||F ′(x)− F ′(y)||2F =
n∑

i=1

||∇fi(x)−∇fi(y)||22 ≤

≤
(

n∑

i=1

||Ai||22

)
||x− y||22.

Whence we come to the Lipschitz condition

||F ′(x)− F ′(y)||F ≤ L2||x− y||2, x, y ∈ Rn

with the constant

L2 =

(
n∑

i=1

ρ2(Ai)

) 1
2

.

Note further that the matrix norm ||Ai||F is also admissible in inequality
(1.5), what leads to the Lipschitz condition with a constant

LF =

(
n∑

i=1

||(Ai)||2F

)1
2

.

In this case, L2 ≤ LF .
Therefore, in case of quadratic systems, the Jacobi matrix satisfies the

Lipschitz condition on Rn with the constants L2, LF , which are expressed
via the norms of matrices of secondary derivatives Ai, i = 1, n.

In the general case, it is necessary to obtain estimates for matrices of
the second derivatives ∇2fi(x), i = 1, n in some domain Sδ

||∇2fi(x)||F ≤ li, x ∈ Sδ.

As a result, we arrive at the Lipschitz condition of the form (1.6) on Sδ
with the constant

L =

(
n∑

i=1

l2i

) 1
2

.
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2. Chenyshev’s residual. The first modification

Let us define the following residual function of system (1.1) at point x

ϕ2(x) = max
1≤i≤n

|fi(x)|.

Let us identify a set of indices of the active (the most deviating from
zero) functions at this point

I(x) = {i = 1, ..., n : |fi(x)| = ϕ2(x)}.

Consider the issue of differentiability of function ϕ2(x) with respect to
the directions.

Let at some point y ∈ Rn function fi(x), i ∈ I(y) is different from zero:
fi(y) 6= 0. Then function |fi(x)| is continuously differentiable at point y
with the gradient

∇|fi(y)| = ∇fi(y) signfi(y).
Let now proceed to function ϕ2(x). On account of the known result for the
function of maximum [4] we come to the conclusion on differentiability of
function ϕ2(x) at each point y : ϕ2(y) > 0 with respect to any direction
q ∈ Rn, q 6= 0 with the derivative

dϕ2(y)

dq
= max

i∈I(y)
〈∇fi(y), q〉 signfi(y).

Now let us define vector q(y) as a solution of the linear system

〈∇fi(y), x〉 = −fi(y), i ∈ I(y).

The corresponding derivative with respect to the direction q(y) may be
expressed as follows:

dϕ2(y)

dq(y)
= max

i∈I(y)
[−fi(y) signfi(y)] =

= max
i∈I(y)

(−|fi(y)|) = max
i∈I(y)

[−ϕ2(y)] = −ϕ2(y) < 0.

Therefore, vector q(y) gives the direction of descent for the residual
function ϕ2(x) at point y : ϕ2(y) > 0.

Next, it is possible to organize some procedure of local descending along
the direction q(y) to the end of reduction of the residual ϕ2. Although,
when following [6], one can find an explicit formula for an acceptable step
along q(y) within the frames of the following scheme.

Let us conduct parabolic approximation of the function

s(α) = ϕ2(y + αq(y)), α > 0
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acccording to the rule

s(α) ≈ ϕ2(y) +
dϕ2(y)

dq(y)
α+ cα2 = ϕ2(y)(1 − α) + cα2. (2.1)

Coefficient c may be found from the condition of interpolation when
α = 1 :

s(1) = c ⇒ c = ϕ2(y + q(y)).

Step α(y) may be expressed, while proceeding from the condition of
minimum for the approximation

ϕ2(y + q(y))α2 − ϕ2(y)α→ min, α > 0.

As a result, we obtain the desired expression for the step:

α(y) =
ϕ2(y)

2ϕ2(y + q(y))
.

Let us consider the iteration description of the proposed modification
M1.

Let k = 0, 1, ... , xk ∈ Rn. Identify the indices of active functions at
point xk

Ik = {i = 1, ..., n : |fi(xk)| = ϕ2(x
k)}

and obtain solution qk for the linear system

〈∇fi(xk), x〉 = −fi(xk), i ∈ Ik. (2.2)

Now compute the step

βk =
ϕ2(x

k)

2ϕ2(xk + qk)

and construct a sequential approximation

xk+1 = xk + βkq
k.

Remark 1. A linear system (2.2) represents a fragment of the linear
system of NM with respect to active functions. It is advisable to find a
normal solution of system (2.2) such as a linear combination of gradients
of active functions:

x =
∑

j∈Ik

γj∇fj(xk).

This leads to a linear system having the dimension equal to the number of
the functions, which are the most deviating from zero .
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Remark 2. The choice of step βk does not, generally speaking, guarantee
any reduction of residual ϕ2 in case of transition xk ⇒ xk+1 due to the
approximate character of relation (2.1). Nevertheless, obtaining an explicit
expression for the stepwise parameter is – due to the definite approximation
of the residual function – a desirable requirement in case of constructing
the methods for solving the systems of equations in [2; 6].

3. Euclidean residual. The second modification

Consider the system (1.1) in its vector form (1.2) and define the residual
function in the Euclidean norm

ϕ(x) = 〈F (x), F (x)〉 1
2 = ||F (x)||.

Let us find the the upper functional estimate for the residual ϕ(x) (the
majorant function) under the assumption that the Jacobi matrix F ′(x)
satisfies the Lipscitz condition on Rn with constant L (the matrix norm
correlated with with the Euclidean norm)

||F ′(x)− F ′(y)|| ≤ L||x− y||, x, y ∈ Rn.

It is known, this condition implies the following estimate:

||F (x) − F (y)− F ′(y)(x− y)|| ≤ 1

2
L||x− y||2.

Now, when putting here y = xk, we obtain the following

||F (x)− F (xk)− F ′(xk)(x− xk)|| ≤ 1

2
L||x− xk||2.

Next, let us use the obvious inequality for the difference of the norms

||a|| − ||b|| ≤ ||a− b||.

On account of the previous estimate we obtain:

||F (x)|| − ||F (xk) + F ′(xk)(x− xk)|| ≤

≤ ||F (x)− F (xk)− F ′(xk)(x− xk)|| ≤ 1

2
L||x− xk||2.

As a result, we obtain the upper estimate (estimate from above) for the
residual

ϕ(x) = ||F (x)|| ≤ rk(x), x ∈ Rn

with the majorant

rk(x) = ||F (xk) + F ′(xk)(x− xk)||+ 1

2
L||x− xk||2.
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Note that ϕ(xk) = rk(x
k). Furthermore, the following important prop-

erty takes place: function rk(x) is strongly convex on Rn with constant
(12L). This means that for any x1, x2 ∈ Rn and α ∈ [0, 1] satisfied is the
following inequality

rk(αx
1 + (1− α)x2) ≤ αrk(x

1) + (1− α)rk(x
2)− 1

2
Lα(1 − α)||x1 − x2||2.

Now let us conduct the iteration description of the second modification
(M2).

Let us define the set

D = {x ∈ Rn : ϕ(x) 6= 0, detF ′(x) 6= 0}

of nonsigular points, which do not represent the solution of system (1.2).
Let k = 0, 1, ..., xk ∈ D. Let us find an auxiliary point yk according to

Newton’s method, while solving the linear system

F (xk) + F ′(xk)(x− xk) = 0.

This is the point corresponding to the minimum of the first addend in the
expression of rk(x). Note that

yk 6= xk, rk(x
k) = ϕ(xk), rk(y

k) =
1

2
L||yk − xk||2.

Now we can form the following convex combination:

xk(α) = (1− α)xk + αyk, α ∈ [0, 1].

Due to the property of strong convexity of function rk(x) we have:

rk(x
k(α)) ≤ (1− α)rk(x

k) + αrk(y
k)− 1

2
Lα(1− α)||yk − xk||2.

After obvious transformations in the right-hand side, we obtain the
estimate quadratic with respect to α estimate

rk(x
k(α)) ≤ ϕ(xk)− ϕ(xk)α+

1

2
L||yk − xk||2α2. (3.1)

Now we are solving the problem of finding the minimum for the convex
parabola:

sk(α) =
1

2
L||yk − xk||2α2 − ϕ(xk)α→ min, α ∈ [0, 1].

As a result, we obtain the following expression for the step:

αk = min

{
1,

ϕ(xk)

L||yk − xk||2
}
.
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Let us now formulate the following approximation

xk+1 = xk + αk(y
k − xk).

Note the following important characteristic of the iteration.

Lemma 1. There exists a property of nonlocal improvement with respect
to the residual: ϕ(xk+1) < ϕ(xk).

Proof. According to the estimate obtained above, ϕ(xk+1) ≤ rk(x
k+1).

Next, due to (3.1) for α = αk we obtain

rk(x
k+1) ≤ ϕ(xk) + sk(αk).

Since sk(0) = 0, dsk(α)
dα

∣∣
α=0 = −ϕ(xk) < 0, we have sk(αk) < 0. Conse-

quently, rk(x
k+1) < ϕ(xk).

Remark 3. The complexity of realization of the modification obtained
coincides with that of NM. The improvement is bound up with monotonicity
with respect to the residual, which is not guaranteed by NM .

Remark 4. According to the iteration formula NM yk = xk + pk, i.e.
modification M2 is represented in the form xk+1 = xk + αkp

k, αk ∈ [0, 1].
This is NM with parameter. If αk = 1, then we obtain a NM iteration with
the property of improvement with respect to the residual. If αk < 1, then
an obvious approximation xk+1 is on the segment [xk, yk]..

4. Estimation of reduction of the residual. Convergence of M2

Let us study the issue of convergence of modification M2 with respect
to the residual under the condition xk ∈ D, k = 0, 1, ...

Consider the quadratic estimate (3.1) when α = αk

ϕ(xk+1) ≤ rk(x
k+1) ≤ (1− αk)ϕ(x

k) +
1

2
L||yk − xk||2α2

k. (4.1)

Introduce the denotation

γk =
ϕ(xk)

L||yk − xk||2 .

Hence αk = min{1, γk}.
Consider the first case, when γk < 1 ⇒ αk = γk. From (4.1) we obtain

ϕ(xk+1) ≤ (1− γk)ϕ(x
k) +

1

2
γkϕ(x

k) = (1− 1

2
γk)ϕ(x

k).
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Consider the second case: γk ≥ 1 ⇔ ϕ(xk) ≥ L||yk − xk||2.
Hence αk = 1, and inequality (4.1) acquires the following form:

ϕ(xk+1) ≤ 1

2
L||yk − xk||2 ≤ 1

2
ϕ(xk).

Having joined these two cases, we obtain an estimate of reduction of the
residual on the iteration

ϕ(xk+1) ≤
{

(1− 1
2γk)ϕ(x

k), γk < 1,
1
2ϕ(x

k), γk ≥ 1.

The sequence {ϕ(xk)} is monotonously decreasing and bounded, hence
it is converging, i.e.

ϕ(xk+1)− ϕ(xk) → 0, k → ∞.

Suppose that the case, when γk < 1, is satisfied an infinite number
of times, i.e. there exists a sequence of indices kj , j = 1, 2, ... such that
γkj < 1. Hence

ϕ(xkj+1) ≤ (1− 1

2
γkj )ϕ(x

kj ), j = 1, 2, ...

Whence we have

ϕ(xkj+1)− ϕ(xkj ) ≤ −1

2
γkjϕ(x

kj ).

When j → ∞, the difference in the left-hand side converges to zero.
Consequently,

γkjϕ(x
kj ) =

ϕ2(xkj )

L||ykj − xkj ||2 → 0, j → ∞. (4.2)

According to the definition of point ykj we have

ykj − xkj = −[F ′(xkj )]−1F (xkj ).

Suppose that the inverse matrix is bounded above with respect to the
norm in domain D

||[F ′(x)]−1|| ≤ C, x ∈ D.

Hence

||ykj − xkj || ≤ ||[F ′(xkj )]−1|| · ||F (xkj )|| ≤ Cϕ(xkj ).

Furthermore, from (4.2) we obtain the lower bound

γkjϕ(x
kj ) ≥ ϕ2(xkj )

LC2ϕ2(xkj )
=

1

LC2
, j = 1, 2, ...
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The latter contradicts to the fact of convergence

γkjϕ(x
kj ) → 0, j → ∞.

Consequently, the assumption of infinite realization of the case, when
γk < 1, is wrong, i.e. this inequality is fulfilled a finite number of times in
the process iterations.

Therefore, it is possible to find an index k0 such that for k ≥ k0 the
condition γk ≥ 1 is satisfied, i.e.

ϕ(xk+1) ≤ 1

2
ϕ(xk), k = k0, k0 + 1, ...

Therefore, we have proved the property of convergence with respect to
the residual: ϕ(xk) → 0, k → ∞. The rate of convergence is represented by
a geometrical progression with denominator 1

2 . The domain of convergence
is represented by set D.

In the case, when γk < 1, reduction of the residual is characterized by
the following inequality

ϕ(xk+1) ≤ (1− 1

2
γk)ϕ(x

k)

with multiplier (1− 1
2γk) ∈ (12 , 1).

Conclusion

The present paper has described the techniques of constructing two
new modifications of Newton’s classical method, which are connected with
parametrization of its iteration formula.

The first modification uses Chebyshev’s residual and on each iteration
leads to obtaining a solution for some subsystem of the Newtonian linear
system, what improves characteristics of the method.

The second modification uses the Lipschitz constant for the Jacobi ma-
trix and provides for nonlocal reduction of the Euclidean residual on each
iteration. The fact of global convergence of the iteration process with
respect to the residue at the rate of geometric progression has been proved.
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Некоторые модификации метода Ньютона
для решения систем уравнений

В. А. Срочко

Иркутский государственный университет, Иркутск, Российская
Федерация

Аннотация. Рассматривается задача численного решения системы нелинейных
уравнений. Проводится разработка и обоснование двух модификаций метода Нью-
тона, связанных с идеей параметризации. При этом выбор параметра направлен на
обеспечение свойства монотонности итерационного процесса по некоторой невязке.

Первая модификация использует чебышевскую невязку системы. Для поиска
направления спуска предлагается решать подсистему ньютоновской линейной си-
стемы, которая содержит только уравнения, соответствующие максимальным по
модулю значениям функций в текущей точке. Это приводит, вообще говоря, к умень-
шению вычислительной трудоемкости модификации по сравнению с методом Нью-
тона. Кроме того расширяется работоспособность: подсистема может иметь решение,
когда полная система не совместна. Формула для параметра получена из условия
минимума параболической аппроксимации для невязки вдоль направления спуска.
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Вторая модификация связана с евклидовой невязкой системы и использует кон-
станту Липшица для матрицы Якоби. Получена оценка сверху для этой невязки
в форме сильно выпуклой функции. В результате построена модификация, кото-
рая в отличие от метода Ньютона обеспечивает нелокальное уменьшение евклидо-
вой невязки на каждой итерации. Доказана глобальная сходимость по невязке для
любого начального приближения со скоростью геометрической прогрессии.

Ключевые слова: нелинейная система уравнений, метод Ньютона с парамет-
ром, модификации.
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