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O06o6mIeHHbIE pellleHnsT HECTAITMOHAPHBIX
BBIPOXKIeHHbIX AuddepeHiinaaibHbIX YPaBHEHNII
B 0aHAXOBBIX IIPOCTPAHCTBAX

M. B. ®ananees (mihail@ic.isu.ru)
Hrnemumym mamemamuru, skonomuku u ungopmamury UI'Y, Hpkymcex

AnHotanusa. /lanHas 3amMeTKa IpeACcTaBiIsieT cOO0H MPOIOIKEeHIe ITUKJIa paboT aBTopa
10 BOIIPOCAM ITOCTPOEHMSI TEOPUU OOODINEHHBIX PEIIeHU BBIPOXKIEHHBIX auddepeHim-
aJIbHBIX ypPaBHEHWI B 6AHAXOBBIX MPOCTPAHCTBAX M IOCBIIIEHA HCCJIEJOBAHUIO pa3pe-
IIAMOCTH B KJIacCe paclpejiesiennii 3a1aun Komm Jj1st BBIPOXKIeHHOTO auddypepeHnnaib-
HOI'O ypaBHEHMs [EPBOrO IOPsiJIKA C IIEPEMEHHBIMH OIIEPATOPHBIMU KO3 UIIMEHTAMHA.
Takue 3amaum, B ciaydae pearosbMOBOCTH OMEPATOPa MPU ITPOU3BOIHOMN, CBOISTCI K
HCCJIEIOBAHMIO CHCTEM HHTErpPaJIbHBIX ypaBHeHmii Bosbreppa 1-ro poma c siipom 06-
mero Buja. Vcmosib30BaB, BO-TIEPBBIX, MOJyYEHHBIE PaHEe PE3YJIBTATHI O PA3PEITUMOCTH
TaKUX CUCTEM B KJIACCe HEIPEPBLIBHBIX (DYHKIUI M, BO-BTOPBIX, TEOPUIO (DyHIAMEHTAIb-
HBIX OMepaToOpP-(QYHKIMI BBHIPOXKIEHHBIX AnddepeHInaIbHBIX OIepPaTOPOB B DAHAXOBBIX
[IPOCTPAHCTBAX, YAAJOCh HOCTPOUTH ODOOIIEHHOE DelleHre PACCMATPUBAEMOIl 3a/a49 B
KJtacce OOOOITEHHBIX (DYHKIMI C OTPAHUIEHHBIM CJIeBa HOocuTeaeM. VccimemoBana CBSI3b
MOJIy YEHHOTO 0HOBIIEHHOTO PEIEHNsI C HEMPEPBIBHBIM PEIIEHUEM STOH Ke 3aja4u. [1pu-
BeneHa gopMmysia a1t GYHIAMEHTAIBHON OMepaTop-pyHKIINA HECTAIIMOHAPHOTO audde-
PEHIMAIBHOIO OIEPATOpa MEPBOTO MOPSIIKA B PETYJISIDHOM CJIydae.

KuroueBbie ciioBa: dppenroabMoB onepaTop, ypaBHeHus Bosbreppa

Bsenenue

PaccmarpuBaercs 3anada Komm Buia
Bi(t) = A(t)x(t) + f(t), (0.1)

z(0) = o, (0.2)

rae B, A(t) — samkhyTble JinHelHbIe onieparopel U3 Fy B FEo, Ey, Fy —
6anaxossl npocrpancrsa, D(B) C D(A(t)), D(B) = D(A(t)) = E1, B —
dpearosnbmos [1], A(t) — cunbHO HenpepbIBHAsT OnepaTOp-MyHKIUS KJIACCa
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C*(RY), npuuem A*(t) cymecrsyer npu noutu seex t, R(B) = R(B), f(t)
JIOCTATOYHO TVIaJIKasi (DYHKIS CO 3HAYCHUSIMU B .

Bagaun suga (0.1) — (0.2) e Beerja paspemmmbr B kiaacce C0; +00),
osToMy B pabore CTposiTcsi 0OOOIIEHHbIE DENIeHus! 9TOI 3a/a4il B KJac-
ce pacrpe/ie/IeHUi ¢ OrpaHIYeHHBIM cyieBa HocuTesnaeM. VcciemoBana cBsi3b
MEKJly IIOCTPOCHHBIM OOOONIEHHBIM U IVIAJKHM DEIICHUSAME 38181

(0.1)—(0.2).

1. HenpepsiBable perrenus: 3agaqun (0.1)—(0.2)

[Iycrs {¢;, 1 = 1,...,n} — 6azuc saupa N(B), ¢, | = 1,...,n — 6azuc
sinpa N(B*), I' — oneparop HImuara [1] coorBercrByromuii B.

O6oznaunm uepes U(t) : Ey — FEy paspermatoniuii oneparop [2| ypasHe-
HUA

#(t) = A()Ta(t), (1.1)

Toryia pemienne 3aja4un Ko st ypaBaenust (1.1) ¢ HauaabHBIM yCJI0BUEM
T MPEJICTABUMO B BUJIE

(1) = U(t)Zo.

T
Hns  paspematomero oneparopa U(t) crpaBeiMBo IpeJCTaBIEHUE
(em. [2]):

t tg

Ut) = 12+/A(t1)1“dt1+§://.../A(tk)FA(tk_l)F...A(tl)l“dtl...dtk,
0 k=27 0 0

IpuIeM
t
| U 1< exp [ | AGT | d.
0

U (t) menpepwisro obpaTnM, T.e. U™ L(t) € L(Fs), n
Ut) = AOTU(L), U(0) = Iy,
UHt) = U AT, UTH0) = I,

Iy : Ey — F5 — equHuvHbI (TOXKIECTBEHHBII) OIIepaTop.
Hasee ncnonb3yrorcst TepMuHOJIOrHst U 0603HaUeHust pador |3, 4, 5.

JlemMma 1. (Bcromorarenbnast). O6obwernas onepamop-@PyHkyus
(1) =u(t) (Lo «u=()),
deticmeyrowan na obobwennvie gynryuu g(t) € K'(E2) no npasuay

E(t)g(t) = U)(10(t) U (Hg (1)),
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asasemes Pynoamenmanvnot [3, 4] das duddepenyuarvrozo onepamopa
(1:9'(t) « —A@)T),

na Kaacce obobwennmx gynkuyud g(t) € K'(E3), dan xomopux cywecmey-
em ceepmua Io0(t)xU 1 (t)g(t) (maxosvim 6ydem, nanpumep, xaace K' (Es)

13, 4])-

Jloxazamenvemeo. Heitcrsurensho, Vg(t) € K'(E3) cupaBeimBa ciie/yo-
1Iasi [EIoYKa PABEHCTB

(220(1) % —A@T)E(@D)g(1) = — [U() (100 * U (1)g(1)) ]

—AGTU) (LOE) + U (D)g(t)) = U (1) (L0(t) « U (#)g(t) )+
FU(E) (B3(1) + U (Dg(t)) — ADTU) (LO(1) <1 (D)g(1)) =
= A@TU() (BO(E) « U (D)g(t)) +UBDU (g (t)—

—AWTU®) (O U (1)g(1)) = 9(6) = Td(1) * (1)

(18 () « —A(OT)E(t) = L3(t)

9TO W O3HAYAET, COTJIACHO OIpPE/Ie/IeHNIO (PYHIaMEHTAIbLHON onepaTop-dyH-
ki |3, 4], cupaBeuIMBOCTDL yTBEPXKIEHUST BCIIOMOTATebHON JieMMbl. [

Bsenem cienyrormye yHKIIAN:

t

(e =~ [ ) (Ao + £(7)) ),

0

Kpalt s) = (UOUT (5)A() g, 1), kil =1,....n.

ITycThb BBIOJIHEHO yCIIOBHE

A) Bce dynknun Ky (t, s) amamuruaast B okpectHoctn To4ku (0;0) mpn
|t} < R u|s| < R u Bce ux 4acTHBIE Mpon3BojHbe 10 (m — 1)-ro mopsii-
Ka BKJIIOYUTEJIbHO obpainatorcst B Hyib B Touke (0;0), HO He Bce dacTHbIe
[IPOU3BO/IHBIE M~T0O MOPsijiKa paBHbL Hy10 B Touke (0;0).

O6osnatmm wepe3 K;; marpuny u3 (i; j)-koaddunuenros Makiiopena
dyuximit Ky (t,s) n HasoBem Touky ¢t = 0 pezyaaprol JJisi MATPUIHOMN
bynxmm K (t,s) = Ky(t, s) ||, ecom obparnma matpuna 32, i, Kij, Te.

det Z K;; #0.

i+j=m
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Bsenewm cremyroruit psig MAaTpUUHBIX DYHKIUT

i+j=k

U Ha30BeM zapaxmepucmudeckum ypasreruem 3anaan (0.1) - (0.2) ypasue-
HH1Ee

det Ly (\) = 0.

s KazK/10T0 1EeJI0ro HEOTPUIATEHEHOIO0 KOPHS A\ XapaKTePUCTUIEeCKO-

T'O0 YypaBHEHUA 6y,ZLeM mnpearoJsaraTb BbIIIOJTHEHHBIM YCJIOBUE

B) marpuna Ly, (Ag) umeer mosHbiii 06001eH b { (_1]3!16 By 0 (Xo) }-x0p-

JlaHoB Habop |3, 5| ssemeHTOB {él(]), i=1,...,n0, 7 = 1,...,pi}, 371€ch
no = dim N (L, (o)) = n — rang Ly, (Ao).

Crenys [3, 5] kpammocmbio 1es10ro HEOTPHUIATEIHLHOTO KOPHST A9 HA30BEM
YHCII0

mo =max{p;, i =1,...,np},
a ero noka3amesem BeJImIuHy
qgo=p1 +tp2+ -+ DPng-
B [3, 5] mpuBesena u jokasaHa cJieyommast

Teopema 1. Ecau swnoaneno ycaosue A), rapaxmepucmuueckoe ypashe-

HUE UMEEM T HEOMPUUATNEALHHT yeavis Kophet 0 < A < Ay < ... < Ay
Kpamuocmet my, ma, ..., My € NOKAZAMENAMU 1,2, - - - 5 §ry ONA KAIHCAO20
u3 Komopwux svinoaneno ycaosue B), t = 0 pezyasphas ocobas moura 0as
K(t,s) u b(0) = b)(0) = ... = bl(m)(O) =0, [l =1,...,n, moeda 3ada-

wa Kowu (0.1) - (0.2) umeem (¢1 + g2 + ... + ¢») — napamempuyeckoe
HenpepueHoe pewenue 6uda

n

z(t) = 2o+ Tot) + Y &(t)ws,

=1

20e

n

o(t) = / UU T (r)(A(r)zo + £(7) + 3 &(r) A(r): ) dr,
0

i=1

wucaosvie Gyrryuy £ (t) 60cCMaANABAUBAIOMCA U3 CUCTNEMbL UHMELDANBHDIT
ypasHernuti Boavmeppa 1-20 poda

/ K(t,7)E(r)dr = B(t),
0
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(30eco €(t) = (&1(1), £2(0), - &a(D)), B(E) = (ba(), ba(0) - bu(t) ) — oen-

mop-cmoabyns) 6 sude A02aPUPMO-CMENENHBIT PAAOG, “acMb KoIPPuyUeH-

moe Komopuir codepotcam c80000HbLE NAPAMEMPYL U GHIPAINCAIOMCA “epe3

S )

ANEMEHMBL 000OULEHHLT {(TLW i) }-otcopdanos nabop.

. . T 7/
OJiHO M3 KeCcTKUX ycJaoBuil 1oif reopembl, a umenno, b(0) = b (0) =

= E(m)(O) = 0, MOXKHO CH$ITh, ec/iu cTpouThb perterne 3agaun (0.1) -
(0.2) B KJIACCE pacupeie/ieHuil.

2. O6o6iuenubie pemtenus 3agadu (0.1)-(0.2).

B 0606mienubix dynknusax 3agady (0.1) - (0.2) MoxKHO nepenucars B BUJIE
3, 4]

(B (£) + —A())2(t) = F(£)0(t) + Brod(2). (2.1)

Bynem nckath 06001eHHOE peIleHne B BUJIE CJIEIYIONENH CyMMbI

70 = T80 +y(0) + (m0+ S &0e)00) + Y wi- s (22)
=1 =1

wi=Y" 360 (t) € D, [6), (23)

Qo) «y(t) =0, Qx = (- vx), k=1,....n, (2.4)
y(t) € K (Ea).
[Tocsre mopcranosku (2.2) B (2.1) momyunm oraocuTenbho y(t) muddepen-

aJIbHOE ypaBHEHUE

n

(18 () = —AMD)y(t) = (A@)zo + F(1) + D A)pi - &(1))0(1)+

i=1

=1
pelnienne KOTOporo, B CUJLy BCIIOMOTaTeJIbHOU JIEMMBI, UMEET BU/T

y(t) = £(t) (A(t)zo + f(¢ +ZA i &(1))0( +Z€

nJIm

n

y(t) = [UOU ) (Ao + £(7) + 3 AT (D) dr+ (25)
0

=1
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n

+3 EWAWD)p: - w

=1
HeHOCpe,HCTBeHHI)IMI/I BBIYHCJICHUAMM HaXOIMM

m

EBAWpiws = 3 (~1Vey [uos) U wame)” | ow-

Jj=0 t=0

1 -1
_Z{jz chet_, _ubi1- u)(o)(u ()A(t)w)(u) }5(1)(,5)1,
t=0

[ToxcraBus Tenepb BbIpazkeHue st y(t) B coorHOeHus (2.4), MOIy<InM
CJIEJIYIOILYI0 CHCTEMY MHTEIPAJIbHBIX ypaBHeHuil Bosbreppa 1-ro poma

n

D

t
& Ku(t,0) ,
=1 0

Kip(t, 7)&(T)dT = by (t ZZ 1) ¢jj——r— 5

j—l-1

n m Jj—1 i—1—1
. o K;1(0,0
+> 3=y (-1 Y il atj_l_l_i(aTu) 00(t), k=1,....n,
=0

i=15=0

KOTOpasi, B CHIy ycJaoBus A), OKOHIATEIBHO IPHHAMACT BHL

n n

> [ Kt 7)&i(r)dr = by Zi ‘ w, k=1,....n

t
=17 i=1 j=0

U paspelnma OTHOCUTETbHO &;(T), ecom

d n : 6Klk(t0)
<bk ZZ 37'-7>:07 l:07"‘7m7k:17"‘7n'

i=17=0

9Ty CcHCTeMy JMHEHHBIX alreOpamdecKuX ypaBHEHHii (OTHOCHTEIBHO Cjj)
MOXKHO II€PENHcaTh MOOJOYHO B BEKTOPHO-MATPUYHOM BUJIE CJICLYIONIAM
obpazom

(=™~
I(m —1)!

A2 o Kimtsotmoira + o+ ()AL KT, 1=0,..0 m,

_ l _
Kim—iCm—1 = b( )( ) + Am l+1Klmfl+1cmfl+l_ (27)

rue ¢j = (clj,CQj,...,cnj),j = 0,1,...,m — BekTOp-cTOJIOIBI. Ecau
detKjpm—y # 0,1 = 0,1,...,m, 10 cucrema (2.7) OJHO3HAYHO pa3peIIn-
Ma OTHOCHUTENBHO Cj, j = 0,1,...,m H ClIe0BaTeIbHO BCe COCTABIISIONINE

0606111eHHOr0 perenus (2.2) MOTHOCTHIO BOCCTAHABINBAIOTCSL.
Takum 06pa3oM JI0Ka3aHa CileayIomast
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Teopema 2. Ecau swnoaneno ycaosue A), rapaxmepucmuieckoe ypashe-
HUE UMEEM T YEABT Heompuuamesvhux kopred 0 < A < Ay < ... < Ay
Kpamuocmetd my, ma, ..., My € NOKAZAMEAAMY 1,2, - - -, (r, OAA KAIHCOO-
20 U3 KOMOPLIT 6binoaneno ycaosue B), t = 0 pezyaspras ocobas mouka
ons K(t,s) udet Kjpyy # 0,1 =0,1,...,m, mozda 3adavwa Kowu (0.1) -
(0.2) umeem (q1 + q2 + ... + qr)-napamempuueckoe 060buLEeHHOE PEULEHUE
suda (2.2), (2.3), (2.5), 6 xomopom wucroswe dynryuu &;(t) soccmanas-
AUGAIOMCA U3 CUCTEMDL UHMEZPAALHLLT Yypasheruti Boavmeppa 1-20 poda
(2.6) 6 6ude nozapudmo-cmenennvr pados, wacmy KoIPHuULUEHMOE KOMO-
polx codepoicam c60600HbLE NAPAMEMPYL U GUIPANCAIOMCA UEPES IAEMEHIbL

—DkH o (k
0606WUWEHHDLT {%Lfn)()\i)}—mopaanoe HabOP, @ “UCA0EbIE KOIPPUULEH-
mot cuneyaaprot cocmasasrowets (2.3) 0606wennozo pewenus 00HO3HAYHO
soccmanasausaromes us cucmemvi (2.7).

CaencrBue 1. Ecau 6 ycaosuax meopemvl 2 b(0) = 5’(0) =...= E(m)(O) =
0, mo obobwennoe pewenue (2.2) okasrcemes Kaaccuueckum (2aadkum) us
meopemot 1.

Bameuanue 1. Yemopue A(t) € C°(RY) B zamaue (0.1)—(0.2) moxkmHO
0CJIabUTh, B 9TOM CJIydae 0000IIeHHOe pellleHrne MOXKHO Oy/IeT MTOCTPOUTD 110
9TOM 2Ke TeXHOJIOTUHU, HO YK€ B IIKaJe MPOCTPAHCTB 0O0OIIEHHBIX (DYHKITHI
KOHEUHOl ryrajikocTu [4].
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M. V. Falaleev
The Generalized solutions of the nonstationary degenerated
differential equations in Banach spaces

Abstract. This paper continues a series of papers on the problems of the construction
theory of the generalized solutions of singular differential equations in Banach spaces and
is focused on the investigation of Cauchy problem solvability in the class of distributions
for a singular differential equation of the first order with variable operators coefficients.
These problems in the case of the Fredholm operator by derivative can be reduced to
the investigation of the system of integral Volterra equations of the first kind with the
kernels of general types. Based on the results of solvability of these systems in the class
of continuous functions and the theory of fundamental operator-functions of degenerated
differential operators in Banach spaces, we can construct the generalized solutions of
the considered problem in the class of generalized functions with left-bounded support.
The connection between the obtained generalized solution and the continuous solution of
this problem was investigated. The formula of the fundamental operator-function of the
nonstationary differential operator of the first order in regular case was obtained.





