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HUrnemumym dunamuru cucmem u meopuu ynpasserus umeny B. M. Mampocosa CO
PAH

Awnnoranusi. B crarbe ucciemayercss MHOrOMEPHOE yPAaBHEHNE HEJIMHEIHOM TEIIOMPO-
BOJHOCTH. DTO ypaBHEHME IPEICTABJIEHO B BHJE II€PEOIPEIEJIEHHOM cucreMbl audde-
PEHIUAIBHBIX YPABHEHUI C 9aCTHBIMH IIPOU3BOMHBIMY (FIHMCIIO YPABHEHUIA GOJIBIIE TUCIIA
nckoMmbix yHknumii). Kak msBecTHO, mepeonpesesieHHas cucreMa auddepeHnnaIbHbIX
yPpaBHEHUIT MOXKET OBITH HECOBMECTHOM, y Hee MOXKET He CYIEeCTBOBATh HU OIHOTO PEIe-
Hus. [losroMy nyis ycraHOB/IeHHSI (baKTa CYIIECTBOBAHUS PEIIEHUI U CTEIeHH UX IIPO-
W3BOJIa TIPOBOJIUTCS AHAJIU3 JAHHOU MMEPEOIPEIEIEHHON crcTeMbl IuddepEeHINATBHBIX
ypaBHeHUil. B uTOre mpoBeneHHOr0 MCCIIeIOBAHUS IIOJIyY€eHbI HE TOJIBKO JOCTATOYHBIE,
HO ¥ HEOOXOJMMBIE U JIOCTATOYHBIE YCJIOBUSI COBMECTHOCTH IIEPEOIPEIETEHHON CHCTEMBI
muddepeHnnaabHbIX YPABHEHUHN ¢ YaCTHBIMU MPOU3BOAHbIMU. Ha ocHOBe 9THX pe3ysibra-
TOB C HUCIIOJIb30BAHUEM ypaBHEHUs JIMyBUIIIS U TEOPEMBI O HEOOXOIUMOM H JJOCTATOYHOM
YCJIOBUU TOTEHITUATHLHOCTH BEKTOPHOTO IOJIS M3JIATa€TCsl TOIXOT, TO3BOJISAIOMMI B Psie
cJlydaeB KOHCTPYKTHUBHO IIOCTPOUTH TOYHBbIE HEOTPHUIATEIbHbIE PEIIEHNsI MHOTOMEDHOI'O
YPaBHEHHUA HEJUHEHHOHN TENJIONPOBONHOCTU C KOHEYHOI CKOPOCTBIO PACIPOCTPAHCHUS
BosmyineHuil. Cpesy MOCTPOEHHBIX TOYHBIX PEIIEHWI MMEIOTCS U TaKuhe, KOTOpble He
SABJISIOTCS] MHBAPUAHTHBIMU C TOYKHU 3PEHUS TPYIII TOUYEUHBIX MPeoOpa30BaHUl U TPYIII
JIn-Beknynma. Ocoboe BHUMaHME yJ/eJIEHO YPABHEHUIO CO CTEIEHHBIM KO3(MMUIUEHTOM
HEJIMHEIHOW TeIJIOPOBOIHOCTA. DTO YPABHEHWE SIBJISETCS KBA3WJIMHEWHBIM TapadOJIv-
YeCKHUM yPaBHEHUEM C HesIBHBIM BBIpOKJeHUeM. JlaHHOe ypaBHEHNE U3 TapabOJIMIECKOTO
muddepeHnaIbHOrO YPABHEHUST BTOPOTO TOPSIIKA BBIPOXKIAETCST B HEJIMHEIHOE IBOJIIO-
[MOHHOE ypaBHEHUE MEPBOro mopsijika tuna [amuabrona — kobm.

* Pabora BbIIOJIHEHA NpU YacTHYHON duHancoBoil moxuep:xkke POOU  (mpoekr
Ne 15-08-06680) m Cosera mo rpantam Ilpesmmenta Poccuiickoit @enmepanmm gjist
rOCYIapCTBEHHOl ITOJIEPXKKH BELYIIUX HayJIHbIX mKoja Poccuitickoit Penepanun (HIII-
8081.2016.9).
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KuaroueBrle cjioBa: MHOTOMEDPHOE ypaBHEHUE HEJIMHEHHON TEeIlIOPOBOIHOCTU, KOHEY-
Hasg CKOPOCTBb PacIpOCTPaHEHUSA BO3MYIIEHUN, TOUYHbIe HEOTPHUIIATEIbHBIC PEIICHUS.

1. Bsenenue

B pabore Ha ocHoBe ypasaenust Jluysuiuist [27; 30| u Teopembl 0 HOTEH-
[UAJBHBIX oneparopax [3; 26| ussaraercst Mo1Xo1, IO3BOJISIIONIUIT KOHCTPYK-
THUBHO IOCTPOUTDH HOBBIE TOUHDLIE HEOTPHUIIATE/IHHBIE PEIIeHs MHOTOMEPHO-
I'0 ypaBHEHUA HEJIUHENHON TelJIOIPOBOJHOCTU C KOHEYHOU CKOPOCTBIO pac-
upocrpanenusi Bosmymienuit [10; 5; 19]. IIpu sToM HEKOTOpBIE IOCTPOEHHBIE
pellieHnst He SBJISIOTCT MHBAPUAHTHBIMU C TOYKH 3PEHUS] TPYIIT TOYETHBIX
npeobpasosanuii u rpymi Jlu-Beknynma [14; 7).

2. MHoromMmepHoOe ypaBHEeHHE HEJIMHEWHOI TemnJONMPOBOJIHOCTHU C
KOHEYHOI CKOPOCTBHIO PACIIPOCTPAHEHUsI BO3MYIIEHU T

PaccMOTpEM MHOTOMEDHOE ypABHEHWME HEJIMHEHHON TeIIOnpOBOJIHOCTH
u =V (K(u)Vu), u=ux,1): QxR - RT, (2.1)

e x € R?; Q C R — obmacts; RT = (0, +00); RT = [0, +00); u(x,t) >
0 — dyskus xapakTepusyomas Temreparypy cpeisl; K(u) — byHkims
onpesiesiennas npu Beex u € RT; K(u) > 0 npu u > 0; K(0) > 0; K(u) €
C?(RYH)NC (R+) — KO PUIMEHT HEJTMHENHON TETIONPOBOIHOCTH. Y PaB-
Henue (2.1) BOBHUKAET BO MHOIMX IPUKJIAIHBIX 33/1a9aX U [IPUHAJJIEKUT K
KJIACCY TaK HA3bIBAEMbBIX HESIBHO BBIPOXKJIAIOIIUXCS MaPabOIMICCKIX yPaB-
wenuit. CTporast MaTeMaTUYECKas T€OpUsl ITUX ypaBHEHUil beper cBoe Ha-
4aji0 B CPaBHUTEJILHO HeJaBHUX paborax [1; 10; 24; 25; 28; 31]. Beroay B
910it pabore orHocuresbHo byHkuu K (u) GyjaeM mpejnosaraTsb, 9To

1
0

Ussecrno [15; 8; 9], uro cxomumocts nHTerpasa (2.2) siBisiercst HEOOXO-
JIIMBIM ¥ JIOCTATOYHBIM YCJIOBHEM KOHEYHOHl CKOPOCTH PaclpPOCTPAHECHHs
BO3MYIIEHHIl B IIPOIlECccax, OMUCHIBacMbIX ypasHenneM (2.1). dasee, mycrsb

u(x,0) = up(x), x € R",
n 1/2
Zmi >reRt, (2.3)

up(x) =0, |x|

T.e. up(x) paBHa HyaI0 BHe 3aMkHyToro mapa S(r) = {x € R" : |x| <
r < +oo} u sBisiercss durnTHON [4] dyHKIMEH ¢ HOCuTeNeM Supp up(x) =
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{x € R" : ug(x) # 0}. C apyroit CTOPOHBI, TaK KaK MCXOJs U3 CrenuduKu
ypaBHenus (2.1) Mbl paccMaTpUBaeM JIUIIb HEOTPUIATE/IbHBIE PEIIeHUsI, TO

suppup(x) = {x € R" : up(x) > 0}.

[puuem myist punuTHOCTH BYHKIMA U (X) HEOOXOIMMO U JOCTATOYHO, YTO-
Obl MHOZKECTBO SUPD g (X) ObLI0 orpannueHHbIM. MHade mes supp up(x) <
+00, uro B cuity dopmyist (2.2) obecreunsaer dbuHUTHOCTH 110 X € R™
perrennst u (X, t) 3agaan Kommu (2.1), (2.3). Tem cambim [13], B 3amade Komm
(2.1), (2.3) cKOPOCTb PACHPOCTPAHEHMsI BO3MYIIECHUII sIBJISIETCsI KOHETHOIA,
ecim B Joboit Moment Bpemenu t € [0,7] cymecTByeT 3aMKHYTLIH Imap
S(r(t) = {x € R* : x| < r(t) < 400} u gz seex t € [0,7] BbI-
HOJIHSIETCsT BKodeHue supp ug(x,t) C S(r(t)). Kpome roro cxommmoctsb
unrerpasa (2.2) ssisiercst [19] HEOOXOMMMBIM U JOCTATOYHBIM YCJIOBAEM
dbunnTHOCTH O X € R™ pemenns u(x,t) 3agaun Kommu (2.1), (2.3). Wraxk,
ccmm K(u) € C*(RY)NC (RT) n Bemommsiercss mepasencrso (2.2), To
ypaBrenue (2.1) IOMEMO IIPOIECCOB HECTAIMOHAPHO (DUIBTPAIIN ONICHI-
BaeT aAudy3uo U PacIpoCcTPaHEeHNEe TEILIa B CIJIONIHON cpe/ie ¢ OOIBITUMU
TeMIepaTypHbIME Tepenagamu [10]. B uacTHOCTH, XOPOIIIO H3BECTHBIM CBOM-
CTBOM yDaBHEHHI THIIA HECTAIMOHAPHON (DUIBTPAIMN SABIISIETCS KOHEYHA
CKOPOCTb M3MeHeHus Hocureseil ux pemtennii. Ilepsbie obmme pesybraThl
B 9TOM HallpaBjieHUH ObLIM TI0Jy4YeHbl B padorax [15; 8; 9].

Teneps npejcraBum uccseyemoe ypasaenne (2.1) B Buze cieyrormeit
SKBHBAJICHTHON CHCTEMBI

ug + V- (uf(x,t)) =0, (2.4)

f(x,t) = beu) Vu. (2.5)

Cucrema ypasaenuit (2.4), (2.5) siBisieTcs: epeonpeiesieH ol (9UCIo ypas-
HEHUIl [IPEBOCXOJIUT YUCI0 UCKOMBIX (DYHKIIHUIA, MOJJIEIKAIIUX OIPEIeJIeHUIO )
oraocuresbHo u(x,t), rae f(x,t) € R™ — pocrarouno riagkas mo X €
R™ t € R Bekrop-dyukims. Huxke Gymem npemnosnarars, uro f(x,t) €
C' (G — R"), rae G C R — orkpoitoe MuoxecTso; G = Q x I; [ = {t:
0 <ty < +oo}; @ — npoekius G B R™,

fcHo, uTo y 1mepeornpeiesieHHON cucreMbl ypasHeruit (2.4), (2.5) moxker
BoOOIIIE He CyIecTBOBAaThL pemrenuii. [losrtomy mist ycranosierus axra
CYIIIECTBOBAHUsI DEIEHUI U CTEleHN UX IPOU3BOJIA HEOOXOIUMO MPOBECTH
HCCJIe/IOBAHNME U AHAJIN3 COBMECTHOCTH IIE€PEOIpe/IeJieHHON cucTeMbl (2.4),
(2.5). OTMeTHM, 9TO METO/IbI UCCJIEJOBAHNUS COBMECTHOCTH II€PEOIIPEIeJIEH-
HBIX cucTeM JuddEepeHIMalbHbIX YPABHEHU € YACTHBIMU ITPOU3BOHbBI-
MU U3JI0KeHbl B paborax [23; 16; 20; 22|. C apyroii cTOpOHBI, ypaBHEHHUE
HeJInHeHON TertonpoBogHocTy (2.1) U JiMHeliHoe MHOrOMEpHOe ypaBHEHUe
Jnysusist (2.4) MOXKHO paccMaTpuBaTh Kak cucreMy ¢ uddepeHiuab-
HOit cBsa3bio (2.5). [Ipuyem meron nuddepenimanbubix cesiseit [16; 20; 22|
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CYIIECTBEHHO MCIIOJIb3yeT TEOPUI0 COBMECTHOCTH cucTeM jiuddepeHImaib-
HbIX ypasHenuii. Hakonern, B paborax [11; 12| paccMarpuBaioch npuioxKe-
HEE 3TOro MerToja Jyist ypaBHeHus: (2.1) co creneHHbIM K03 duIeHTOM
TEeIJIOTIPOBOIHOCTH.

Cootnomrerne (2.4) npu 3agannoit f(x,t) € C! (G — R") aaserca ypa-
BHenneM JInysusuist [27; 30| oTHOCHTE/IBHO TemmepaTypbl u(X, t) j1Jist cucre-
MbI OOBIKHOBEHHBIX Juddepennuanbabix ypasuenuii (OLY)

x = f(x,t), x€R", X:%x(t).

B cuity dbopmyiiet (2.2) umeer cMbica (yHKIHs
O(u) = / @d& u>0, (0)=0. (2.6)
0

IIpu sTom B cmiy monororHocTH P(u) cymecrByer obparHast (yHKIHs
®~1(n), mpuaem 0 < n < ®(c0) < +o0.

Hurke mpu onpeie/IeHHBIX TPEIOIOKEHIAX OTHOCUTETHLHO BEKTOP-PyH-
ki f(x,t) € C' (G — R™) u ¢ ucrnoib3oBaHneM TeopeMbl O HeobXO0IH-
MBIX U JTOCTATOYHBIX YCIOBUAX TOTEHITHATBLHOCTH BEKTOPHOTO TIOJIST BEKTOD-
dbyuknun f(x,t) € R™ Oyner mokasano, uro ckaaspras yakmus u(X,t),
onpejiesisieMasi U3 COOTHOIIEHUs (2.5) U yI0BIeTBOPSIIONIasl ypaBHeHuto JIu-
yBusist (2.4) sIBJISIETCST TOYHBIM HEOTPHUIIATEJLHBIM PeIIeHneM MHOTOMep-
HOTO ypaBHEHUs HeJMHeHHOii TersonpoBogHocT (2.1).

3. OcHoBHbBIE PE3yIbTATHI

ITycrs f(x,t) = —A(t)x — B(t), tne A(t) = [a;;j(t)] — BemecTBenHAsT
cuvmerpuanas n X n marpuia; B(t) = (bi(t), ..., b,(t))" — BexTop-crosber;
aij(t), bi(t) € C1 (R+); i,j =1,2,...,n. Torna nepeonpeneaennas cucTemMa
ypasaenuii (2.4), (2.5) npumer ciepyrormuii By,

up =u-trA(t) + (Vu, A(t)x + B(t)), (3.1)
K(u)Vu = (A(t)x + B(t)) - u, (3.2)

n
riae trA(t) = > ai(t) — caen marpunst A(t); (+,-) — CKaJspHOE MPOH3-
i=1
sesnenne B R™. Ilockonbky marpuma A(t) siBisieTcst CUMMETPUYHOM, T.e.
a;j(t) = aj;;(t), Torna 1mo TeopeMe O MOTEHIHAJIBHBIX oreparopax [3; 26]
ypasuenue (3.2) B cuiy (2.2), (2.6) obsagaer penieHnem

u(x,t) = &1 <[z(x,t)]+>, (3.3)
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2(x,1) = 5 (%, AD)x) + (x, B(1)) + O(0), (34)
re []. = max{[],0}; ®1(z) — dynxmusa obparnas k ®(u), cymecrsyio-
Iast B CHJIy MOHOTOHHOCTH Ttocsteneit. Marpuna A(t), Bekrop-crosber; B(t)
u ckasapHast dynkiws C(t) momexKar onpeeseHnio, upudeM a;;(t), bi(t) €
C' (RY). Ormerny, uro npu n = 1 ananorndsblii ciy4ail paccMaTpusasics
B paborax [29; 17; 18|.

Ocoby10 MpaKTUIECKYI0 3HAYUMOCTb uMeeT ypasHenue (2.1) ¢ koaddu-
[UEHTOM HesnHeiHoi TentonposoguocT K (u) crenennoro suga. ITosro-
My B JQHHOH CTAThe OrPAHMYMMCH BayKHLIM JacTHBHIM caydaem ®~1(z) =
()\[z(x,t)]+)1/)‘, re. K(u) = u*, A € Rt. B srom ciyuae mmeer mecTo
CJIEJTYIOIUI PE3YIIbTAT.

YrBepxkaenue 1. [Tycmo svinoanenv, coommuowerus (2.2), (2.6) u mam-
puua A(t) ¢ anemenmamu az;(t) € Ct (RY), sexmop-cmoabey B(t) ¢ xom-
nonenmanu bi(t) € C (RY), cranspran dyrnryua C(t) € C* (RY) ydosae-
meoparom caedyrowets cucmeme O V:

A(t) = 2A%(t) + NA(t) trA(t),

B(t) = 2A(1)B(t) + AB(t) trA(t), (3.5)
C(t) = |B(t)|? + AC(t) trA(t).
Tozda Pyrryun

u(x, 1) = ()\ B <x, A(t)a:) +(xB(t) + C(t)] +) %, (3.6)

ABAACNCA MOYHBM HEOMPUUATMENDHDIM PEWEHUEM YDASHEHUSL NOPUCTOT
cpedu, (mecmayuonaprol dusvmpayun)

up =V - (u’\Vu) . (3.7)

YpasHenue (3.7) siBiisiercsi KBa3UJIMHEHHBIM MapabOJIMUecKUM ypaBHe-
HUEM C HesiBHBIM BbIpoxKeHueM [10; 1], 1. e. ypasaenue (3.7) napabosmano
upu u(x,t) # 0 u Beipoxkgaercst npu u(x,t) = 0. [locsennee o3uagaer, 4To
upu u(x,t) = 0 910 ypasHeHue u3 napabondeckoro nuddepeHIaIbLHoro
YPaBHEHMSI BTOPOI'O IOPSIIKA BBIPOXKIAETCS] B HEJUHEHHOE IBOJIIOIMOHHOE
ypaBHeHMe [IePBOro Hopsiaka Tuma lamuasrona — Akobu. C BRIpOXKIeHTEM
ypasHeHust (3.7) cBsi3aHBI HEKOTOpbIE OCOOBIE CBOHCTBA €ro pelleHuii, Ha-
npuMep KOHEYHOCTh CKOPOCTH PACIPOCTpaHeHusi HocuTe el permenuit [10)].
B cBoo ouepenn, ¢ KOHEUHOCTLIO CKOPOCTH PACIPOCTPAHEHHUsI HOCHTECH
pertenuii ypasaerusi (3.7) CBsi3aHbl MHOIHE JIPYTHe TUIUYIHbBIE CBOiCTBA [1;
10]: Hasmuume pe:kuMoB ¢ obocTperreM (0TCYTCTBIE II00aIbHBIX 110 BDEMEHH
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periennii), 3¢ dekTsl JoKann3amu, nHepuyu (KOHEYHON M GeCKOHETHOMN
BPEMEHHON 3aJIePKKH) Hadasa PacHpOCTPAHEHHsI HOCUTEJIST PEIeHNs].

[Mpucrynum k uccaenoBanuto cucrembl OV (3.5). Ipemmonoxum, aro
upu ¢t = 0 3amaner: BemecTBenHast cumMmerpuanas marpuna A(0) € M, (R),
BekTop-crosber; B(0) € M, 1(R) u ckamsp C(0) € R, Te.

A(t)| = A0), B()| =B(0), C(t)| =C(0), (3.8)
=0 =0 t=0

rae M, (R) — MHOXKecTBO m X n Mmarpur ¢ sxementamu u3 R; M, ,(R) —
MHOXKECTBO 1 X k Marpuil ¢ ssementamu u3 R [21]. Useecrho [6; 2|, uro Bes-
Kasl BellecTBeHHast cuMMerpudnas marpuia A(0) MoxkeT ObITH HpUBEIEHA
K JIIaroHaJIbHOl hopMe ¢ IIOMOIIBIO0 HEKOTOPOTrO OPTOrOHAIBHOIO Ipeodpa-
soBanus. Hadge, cyIecTByeT BEIECTBEHHAS OPTOrOHAJbHAS MaTpuna S €
M, (R) Takast, aTo

A(0) = SD(0)S", D(0) = diag [d1(0), ..., dn(0)],

rae di(0) € R — cobersennbie 3unauenust marpuiel A(0); k& = 1,2,...,n;
S8 =SS =1I; I — cpunuunas Marpuua. IlokazkeM, 4T0 ecun (yHKII
A(t), B(t), C(t) oupenenensr npu t = 0, To pemtenne 3axaun Komm st
cucrembl OV (3.5) ¢ HauasbHBIME yesoBusAME (3.8) CBOAUTCS K PEIIEHUIO
sagaun Komn g HekoToporo ckajsipaoro nejmneiinoro OJIY mepsoro
mopsika. VTak, moKaykeM CIpaBeJTINBOCTD CIAEIYIONEro pe3yIbTaTa.

Teopema 1. IIycmov sadamv, sewecmsenHas CUMMEMPUYHAAL MAMPUUAQ
A(0) € M,(R), sexmop-cmonbey, B(0) € M, 1(R), crkarap C(0) € R u
sewecmseennan opmozonasvras mampuya S € My (R). Hycmov kpome mozo,
z(t) — sewecmeennoe pewenue 3adavu Kowu

n

() = [T [t = 2dx(0)=(8)]

k=1

. 2(0) =0, 3(t) (), AeR*. (3.9)

:%Z

Tozda pynxuyuu A(t), B(t), C(t) onpedeasemuvie dopmyramu
(

At) = 2(t)SQ(t)D(0)S" = (t)SQ(t)D(0)S" A(0), (3.10)
B(t) = 2(t)SQ(t)D(0)S B(0), (3.11)

C(t) = 2(t)C(0) + 2(¢) (B(0), B(t)) =
A(t) {0(0) +2(t) (Q(t)s’B(O), z(t)s’B(O))] : (3.12)

aeamomes peuenuem 3adavu Koww (3.5), (3.8). Kpome mozo A(t) — ee-
WECMBEHHAA CUMMEMPUIHAA Mampuya Oz ecex t € domainA(t), ade

Q(t) = diag [[1 —2d1(0)z(H)] ..., [1— Zdn(O)z(t)]_l} , (3.13)
dr(0) € R, d(0) #0, k=1,2,...,n.

M3zBectus VpKyTCKOro rocy1apCTBEHHOIO YHUBEPCHUTETA.
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Jokazamenvcmeo. Ilpexae Beero BBegeM obosnadenue h(t) = trA(t). To-
ria 3azada Komm (3.5), (3.8) sanumercs B Buje

A(t) = 2A%(t) + An(H)A(t), A@t)| = A(0), (3.14)
t=0
B(t) = 24(t)B(t) + \u(t)B(t), B(t)| = B(0), (3.15)
t=0
C(t) = [B)]? + Au(t)C(t), C(t)| = C(0). (3.16)
t=0

Pemenue 3amaqu Komm (3.14) GymeM OTHICKMBATH B BUJIE
A(t) = SD(t)S', (3.17)

D(t) = diag [dy(t),. .., dn(t)], (3.18)

rae D(0) # 0, dj, € C* (RT) — BemecTsennble COGCTBEHHBIE 3HATEHUS MAT-
pursl A(t). Iloxcrasnss (3.17) B ypasuenue (3.14) u ymHOXKas TOCTIeIHEE
cieBa Ha S, a cipasa Ha S, HIPEXOINM K 3aiade Komm

D(t) = 2D%(t) + Ah(t)D(t), D(t)] = D(0). (3.19)
t=0

Ucxonst u3z marpuyasoro ypasaenust (3.19) ¢ HOMOIIBIO HECTIOXKHBIX BbIKJIa-
JIOK, HETPYHO IPOBEPHUTH CHPABEIJINBOCTD CJIELYIONIX COOTHOIICHMI

n

k]i[ld Hdoexp[ (An +2) O/th } (3.20)

h(t) = AR2(¢) + 2 Zcﬂ () = %h( ), (3.21)
1 t I3 -1 t
di(t) = <dk(0) - 20/exp [)\0 h(T) dT:| d§> exp {)\O/h(T) dT:|, (3.22)

3

rae h(t) = Z e di(0) £ 0; k =1,2,...,n. Janee, 1jist yIpoIeHus 3amucu

dbopmymsr ( 2), BBesieM B paccMoTpeHne (BhyHKIIUO

2(t) = / exp[/\ j h(r) df} de, 2(0) = 0. (3.23)
0 0
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U3 dbopmyier (3.23) BITEKaeT PaBEHCTBO

—exp[)\o/h } 50) = 1. (3.24)

Beipaxkenue (3.22) ¢ yderom coornomrenuii (3.23), (3.24) yupormaercss u
LIPUHUMAET BHJL

dy.(0)2(t)

di(t) = T 20,(0)2(0) (3.25)
npudeMm .
n (2] T dr(0)
H d(t) = — k=l
k=1 k];[l [1 — 2d;(0)z(t)]
[Tomumo sroro, uz dopmyi (3.20), (3.24) caemyer, uro

OdeBnHO, YTO JBa HOCJIEIHUX COOTHOIIEHUs IPUBOJAT K CIIPaBeIJIHBOCTI
sazaun Komm (3.9) u kBajgparypbt

A
2

/ﬁ [1—2d,(0)2(t)] >dz =t + T, (3.26)
k=1

rae T € R onpegensiercss u3 nadanpHoro ycaosust z(0) = 0. Urak, B cuiry
(3.25) 3akr09aeM, 9TO BEIECTBEHHBIE COOCTBEHHBIE 3HAaUeHUs dj (f) MaTpu-
sl A(t) 3amminyres B Buje

wly

di(t) = — de l];[l [1—2d;(0)2()] "2, (3.27)

rie z(t) — BemecrBennoe pemenue 3agaqdn Kommwm (3.9). Takum obpasom, ¢
onHoit croponsl, opmysta (3.24) IPUBOIUT K 3aBUCHMOCTH

) (3.28)

C zpyroii croponbl, u3 coornommenuii (3.9), (3.27) noaydum, 9ro

h(t) = 2(t) ; %. (3.29)

M3zBectus VpKyTCKOro rocy1apCTBEHHOIO YHUBEPCHUTETA.
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Urak, cormacuo (3.28), (3.29) sakiouaem, uro dyHKiwmst 2(t) momumo (3.9)
yrosjeTBopsieT 3amade Koru

n

5(t) = A LZ:; #%z(t)] 2(t), 2(0) =0, 2(0)=1. (3.30)

OueBntao Takke (cM. (3.25)), 4ro mMeer Mecto dhopmysia
D(t) = 2(t)Q() D(0), (3.31)

rae Q(t) — marpuna Buma (3.13). Hamee, rax xax A(0) = SD(0)S’, To
D(0) = S"A(0)S u nerxo ycranapusaercs, 4ro cooTHomenus (3.17), (3.31)
HPUBOJAT K CIIPABEJIMBOCTH IEIIOYKHN paBeHcTB (3.10).

Temeps mepeiijieM K mocrpoenuto pemenust 3ajgadn Komm (3.15) mpu
yestoBu, ato Marpuiia A(t) onpeseinsiercs cormacto (3.10). Urak, mogcras-
nsist (3.10) B ypasrenue (3.15), yMHOXKas TOCIe/Hee cleBa Ha S 1 BBOIS B
pacemorpenne BekTop-cronGen X () = S B(t), npuxomum K 3amade Komm

X(t) = [2D(t) + Ah(t) 1] X(t), X(0) = S'B(0), (3.32)

npuiem

B(t) = SX(t), X(t) = colon(Xy(t),...,Xn(t)). (3.33)

B cuty Toro uro nmmaronanbuast marpuiia D(t) u ckanspuas dyukius h(t)
HaMU OlpejiesieHbl depe3 pertenne 3azga4an Kormm (3.9) (em. (3.31), (3.28),
(3.29)), o u3 (3.32) umeem

Xy (t) = [2di(t) + Ah()] Xi (), X5(0) = g,

e v, € R; k=1,2,...,n. B urore npuxoiuM K 3aBUCUMOCTH

Xi(t) =y exp [2 / d.(7) dT] exp [)\ / h(r) dT] . (3.34)

0 0

Herpyano ybemurnes, ato coornomenne (3.34) ¢ ydaerom dopmyn (3.24),
(3.25) ympormaercst

Xu(t) = dZ(kO) dy,(t) = #’Mz(z&). (3.35)

Urak, uctonssyst opmyast (3.13), (3.31), a Takxke 3asucumoctu v = X (0),
X(0) = S'B(0) u3 (3.35) moayumm, aTo

X(t) = D7H0)D()X(0) = ()Q(H)X(0) = (t)Q(t)S B(0).

Tem cambim Beipazkernue (3.33) HPUBOANT K CHPABEJIMBOCTH IEHOYKA Pa-
BEHCTB

B(t) = SD~L(0)D(#)X(0) = SD~1(0)D(t)S B(0) = 2(t)SQ(¢)B(0).
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Haxower, npuauMast Bo BHuManue (3.28) u yIuTbIBasi, YTO BEKTOP-CTOJIOEI]
B(t) namu onpesenen (cm. (3.11)), naiigem perenne 3amaun Kormmn (3.16).
HecsioxkHo nipoBeputh, uto pertenne 3a1aun Komm (3.16) umeer Bug,

Ct) =

C(O)+/ ’B((T)P dT]Z"(t), (3.36)
0

2(T)

e |[B(7)]? = <B(O), SD_2(O)D2(T)S/B(O)>; 2(1) # 0. Orcroma nosygaem

[BOE Lo 1.
0/ _ dT_<B(0),SD (O)L/ - dTSB(O)).

2(1) z
Jlajtee HeTpyIHO yOEIUTHCs, ITO s Joboro k = 1,2, ..., n BBITOJTHSIETCS
COOTHOIIIEHNE

Tem CaMbIM, UME€ET MECTO IIpeJCTaBJICHNE

j%m - <B(0),B(t)%> .
0

OxonvaresnbHo, u3 (3.36) cieyer cupaseymBocThb Gopmyiist (3.12). Jlerko
BuzieTh, 4To Hafimenubie dyukuuu (3.10)—(3.12) ymoBeTBOpsIIOT HAYATB-
HBIM ycsoBusaM (3.8), a ciremoBaresnbho u 3agade Komm (3.14)—(3.16).
Urax, 1jisi 3aBepIEHUs JOKA3ATEIbCTBA OCTAJIOCH TOKA3aTh CUMMETDHU Y-
HocTh MaTpunbsl A(t) (em. (3.10)) mast Beex t m3 obacT €€ oupejiesieHus,
T. e. ;s Beex t € domain A(t). C 910ii 1eJbI0 BBEIEM B PACCMOTPEHUE
marpuiy G(t) = SQ(t)S', rue Q(t) — MmaroHaIbHAST MATPHILA, OIPEe/IsTe-
mast mocpesicTBoM (3.13). fcno, uro G(t) — HEBBIPOXK/ICHHAS] CHMMETPHIHAS
marpuna. Torna A(t) = 2(t)G(t)A(0), tne A(0) — BermecTBeHHAS] CHMMET-
puuHasi MaTrpuia. B nepsyto ouepesib, yoeaumest, uro marpuiibl A(0) u G(t)
KOMMYTHPYIOT. [I0CKOJIbKY BBITIOJIHSIETCSI [IEIIOYKA PABEHCTB

A0 (1) = A0) [5Q1)s | = A0)sQ (1) =

A(0)S [I —22(t)D(0)] S" = A(0) | SS" —22(t)SD(0)S" | =

—

A(0) [T — 22(t)A(0)] = A(0) — 22(t)A%(0) =
[I —22(t)A(0)] A(0) = G—LA(0),

M3zBectus VpKyTCKOro rocy1apCTBEHHOIO YHUBEPCHUTETA.
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To cupaseyuBo coornomenne G(t)A(0) = A(0)G(t), T. e. marpuust A(0),
G(t) kommyTupyior. Kpome Toro, nmeem

[GA0) = A(0)G'(t) = A(0)G(t).

Orcroma caenyer, uro G(t)A(0) — cummerpuunast Marpuna. [losromy Tako-
Boii siBjisiercst u Marpuna A(t). Hakoner 3amerum, aro dpopmymnamu (3.10)—
(3.12) ompegensitorest Bee pemtennst 3ajaan Komu (3.14)—(3.16) ¢ Bere-
crBenHoit cummerpuanoit marpuneit A(0) € M, (R). Teopema nokazana. [

CyMMupysT pe3yJIbTAThl 3TOrO Pasiesia 3aKJII0IaeM, YTO UMeeT MeCTO

Teopema 2. I[Tycmv svinoanens yeaosus (2.2)—(2.6). Iyemo sewecmeen-
Haa cummempuyunan mampuya A(t), sexmop-cmoabey B(t) u ckanrspras
dynxyua C(t) onpedeasromen coomeememeenno gopmyasamu (3.10)—(3.12).
Toz0a ypasnerue nopucmoti cpedv (hecmayuoraprot guavmpavyuu) (3.7)
obaadaem mounviM HeompuyamesvHvim pewenuem (3.6).

IIpumep 1. Ilycrs BemecrBennas cummerpuunasi A(t) siBisiercst guaro-
HasbHOI, T. e. A(t) = diag[ai(t),...,an(t)]. B sToM ciyuae cucrema OLY
(3.5) mpuHEMaeT BuL

a;(t) = [2% —I—)\Zak } . bi(t) = [2612 —I—)\Zak }
c(t) > ar(t) + > bi(t), (3.37)
k=1 k=1

npuuenm a;(t), bi(t), c(t) € CH (RT) i =1,2,...,n, toe A € RT. Oynk-

uu a;(t) 6y/1eM OTBICKUBATD B CJIeJyIomeM Buje a;(t) = s—(t) LH s5(t)

Tornma nepsere n ypasuenuii cucrembl OLY (3.37) sammmryTest

A
2

t) = —2 [H sj(t)] . (3.38)
=1

CireioBaTeibHO, CHOpaBeJINBA IEMoYKa paBeHCTB §1(t) = $9(t) = ... =
$p(t) mw s j = 1,2,...,n — 1 UMEIOT MECTO COOTHOIIEHHUSI
5j(t) =c¢j + sn(t), ¢j €R. (3.39)

B urore, cucrema OJIY (3.38) ¢ yuerom (3.39) cBopuTcst K KBajpaTypam

n—1
/ Sn, Jl;[l (sn + ¢5)

A
2

dsp, =T —2t, T €R. (3.40)
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2
An+2
Ecnu Bee ¢; = 0, To u3 (3.39), (3.40) umeenm s;(t) = [T—()\n+2)t}

,AE
_l’_
RT. Takum 06pa3oM, B 9TOM 4aCTHOM, ypasHenue (3.7) o6/1a1aeT perennem
x + b|? x>
X nt+
t) = T— (A 2)t
ul ) 2[T—(An+2)t]+c[ O + )L L’

rae b € R® — npousBo/IbHBIN TOCTOSHHBIN BEKTOP; ¢ € R.

Tenepp paccMoTpuM cirydait, korga ¢; # 0 u ksagparypa (3.40) mpn

dbukcuposannom n € N unrerpupyercst B sisioM Buje. [Iycts A = 2, n = 2.
Torpa u3 dopmyi (3.39), (3.40) momxyumnm

sﬂﬂzrﬁy+%gsﬂﬂ:rﬁy—%ycleR\WL

rmue

o(t) = ’

1
2
12(T — 2t) — ¢ +2(36(T — 2t)% — 6(T — 2t)c}
+
Orcrona ciiesiyer, 9To ypaBHEHNe HEJIUHEHHON TeIlIONPOBOIHOCTH

ut:V-(u2Vu), u=u(x,t): QxRT - RT, xeR?

nMeeT TOYHOe HeOTpHUIlaTeJIbHOe DeIleHNre BUIa

u(zy,z2,t) =

2¢9 exp by (t) + 2c3 exp ba(t) + 2£(t)

rze bi(t) = 6p(t) — c1y(t), ba(t) = 6p(t) + 19 (2),

w@:/(l@ﬁ_?¢@:/( dt

r2(t) — %) r2(t) — %)27

£(t) = [C%/’U(f) dt+c§/w(t) dt + ¢y exp[4<p(t)],

o(t) = exp[8p(t) — 2c19(t)], w(t) = exp[8p(t) + 2c19)(t)],
gceR, 1=1,23,4.
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OTMeTuM, 4TO IIPH OIIpeIe/IeHHBIX IPeION0KEeHUAX 01y YeHHbIe PelleHIs
MOTYT YXOJHUTh Ha GECKOHEYHOCTDL 3a KOHEYHOe BpeMs, T. €. UMeeT MeCTO
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Abstract. In paper the multidimensional equation of nonlinear heat conductivity
is investigated. This equation is presented in the form of the overdetermined system
of the differential equations with partial derivatives (the number of the equations are
more than number of required functions). It is known that the overdetermined system
of the differential equations can be not compatible, at it can not exist any solution.
Therefore, for establishment of the fact of existence of solutions and degree of their
arbitrariness the analysis of this overdetermined system of the differential equations is
carried out. As a result of the conducted research not only sufficient, but also necessary
and sufficient conditions of compatibility of the overdetermined system of the differential
equations with partial derivatives are received. On the basis of these results with use
of the equation of Liouville and the theorem of a necessary and sufficient condition of
potentiality of the vector field the approach allowing to construct in some cases exact
non-negative solutions of the multidimensional equation of nonlinear heat conductivity
with a final velocity of propagation of perturbations is stated. Among the constructed
exact decisions are available also such which are not invariant from the point of view
of groups of pointed transformations and Lie-Backlund’s groups. The special attention
is paid to the equation with degree-like coefficient of nonlinear heat conductivity. This
equation is the quasilinear parabolic equation with implicit degeneration. This equation
from the parabolic differential equation of the second order degenerates in the nonlinear
evolutionary equation of the first order like Hamilton-Jacobi.

Keywords: multidimensional nonlinear heat equation, finite velocity of propagation
of perturbation, exact nonnegative solutions.

References

1. Antontsev S.N. Localization of solutions of degenerate equations of continuum
mechanics (in Russian). Novosibirsk, Institut gidrodinamiki SO AN SSSR, 1986.
108 p.

2. Bellman R. Introduction to the theory of matrices (in Russian). Moscow, Nauka,
1976.

3. Vajnberg M.M. Variational methods for the study of nonlinear operators (in
Russian). Moscow, Gostekhizdat, 1956.

4. Vladimirov V.S. Equations of mathematical physics (in Russian). Moscow, Nauka,
1971.

5.  Galaktionov V.A., Dorodnicyn V.A., Elenin G.G., Kurdyumov S.P., Samarskij A.A.
The quasilinear heat equation: peaking, localization, symmetry, exact solutions,
asymptotic behavior, structures (in Russian). Sovrem. probl. matem. Nowvejshie
dostizheniya. Itogi nauki i tekhniki, Moscow, VINITI AN SSSR, 1987, vol. 28,
pp- 95-205.

6. Gantmaher F.R. The theory of matrices (in Russian). Moscow, Nauka, 1966.

7. Ibragimov N.H. Groups of transformations in mathematical physics (in Russian).
Moscow, Nauka, 1983.

8. Kalashnikov A.S. On the occurrence of singularities in the solutions of the equation
unsteady filtration (in Russian). Zhurn. vychis. matem. i matem. fiziki, 1967, vol. 7,
no 2, pp. 440-443.

9. Kalashnikov A.S. On the equations of unsteady filtration type with infinite
perturbation propagation velocity (in Russian). Vestn. MGU. Ser. mat. mekh., 1972,
no 6, pp. 45-49.



108

10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.
26.
27.
28.

29.

30.

31.

I A. PYIBIX, 9. 1. CEMEHOB

Kalashnikov A.S. Some questions in the qualitative theory of nonlinear degenerate
parabolic equations of second order (in Russian). UMN, 1987, vol. 42, no 2, pp. 135-
176.

Kaptsov O.V. Linear determining equations for differential constraints (in Russian).
Matem. sbornik, 1998, vol. 189, no 12, pp. 103-118.

Kaptsov O.V. Methods of integration of partial differential equations (in Russian).
Moscow, Fizmatlit, 2009. 184 p.

Martinson L.K. A study of mathematical model of the non-linear transfer
thermal conductivity with volume absorption media (in Russian). Matematicheskoe
modelirovanie. Processy v nelinejnyh sredah, Moscow, Nauka, 1986, pp. 279-309.
Ovsyannikov L.V. Group analysis of differential equations (in Russian). Moscow,
Nauka, 1978.

Olejnik O.A., Kalashnikov A.S., Chzhou-Yuj-Lin’ Cauchy problem and boundary
value problems for equations of unsteady filtration (in Russian). Izv. AN SSSR. Ser.
mat, 1958, vol. 22, no 5, pp. 667-704.

Rozhdestvenskij B.L., YAnenko N.N. Systems of quasilinear equations (in Russian).
Moscow, Nauka, 1978.

Rudykh G.A., Semenov E.I. An approach of constructing exact solutions of partial
quasilinear heat equation with N — spatial variables (in Russian). Preprint Ne 6
IrVC SO AN SSSR. Irkutsk, 1991. 21 p.

Rudykh G.A., Semenov E.I. Construction of exact solutions of the multidimensional
quasilinear heat equation. Computational Mathematics and Mathematical Physics,
1993, vol. 33, no 8, pp. 1087-1097.

Samarskij A.A., Galaktionov V.A., Kurdyumov S.P., Mihajlov A.P. Modes with
peaking in problems for quasi-linear parabolic equations (in Russian). Moscow,
Nauka, 1987. 480 p.

Sidorov A.F., Shapeev V.P., Yanenko N.N. The method of differential constraints
and its applications in gas dynamics (in Russian). Novosibirsk: Nauka, 1984.

Horn R., Dzhonson CH. Matrix analysis (in Russian). Moscow, Mir, 1989.
Shapeev V.P. The method of differential constraints and its application to
the equations Continuum Mechanics (in Russian). Diss. dokt. fiz.-mat. nauk.
Novosibirsk, 1987.

Yanenko N.N. The theory of compatibility and integration methods of nonlinear
systems PDEs (in Russian). Trudy IV Vsesoyuznogo matematicheskogo s"ezda.
Leningrad, Nauka, 1964, vol. 2, pp. 613-621.

Aronson D.G. The porous medium equation. Some problems in nonlinear diffusion.
Lecture Notes in Math. Springer Verlag, 1986, no 1224.

Aronson D.G. Regularity of flows in porous medium: a survey Nonlinear Diffusion
Equations and Their Equilibrium States. New York, Springer, 1988, vol. 1, no 1,
pp. 35-49.

Berger M.S. Perspectives in nonlinearity. New York, Amsterdam, 1968.

Kaplan W. Some methods for analysis of the flow in phase space. Proc. of the
symposium on nonlinear circuit analysis, New York, 1953, pp. 99-106.

Meirmanov A.M., Pukhnachov V.V., Shmarev S.I. Evolution Equations and
Lagrangian Coordinates. Walter de Gruyter, Berlin, New York, 1997.

Rudykh G.A., Semenov E.I. Application of Liouville’s equation to construction of
special exact solutions for the quasilinear heat equation. IMACS Ann. Comput. and
Appl. Math, 1990, vol. 8, pp. 193-196.

Steeb W.H. Generalized Liouville equation, entropy and dynamic systems containing
limit cycles. Physica A, 1979, vol. 95, no 1, pp. 181-190.

Vazquez J.L. The Porous Medium Equation: Mathematical Theory. Oxford
Mathematical Monographs. Clarendon Press, Oxford, 2007.

M3zBectus VpKyTCKOro rocy1apCTBEHHOIO YHUBEPCHUTETA.
2016. T. 18. Cepusa «Maremaruka». C. 93-109



UCCJIENOBAHUE COBMECTHOCTU MTEPEOIPEJIEJTEHHOY CUCTEMBL 109

Rudykh Gennadii Alekseevich, Professor, Institute of Mathematics,
Economics and Information Science, Irkutsk State University, 1, K. Marx,
Irkutsk, 664003, tel.: (3952)242214, (e-mail: rudykhga®gmail.com)

Semenov Edward Ivanovich, Senior Scientist; Matrosov Institute for
System Dynamics and Control Theory SB RAS, Post Box 292, 134, Lermon-
tov st., Irkutsk, 664033, tel.: (3952) 453099 (e-mail: edwseiz@gmail.com)



