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Abstract. The theory of analytic functions and more specific p-valent functions, is
one of the most fascinating topics in one complex variable. There are many remarkable
theorems dealing with extremal problems for a class of p-valent functions on the unit
disk U. Recently, many researchers have shown great interests in the study of differential
operator. The objective of this paper is to define a new generalized derivative operator
of p-valent analytic functions of fractional power in the open unit disk U denoted by

ﬁ’f’kz’pya f(z). This operator generalized some well-known operators studied earlier, we
mention some of them in the present paper. Motivated by the generalized derivative

b . . . b
operator D'\ f(2), we introduce and investigate two new subclasses S\" (i, V)

and TSﬁ’f’/\gm’ o, V), which are subclasses of starlike p-valent analytic functions of
fractional power with positive coefficients and starlike p-valent analytic functions of
fractional power with negative coefficients, respectively. In addition, a sufficient condition
for functions f € X, o to be in the class S;’i’,’;g,p,a(#’ v) and a necessary and sufficient
condition for functions f € T}, o will be obtained. Some corollaries are also pointed out.

Moreover, we determine the extreme points of functions belong to the class TS;”I’E’A2 P (w,v).

Keywords: analytic functions, p-valent functions, starlike functions, derivative operator.

1. Introduction

Let X, o denote the class of functions of the form

f(z) = 2P 4 Z an 2", (z € 1), (1.1)
n=p+1

which are analytic in the open unit disk U = {z : z € C,|z| < 1}, where
peEN,a>0,p>a,zel.

* This work was supported by AP-2013-009.
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For the Hadamard product or convolution of two power series f defined
in 1.1 and a function g where

[e.9]
g(z) = 2Pt + Z b2t
n=p+1

is
F(2)xg(z) = 2"P 4+ > apb2™*, (2 € ).
n=p+1

We also denote by T}, the subclass of X, , consisting of functions of the

form
o

f(z) = 2Pt — Z |an |2, (1.2)

n=p+1

which are analytic and univalent in the open unit disk U. For the Hadamard
product or convolution of two power series f defined in (1.2) and a function

g where
oo

g(z) = 22T = Y |ba|2" T, (2 €U)
n=p+1
is
00

F(2) % g(z) = 277 = 3 anlbalz"T®, (2 € D).
n=p+1

For a function f € ¥, given by 1.1, we define the derivative operator

m,b
D)\l 7)‘2 D, by

m,b f(z)zzp+a+ Z |:p+ ()\1 + /\2)(” _p) +0 anzn+a, (Z c U),

A1,A2,p,« _
1 RN R R

(1.3)
where m,b € Ng =NU{0}, a > A1 >0, peN, a>0,p > a.

Remark 1. It should be remarked that the differential operator
m,b . . . . .
M Aapi f(2) is a generalization of many operators considered earlier. Let

us see some of the examples: for Ay = 1,Aa = b =0,p = 1 and o = 0,

we get the operator introduced by Salagean [11]. For Ao = b = 0,p = 1,

and a = 0, we get the generalized Saliagean derivative operator introduced

by Al-Oboudi [1]. For A\; = 1,A2 = 0,p = 1 and a = 0, we obtain the
operator introduced by Flett [7]. For Ay = 1,A2 = 0,b = 1,p = 1 and

a = 0, we obtain the operator introduced by Uralegaddi and Somanatha

[13]. For A2 = 0 and a = 0, we get the operator introduced by Catds [2].

For Ay = 0,21 =1 and o = 0, we get the operator introduced by Kumar et

al. [9].
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Clearly, by applying the operator DTl’b/\Q pa successively, we can obtain

the following:

m—1,b
m,b f(z) _ D>\17>\27Pva(D?\1,>\27paa)f(z)7m €N,
AL, A2,p,0 f(z),m =0.

b
f€%pa= DY, 0 € Spa-

D,

A function f € ¥, , is said to be in the class Py (p, 1), (0 < p < p+ «)
if and only if it satisfies the inequality

{Zﬁﬁj)l} >u, (z €U). (1.4)

The classes Py(1,0) and Py(p,0) were investigated in [10]| and [12], respec-
tively.

Now we define the subclass Sﬁ’f;\%p’a(u, v) of ¥, , consisting of functions
of the form 1.1 and satisfying the analytic criterion

Dm,b / Dm,b /
%{Z( jlll;xw,af(z» _u} - V‘Z( szxmf(z)) B (era)" (z <),
D>\1:>\27p7af(2) D>\1’7)\27p,af(z)

(1.5)
where m,b € Ng, Aa >\ >0, peN, a>0,p>a, 0< u<p+a,v>0.

2. Main results

We obtain a necessary and sufficient condition for functions f(z) € 3, 4.

Theorem 1. Let f € ¥,,. A sufficient condition for a function of the
form 1.1 to be in Sf\nl’l;\Q ity V) is that

i [p+(/\1+/\2)(n—p)+b m[(n—P)(l—i—u)—(p—i-a—,u)Na <1
WSl P Ae(n—p)+b pra—p

(2.1)
where z € Uym,b € No, a > A1 >20,pe N a>0p>a0<pu<

p+a,v>0.
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Proof. Let f be of the form 1.1. Our aim is to show that

Dm ! Dmb /
el Ol
Dy o paf (2) Dm,xz,p,af(z)
/ !/
= u’ il :fbAQ’paf(Z)) - (p+a)’ - ?R{ o ;1?2,p,af(2)) - u} <0
D>\1 Aa2,pax f(z) D>\177)\27p,af(2)
Dm b / , /
= V’ i :fzﬁwaf(Z)) —(p+ oz)’ — %{Z( ?nlz’)h paf () M}+p+a 7
D>\1 Aa2,pax f(z) D>\1 Ao, af(z)
<pt+a—pu
Dm,b / Dm,b !
= ”‘ ! 2:23”“‘*ﬂz)> —(p+ 04)‘ - 8 QILAQ’p’af(Z)) ~(p+a)}
D)q:,\Q,p,af(Z) D)\177)\2,p7af(z)
<p+a-—pu.
Hence it suffices to prove that
DM b / Dm,b /
| ol O )| - " hpuanl O )
Dy o pad (2) D\ el (2) (2:2)

<p+a—pu, ().

Yields

JEC G0 BN .C BN

Dg?,b)\z,p, f(z) D)\l,)\g,p, f(z)
V’Z( AI’A”” S@) (p+a)’+‘z( AM”” f@) (p+a)‘ =
>\1,>\27P, ( )\1,)\2,;), f(z)

m,b / m,b

‘Z(D)\l,/\g,p,af(z)) - (p + Oé)D)\h)\Q,p’af(z) ‘
b

DZaA27p7af(Z)

(U+0) S =) PO g, oo

=(1+4v)

<

<

m
+(AFA2) (n—p)+b
210 S | PRRERE]  oee

n— b "
U+ 0) Sl =) [P 030282 o,

m )
00 p+(A1+A2)(n—p)+b
L+ Zn:p-i-l |: p—i—l)\z(fz—p)-i-b :| |a”|
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where z — 1 along the real axis. This last expression is bounded by p+a—u
if

5 {p+<A1+A2><n—p>+b Cln=p) A +) = (0t a— )] jan] <

n p+A(n—p)+0b

<pt+a—u (z€0).
The proof of theorem 1 is complete. O

Next result describes the starlikeness for functions in the class
(Sp,a(t,v)), which is an extension to the class of starlike functions defined

by [3].

Corollary 1. Let the assumptions of theorem 1 hold. Then

%{ Z(DZ’,bAQ,p,af(Z)),} > 1.

b
DS\?y)\va?O‘f(z)
Proof. By letting v = 0 in theorem 1, we obtain the desired result. O

We also introduce the class of starlike functions of fractional power of
order 1 (S2(11).

Corollary 2. Let the assumptions of theorem 1 hold. Then

2(f(2)’
S i

Proof. By setting m = 0,v = 0 in theorem 1, we have the required result.
O

Finally, we have the next result which is an extension to the class of
starlike function S*.

Corollary 3. Let the assumptions of theorem 1 hold. Then

2(£(2))’
R

Proof. By setting m = 0,4 = v = 0 in theorem 1, we have the required
result. O

Now we prove a sufficient condition for f € T}, .. Consider the subclass
m,b . .
g o (B V) Of functions in Tj, 4.
N3Bectus VpKyTCKOro rocyJapCTBEHHOTO YHUBEPCUTETA.
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Theorem 2. Let f be defined by 1.2. Then f € TS’)\I’Azpa(u, v) if and
only if the condition the following condition is satisfied.

n p+A2(n—p)+b pra—p
(2.3)
where z € Uym,b € No, a > A1 >20,p e N a>0p>a0<u<

p+a,v>0.

Proof. The sufficiency as in theorem 1, we need only to prove the necessity.
Let f € TST™, (i, v) then we obtain

A1,A2,p,(
m,b / m,b /
(Drxnll,)m pal () M} . V‘Z(D211l;>\27p,af(z)) o+ a)‘
D)q ,A2,D, af<z) D,\177)\27p7af(z)
( A )\ paf(z))
> vR Y +
{ o 1) —(p a)}
2( )\1 )\gpaf<z)) (D)szkgp f(Z))/
= R 22, - Azp.a —(p+a)
{ )\1)\2,17 of (2) g | D;Z,bAz,p,af(z) pre ]}
>0, (R(z) <2).

Thus when z — 1 along the real axis, we pose

m
+(A1+X2)(n—p)+b
p+a— Z'Zozp-i-l(n + O[) |:p pﬁAQ(fL*Z)fb :| Gn

m —H
+(A1+X2)(n—p)+b
1= i [p piAz(foZ)fb ] n

00 MAd)(n—p)+b |
VY nepr1(P—7) {“;&(Z)(p)ff } an
>0

™ > U=
1 — ZOO I:p+()\1+)\2)(n—p)+b:| n

n=p+1 p+A2(n—p)+b

> p+()\1—|—)\2)(n—p)+bm
pra—p— Z [ p+Xan—p)+b } (n+a—p+v(p—n))an =0,

n=p+1

and obtain the desired inequality:

S PR oo sn <0

n=p+1

Hence The proof of theorem 2 is complete. O
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Corollary 4. Let f be defined by 1.2 be in the class TSZ’fj\Q’p’a(,u, v). Then
we have

pra—p

O] (ot (0~ )

lan| < , (2.4)

where m,b € Ng, a > X1 >0, peN, a>0,p>a, 0< u<p+a, v>0.
We shall now determine the extreme points of the class 7' ST{’&Q » o v).

Theorem 3. Let f(z) = 2P™ and

pra—p

[H(Alm)(n_p)%] o=+ (4 a— )

fn(Z) — ppta _

Y

p+A2(n—p)+b

where m,b € Ng, Ao > A >0, peN,a>0,p>a,0< u<p+a,v>0.

Then f € TS;”;% pa(u, v) if and only if it can be expressed in the form

f(z) = anfn(z)a (2'5)

where w, > 0 and z;’lo:p wy, = 1.

Proof. Suppose that

f(z) = anfn(z) = wp fp(2) + Z wn fn(2) = wp fp(2)+
n=p n=p+1
+ i wy 2T — pm—i—a—,u =
n=pt1 Fiﬁ@ﬁ%ﬁ%][@—mu+m+a—uﬂ

p+A2(n—p)+b

o0 oo + .
= anzp“‘— Z Wn pra—p =
n=p |:

n=p+1 p+(’\1+’\2)(”_p)+b] [(p—n)v+(n+a—p)]

o0
— Y, pro-p

m
n=p+1 [H;)_\s_l;ﬁi)_(?;)_fg%] [(p—n)v+(n+a—p)]

Useectus MpKyTCKOro rocy1apCTBEHHOTO YHUBEPCHTETA.
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Now

oo

) =2 = 37 an| =
n=p+1
oo
_ pta Z W, pm+oz—u 7
A14+X2)(n—p)+b
n=p+1 [H;J:;;(Z)_(Z)flz* ] [(p—n)v+ (n+a—p)
therefore,
lan| = wn — bpm—i-oé—,u
eeeeonist [, oy ()

Now, we have that
o0
Z wp=1-w, <1.
n=p+1

Setting

o0

> |

n=p+1 p+;*+1;2?§_(’;)‘f2+”] [(p=n)v+ (n+a—p)]

[p+(x1+/\2)(n_p)+b] ) [(p —n)v+(n+a-— M)}

p+A2(n—p)+b
<1
pra—p -
we get
Mitda)(np)tb |
+ —p)+
s |:p+p+1>\2(fb—7;)-fb ] [((p—n)v+(n+a—p)
Z . lan| < 1.
n=p+1 p H
Therefore,

i [p—i— (A1 4+ A2)(n—p)

p+Aﬂn—M+h+q [(p=n)y+(nta—pllan] <pta—p

n=p+1

It follows from theorem 2 that f € TS;Z:IZ\Q palHs ).
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Conversely, we suppose that f € T S;’i’g\g » o (1, V), it is easily seen that

[e.o]

fz) =2 = 3 an
n=p+1
oo
:Zp+a_ Z Wn p+a—ﬂ ,

v [”*211&?_(’;;3*”] [0 =)+ (n+a—p)

which suffices to show that

pra—u

et t] (it - )

lan| = wn

Now, we have that f € TSZ\?’b)\Q » (1, V), then by previous corollary 4,

pta—p

’an| S m
[p+(/\1+/\2)(n_p)+b] [(p - n)l/ + (n +a— M)]

)

p+A2(n—p)+b

which is

ettt (00 )]

a,| <1.
pta—p lon] <

Since fo:p wn, = 1, we see w, < 1, for each n > p. We can set that

Pﬁﬁ@%gﬁM][@—mV+m+a—nﬂ

Wp = » o 7 ‘an‘.
Thus,
+ o —
|an| —en A1+ bpm :
+(A1+A2) (n—p)+
et 1t )]
The proof of theorem 3 is complete. O

Corollary 5. The extreme points of TS’Z’};\M},&(M, v) are the functions
given by
pta—pu

[p+(>\1+>\2)(n—1?)+b

fu(2) = e — ™
P Az(n—p)+b } [(p=n)v + (n+a—p)]

, (2 €,
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wheren =2,3,..., m,be Ny, o> A >0, peN, a>0,p>a, 0<u<
p+a, v=>0.

Some other works related to subclasses of p-valent functions defined by

other differential operators for different types of problems can be seen in
|4; 5; 6; 8].
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Entisar El-Yagubi, Maslina Darus
O HEKOTOpPBIX KJACCAX JPOOHBIX P-BAJEHTHBIX AHATUTUYIECKUX
dbyukImii

Awnunoraiusi. BeejieHbl HOBBIE KJlacChl (PYHKIHI, 0O0OIIAIONIIE XOPOIIO U3BECTHBIE
KJIACCHI P-BaJIEHTHBIX (DYHKITNHI, BBeAeHHBIX panee T. YMme3aBoii. BBemenbl HOBbIE K1acChI
P-BaJICHTHBIX (DYHKIMIA, BOSHUKAIOIINX IIPY IPUMEHEHUH (POPMAJIbHBIX JuddepeHIraIb-
HBIX OIIepaTOPOB U yCTAHOBJICHDI JIOCTATOYHBIE YCJIOBUA NPUHAJAJIEZKHOCTU K HAM. TaK)Ke
HaI‘/JI,ZLeHbI onpeaejJieHHbIle COOTHONICHUA MEXKIY 3THMU KJIaCcCaMHU.

KuroyeBbie cioBa: anajnurudeckue QyHKIWMHU; p-BaJeHTHbIe DyHKIMT; auddepen-
UAJBHBIA OIIEpaTop; 3Be3/1000pa3Hble (hyHKIMI
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