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Abstract. The nonzero sum n-person game has been considered. It is well known
that the game can be reduced to a global optimization problem [5; 7; 14]. By extending
Mills’ result [5], we derive global optimality conditions for a Nash equilibrium. In order
to solve the problem numerically, we apply the Curvilinear Multistart Algorithm [2; 3]
developed for finding global solutions in nonconvex optimization problems. The proposed
algorithm was tested on three and four person games. Also, for the test purpose, we have
considered competitions of 3 companies at the bread market of Ulaanbaatar as the three
person game and solved numerically.

Keywords: Nash equilibrium, nonzero sum game, mixed strategies, curvilinear multi-
start algorithm.

1. Introduction

Game theory plays an important role in applied mathematics, mathe-
matical modeling, economics and decision theory. There are many works
devoted to game theory [6; 8; 9; 10; 11; 12; 4]. Most of them deals with
Z€ro sum two person games or nonzero sum two person games. Also, two
person non zero sum game was studied in [10; 15; 16] by reducing it to D.C
programming[1]. The three person game was examined in [2] by global op-
timization techniques. So far, less attention has been paid to computational
aspects of game theory, specially N-person game. Aim of this paper to fulfill
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this gap. This paper considers nonzero sum n person game. The paper is
organized as follows. In Section 2, we formulate non zero sum n person
game and show that it can be formulated as a global optimization problem
with polynomial constraints. We formulate the problem of finding a Nash
equilibrium for non zero sum n-person games as a nonlinear programming
problem. A Global search algorithm has been propose in Section 3. Section
4 is devoted to computational experiments.

2. Nonzero Sum n-person Game

Consider the n-person game in mixed strategies with matrices (44, ¢ =
1,2,...,n) for players 1,2,..., n.

Aq = (agﬂg...in) yq = 1527 ey n

i1=1,2,... k1, ...,in=1,2,...  kp,
Denote by D,, the set

p
Dp={u€R > u=1,u; >0, i=1,...,p}, p=hi k... kn

=1

A mixed strategy for player 1 is a vector z! = (x%,x%,...,m}cl) € Dy,,

where le represents the probability that player 1 uses a strategy 7. Similarly,
the mixed strategies for ¢-th player is 29 = (2,21, ... anZq) € Dy, q =
1,2,...,n. Their expected payoffs are given by for 1-th person :

k1 ko kn

1 2 ny __ 1 1 .2 n
fl(x,x,...,x)—g E g A in. i Tiy Ty oo T -

11=112=1 in=1

and for g-th person

k1 ko kn
1,2 ny __ q 1.2 n
folat, 2%, ... 2") = E E E @i iy Tiy Ty oo T s
i1=lig=1  ip=1
q=1,2,....,n.
Definition 1. A vector of mized strategies 29 € Dy, ¢ =1,2,...,n is a

Nash equilibrium if
fA@EhE2 2 > fi(ah, 723, Vol € Dy,
fq(;cle ) x") > f,(3h,. .. ..,.:zqfl,xq,azqﬂ, ..., @"), Yzl € Dy,
fn(3~5175527 : -. ,:TU") > fn(:ﬁl,:fc.z.,.. ..,x™), Vo™ € Dy, .
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It is clear that

fl(jl,i2,...,i"):maxxleDkl flzt, @20 5,
fo (L, 32,3 = maxgaep,, fo (@Y% 5 p et g,
Sa(@, 32, &") = maxgnep, fo(Z', 2%, 2" a").
Denote by
k1 k2 kg1
2 q—1 _q+1 n A
2D Z > - Z PR A AN
11=112=1 ig—1=1lig+1=1 in=1
1 .2 -1 1
:cpiq(:v AL S s a™) = g (z]x?),

tg=1,2,..., kg, q=1,2,...,n

For further purpose, it is useful to formulate the following statement.

Theorem 1. A wvector strategy (z',%2,...,3") is a Nash equilibrium if
and only if

fo(2) = @i, (2|27) (2.1)
for

Proof. Necessity: Assume that Z is a Nash equilibrium. Then by the
definition, we have

k1 ko
~ ~n
=2 2. Zazm iy T2
i1=112=1 in=1
k1 k2 kg—1 kg kqt1
~q—1 _q ~q+1 ~n
=D IDINED DD DD DI Z @iy i Ty B T T
11=112=1 ig—1=1ig=1l1igy1=1 in=1
— ~1 =2 ~q—1 ~q+1 )
= f,(&4,%%,..., 797 20,79 L E), (2.2)
q=12,....n
In the inequality 2.2, successively choose x?q =1, ig=1,2,...,kg. We

can easily see that f,(2) = ¢;, (2[27), for iy =1,2,...k;; ¢=1,2,...,n
Sufficiency: Suppose that for a vector = € Dy, X Dy, X ... X Dy, ,
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conditions 2.1 are satisfied. We choose z? € Dy, ¢ = 1,2,...,n and
multiply 2.1 by x?q respectively. We obtain

~q—1 _q ~q+1 ~n
E xzqfq g E g mz i ” T T T T

ig=1 i1=1 ig=1 in=1
g=1,2,....,n
Taking into account that ZZ“ZI xgq =1,¢=1,2,...,n, we have

fo(@ 32,5 > fu(&',...,3"), Va' € Dy, ¢=1,2,...,n

which shows that Z is a Nash equilibrium. The proof is complete.[]

Theorem 2. A mized strategy T is a Nash equilibrium for the nonzero
sum n-person game if and only if there exists vector p € R™ such that
vector (z,p) is a solution to the following bilinear programming problem :

r(nangp qu 2?2t =) pg (2.3)
9. q:1

subject to :
i, (x]x?) < pg, iqg=1,2,... kg, (2.4)

Proof. Necessity: Now suppose that Z is a Nash point. Choose vector
pas : pg = fo(@), ¢ = 1,2,...,n. We show that (Z,p) is a solution
to problem 2.3-2.4. First, we show that (Z,p) is a feasible point for the
problem. By theorem 1, the equivalent characterization of a Nash point, we
have

(qu('i"'iq) Z fq('i17---7'in)7 q= 1127---an

The rest of the constraints are satisfied because 29 € Dy, ¢ = 1,2,...,n. It
meant that (Z,p) is a feasible point. Choose any z¢ € Dy, ¢=1,2,...,n
Multiply 2.4 by x?q, q =1,2,...,n. respectively. If we have sum up these
inequalities, we obtain

fo(@) <pg, ¢q=1,2,....n
Hence, we get

k1 k2

Z Z Z 1112 Jdn lel Liy - qu <0

i1=119=1 in=1 \ qg=1

forall 7€ Dy, ¢=1,2,...,n
But with p, = f,(z), we have F(Z,p) = 0 Hence, the point (Z,p) is a

NsBectusi VIpKyTCKOrO roCyiapCTBEHHOIO yHHBEPCUTETA.
2017. T. 20. Cepust «Maremaruxas. C. 109-121



A COMPUTATIONAL METHOD FOR SOLVING N-PERSON GAME 113

solution to the problem 2.3-2.4.

Sufficiency: Now we have to show reverse, namely, that any solution of
problem 2.3-2.4 must be a Nash point. Let (Z, p) be any solution of problem
2.3-2.4. Let 7 be a Nash point for the game, and set p, = f,(Z).

We will show that Z must be a Nash equilibrium of the game. Since (z,p)
is a feasible point, we have

@i, (ET9) < Py ig=1,2,... kg, q=1,2,...,n. (2.5)

Hence, we have
fo(@) < g, a=1,2,.

Adding these inequalities, we obtain

ZZ Z Zazm a7 a =Y pe <0 (26)

i1=112=1 in=1 \gqg=1 q=1

We know that at a Nash equilibrium F(Z,p) = 0. Since (Z,p) is also a
solution, F'(z,p) be equal to zero:

k1 ke n
_ _2 _ _
=2 2. Z St | P55 Y =0 27)
i1=112=1 in=1 \gqg=1 q=1
Consequently,

fq('f):ﬁqa q:172a"'7n

Since a point (¥, p) feasible, we can write the constraints (2.5) as follows:

k1 k2

=N
ZZ Z @i1ig...in 11 12”'xin>

’Ll 14 2= 1 In 1

l1+1

1 2 n
q =1 =2 —q—1 _qg+1 -n
E E E E E Ay ig. inTiy Lig - - xiqilxiﬁl cee Ty

i1=112=1 ig—1=1lig4+1=1 in=1

for
g =1,2,... kg, q=1,2,...,n

Now taking into account the above results, by theorem 1 we conclude
that = is a Nash point which a completes the proof. O

3. The Curvilinear Multistart Algorithm

In order to solve considered problems, we use curvilinear multistart algo-
rithm. The algorithm was originally developed for solving box-constrained
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optimization problems, therefore, we convert our problem from the con-
strained to unconstrained form using penalty function techniques. For each
equality constraint g(z) = 0, we construct a simple penalty function §(z) =
g*(x). For each inequality constraint ¢(z) < 0, we also construct the corre-
sponding penalty function as follows:

) 0, if g(x) <0,
4(z) = { £(). it g(a) > 0.

Thus, we have the following box-constrained optimization problem:
7 i A ’Y
f(x):f(x)+§Zgi( Zq] —>m1n

i

X:{xGRnlﬂgmgx—i, izl,...,n}.

where v is a penalty parameter, z and T - are lower and upper bounds.
For original xz-variables the constraint is the box [0, 1]; for p-variables box
constraints are [0, pg]. Values of p; are chosen from some intervals. An initial
value of a penalty parameter v is chosen not too large (something about
1000) and after finding some local minimums we increase it for searching
another local minimum.

The proposed algorithm starts from some initial point 2! € X. At each
k—th iteration the algorithm performs randomly “drop” of two auxiliary
points ! and #? and generating a curve (parabola) which passes through
all three points ¥, ! and #2. Then we generate some random grid along
this curve and try to found all convex triples inside the grid. For each
founded triple we perform refining the triple minima value with using golden
section method. The best triple became a start point for local optimization
algorithm, the final point of which will be a start point for the next iteration
of global method. Details are presented in Algorithms 1 and 2.

4. Computational Experiments

The proposed method was implemented in C language and tested on
compatibility with using the GNU Compiler Collection (GCC, versions:
4.8.5, 4.9.3, 5.4.0), clang (versions: 3.5.2, 3.6.2, 3.7.1, 3.8) and Intel C
Compiler (ICC, version 15.0.6) on both GNU/Linux, Microsoft Windows
and Mac OS X operating systems.

The results of numerical experiments presented below were obtained on
a personal computer with the following characteristics:

— Ubuntu server 16.04, x86_64
— Intel Core i5-2500K, 16 Gb RAM
— used compiler — gce-5.4.0,

build flags: -02 -DNDEBUG
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Algorithm 1 The Curvilinear Multistart Algorithm
Input: 2! € X — initial (start) point; K > 0 — iterations count; § > 0;
N > 0; g4 > 0 — algorithm parameters.
Output: Global minimum point z* and f* = f(z*)

1: for k + 1, K do f* < f(z¥)
2: generate stochastic point ' € X
3: generate stochastic point 2 € X
4: generate stochastic a-grid:
—1:OélS....SOQ’S-(SSOS(SSO&Z;HS...SO[]\[Zl
5: Let #(a) = Projy (o (&' 4+ 22)/2 — 2%) + a/2 (2% — ') + 2¥)
where Projy(z) - projection of point z onto set X.
//note that 2(—1) = 2!, #(1) = 22, 2(0) = .
6: fE f*
7 Ozf ~—0
8: for i + 1,(N —2) do
//Convex triplet
9: if f(&(w)) > f(2(cit1)) and f(Z(aiy1)) < f(2(cit2)) then
//Refining the value of minima using
//Golden-Section search method with accuracy e,
10: o « GoldenSectionSearch(f, a;, i1, g2, €a)
11: if f(2(a®)) < f¥ then
12 FE < Flatab))
13: o « oF
14: end if
15: end if
16: end for
//Start local optimization algorithm
17: oF+1 « LOptim (2 (ak))
18: end for
19: 2% < zF

20: f* « f(xF)

The proposed algorithm was applied for numerically solving number of
problems with 3 and 4 players. In all cases, Nash equilibrium points were
found successfully. Problems 3.1-3.3 are of type (2.3)—(??) have been solved
numerically for dimensions 2 x 2 x 2.
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Algorithm 2 The Local Optimization Algorithm
Input: 2! € X — initial (start) point; e, > 0 — accuracy parameter.
Output: Local minimum point 2* and f* = f(z*)

1: repeat

2: d* = 2% — Proj y (z¥ — V f(2*))
//Perform local relaxation step, for example, with using standard
convex interval capture technique.

3: ¢ = argmin f (2 4+ ad”)
a>0
4: until |25 — |y < e,
Problem 3.1
o 1 1 _ 1 _ 1 1 _ 1

. Let Ay 1s1a111 =2, a3y = g’v a191 = —21, 199 = 0,2 as; =1, 3212 = —2,
a%m = 4, CL2%2 =3, A22 18 ajqq 2: L, aj12 = 2, ajy 3: 0, a1223 = -1,
agn = —1,3 azio = 073%21 = 2,3 A290 = 137 and As 12 ajyy = 3, a1 = 2,
aje; =1, ajgy = =3, a5y =0, a519 = 2, a5y = —1, agyy = 2.

The optimization problem is :

1.2 .3 1 1.2.3 1.2.3 1.2.3
F(z', 2%, 2%, p1,pa, p3) = 6xjatal + Twjatal — 3wadal + baupaizs+

+ 6332332:52 Pp1 — P2 — P3 — Mazx

( 2x1x1 + 32223 — 23} — <0
mlml — 223235 + 4x2$1 + 32373 — p1 <0
mlml + 2zia3 — mQxl D2 <0
—zrixd + 2zdad + QOQ D2 <0
3rizt + xlad — xdad —ps <0
2:51:51 — 3wixd + 22322 + 22kys — p3 <0
z} 4 x} =1
z} + 23 =1
z$ + a3 =1

i >0,28>0,22>0,22>0
3>0,25>0,p1 >0,p2>0,p3 >0

4 Nash equilibrium points have been found:

NsBectusi VIpKyTCKOro roCyapCTBEHHOIO yHHBEPCUTETA.
2017. T. 20. Cepust «Maremaruxas. C. 109-121



A COMPUTATIONAL METHOD FOR SOLVING N-PERSON GAME 117

points | Player a:ﬁ a:Z; Dy F*
1 0 1 3
1. 2 0 1 1 0.0
3 0 1 2
1 1 0 2
2. 2 1 0 1 0.0
3 1 0 3
1 0.5191 0.4809 1.2281
3. 2 0.5888 0.4112 0.5 2.08-1078
3 0.5382 0.4618 0.9327
1 0.75 0.25 1.5
4. 2 0.8333 0.1667 0.5 3.37-10°8
3 1 0 1.9583
Problem 3.2
Let Ay is afy; = 5, ajyp = 3, gy = 6, ajeg = 7, agy; = 0, agyp = 8,
aém =2, 0552 =1, A2215 a%n =2, a%m = 4730%21 = —137 0%22 = 0,3(1%11 =3,
a%m =5, aQ%I = 4, GQQ% =9, an;i Az is a3111 = 2, a3yp = 0, ajy; = —4,
ajgy = —1, a5 = =2, a3;5 = 6, a5y =8, azyy = 9.

For this problem Nash equilibrium points are:

points | Player || 7] R D; F~

1 1 0 5

1. 2 1 0 2 0.0
3 1 0 2
1 0.5 0.5 4.8181

2. 2 0.5454 0.4545 4.5 2.6-1078
3 0 1 3.4545
1 0.8 0.2 4.0

3. 2 1 0 3.2 9.9-1078
3 0.5 0.5 1.2

Problem 3.3 Let A; is al;; = 3, al;y = 2, aly; =1, alyy =5, ady; = 8,
asia = 4, a1 = 1, adyy = 3, Ay is a}y; = 3, adjy = 2, ady = 4, adyy = 0,
agu =1, a%m = 8, a%m = 6, a%m = 6, and Az is a?fll = 3, a?m =1,
a?m =9, a?QZ =2, a%n =4, a%m =T, ang =2, CL§22 =3.

Also, we found 4 Nash equilibrium points are:
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points | Player xﬁ x’; p; || F*
1 1 0 1

1. 2 0 1 4 |00
3 1 0 9
1 0 1 4

2. 2 1 0 8 |00
3 o 1 7
1 0.5 05 1

3. 2 00 1.0 5 | 0.0
3 1.0 0.0 55
1 0.7 03 1

4. 2 0 1 46| —133-1071
3 1.0 00 6.9

Problem 3.4 We have considered competitions of 3 companies sharing
the bread market of city Ulaanbataar where each company maximizes own
profit depending on its manufacturing strategies. The problem was formu-
lated as the three-person game with profit matrices A = {a;;r}, B = {biji },
C = {cijr},1=1,5,7=1,6, k = 1,4. The matrix data can be downloaded
from [17]. In this case the problem had 18 variables with 18 constraints.
The solution of the problem found by the curvilinear multistart algorithm

was:
Player || 27 25 2% ) zf zf p* | F*
1 0 0 0 0 1 65
2 0 0 0 0 0 160 || 0.0
3 1 0 0 O 53

It means that first and second companies must follow their 5-th and 6-th
production strategies while third company applies for its 1-st production
strategy. Companies’s maximum profits were 65, 160 and 53 respectively.

Problem 4:.1 Let Al iS ahn — 1,0&211 — 0, a&121 — 0, ahu — 0, a%ln —

1 _ 1 _ 1 _ 1 _ 1 _ 1 _ i _
L,ag119 = 0,a319; = 0,a3917 = 0,a1199 = Liaj919 = 0,a199; = 0,a399; =

0&%212 = 0,a3195 = 0,059 = 0, 03995 = 1,
A ;S a%lll =0, a%zn = 17“%121 =0, a%112 = 07“%111 = 07“%112 = 1,a§121 =
0,a5011 = 0,a199 = 0,a7919 = 0,0a7991 = 1,a5991 = 0,a3915 = 1,059 =
17“%222 =0, a399 = 1.

and Az is a?lll = 07“?211 = 1,a§121 = 0, a§112 = 0,a
17“%121 = 1,a§211 = 1,a§122 = 07“?212 = 1,a§221 = 0,a599; = 1,a595 =
0, CL§122 = 1,a7999 = 1,a5999 = 0,
Ay is ajyy = 0,aley; = 0,at9; = 0,a}y;o = 1,a%2111 = 0,a%2112 =

4 _ _ 4 _ 4 _ 4 _ 4 _ 4
0,a91091 = Liagg; = 0,a7100 = Liaja10 = 2,a799; = 0,a999; = 1,a9919 =
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4 _ 4 4 _
L, a5199 = 0, @999 = —1,a3995 = 0.

Solution of this problem is also not unique and consist of several sets,
such as:

1) F* =0, 21" = 0,17, 22° = (0,7, 23" = (t,1 — )T, 2" = (1,0)T,
p; =0, p5 =0, p; =1, and p; =1 —t, where t € [0,0.5].

2) F* =0, " = (0,1)7, 2% = (u,1 — )T, 2% = (0,1)T,2*" = (1,0)7,
py =0, py =0, pi =1, and pj = 1, where u € [0, 1].

3) Fr =0, o’ = 0, 1)T1 a2 = (Oa 1)T7$3* = (U71 - U)Ta'%A* = (Oa 1)T7
1, p5 =0, and p} = v, where v € [0.5, 1].
Solution (1) and (2) meets in point z'* = (0,1)7,2%" = (0,1)7, 23" =
(Oa 1)T7$4* = (170)T'

Some single points of Nash equilibrium also are:

F* ‘ xt* ‘ 2 ‘ 3" ‘ o ‘ Pl | p5 | P3| Pi
0 (1,0) | (0,1) | (1,0) | (0,1) |O |O |1 |2
0 (1,0) | (1,0) | (1,0) | (0,1) |0 |O |O |1
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BeraucanTe/ibHbIN METO, JIJIsi UT'P C HEHYJIEBOM CyMMOM
st N-Jimrg

Amnnoramusi.  PaccMmarpuBaercs urpa ¢ HeHys1eBO# cymmoii st N-urpokos. Xo-
POINIO M3BECTHO, YTO WMIPa MOXKeT OLITh CBeJleHa K TIODAJBHON 3aJlade ONTUMHU3AIIAN
[6; 7; 14]. O6obmas pe3yabrarbl, noaydeHHble MuicoMm [5], MBI UMeeM yCJIOBHs TJI0-

NsBectusi VIpKyTCKOro roCyiapCTBEHHOIO yHHBEPCUTETA.
2017. T. 20. Cepust «Maremaruxas. C. 109-121
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OaJIbHOM ONTUMAJBHOCTU Jisi paBHOBecusi o Hoamry. Jlyist oThicKaHuWsI paBHOBECHiT IO
Hsmy B mocTpoeHHOU WIpe HCIOIB3yeTcs MOAXOJ, OA3UPYIOMINIACST Ha €e PEeIyKINH K
HEBBIIYKJION 3a/1ade ONTUMU3AINU; JJIs PelIeHus [OocJe/IHell NPUMEHSEeTCs aJIlOPUTM
ry106aJIbHOTO HOKCKA, Mbl npuMmensieM Curvilinear Multistart Algorithm [2; 3], ciermansao
MOJIMDUIIMPOBAHHBIN JJIsI HAIlle pPeyIMPOBAHHON 3a/1a4M HEBBITYKJION ONTHMHU3AINH.
IIpeio2KeHHBIN AJITOPUTM IIPOTECTUPOBAH HA UI'PAX C TPEMS U YETHIPbMS UIDOKAMU.
Kpome Toro, Mbl paccMaTpuBaJii MAPKETHHIOBYIO 3a/1ady COPEBHOBAHUS I10 IIEHAM TPEX
KOMITaHUH Ha XJieOGHOM phiHKe Yian-bBaropa. [IpuBonsitcs u aHaTM3UPYIOTCST PE3YIBTATHI
BBIYUCJINTEIHHOIO SKCIIEPUMEHTA.
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