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KBa3unoJus n IIPOEKTHUBHbLIE IIJIOCKOCTH TpaHCHHI_[I/Iﬁ

MaJIbIX YE€THBIX INTOPAAKOB *

I1. K. IITyxkept

Cubupcruti edeparvrviti yHusepcumen

Amnnoranusa. llocTpoernd pasTWIHBIX KTAacCOB KOHETHBIX HENE3APTOBBIX TMIOCKOCTEHN
TPAHCJAANUNR W KBasuNoJell TeCHO CBSI3aHBI U € CepeJuHbBI HMPOIIIOTO BeKa CUCTeMaTH-
YeCKW OMUPAIOTCSd Ha KOMIBIOTEPHBIE BEIUHCHeHNS. MBI HaXOAWM CTPYKTYPHOE OMHCA-
HHUe ToJaynoseil mopsiaka 32 U KBazumnoJjell nopsjaka 16, cOOTBETCTBYIOMUX IJIOCKOCTel
TPAHCAATANA.

W3BecTHO, 9TO MPOEKTHBHBIE MIOCKOCTH TPAHCAIIAN TFO060TO MPAMAPHOTO TOPSIIKa
p" ¢ MPOCTBIM P YHAETCS MOCTPOUTDH, KOOPAMHATH3WPYS WX JUHEHHBIM MPOCTPAHCTBOM
W pasmepHOCTH N HAJI TPOCTHIM TOJEM W3 P 3J€MEHTOB W XapaKTepHu3ysl PeryIapHBIM
MHOZKECTBOM, TTO3BOJSIONUM CHAGMATE W ¢TpYKTYpoii KBasuIonsa (BO3MOXKHO HAIEpes
3aJaiHbIM). TITOCKOCTh HA3BIBAIOT MOMYIONeBOl, ecmu W — moaymoie; B caydae To-
ag W mnockocTh Jesaproba. V30MOpHOCTE TMOMYIONEBHIX TIOCKOCTell paBHOCHJILHA
HW30TOIMMHOCTH UX MOJIyHoJeil.

Crpoenne KBa3uIoaeil MOpsiaKa p', B OTIMYHE OT KOHEUHBIX TOJel, W3y 9IeHO MAJOo
layKe MPHU HeOOJBIMNX TMPOCTHIX WX OJW3KWX K MPOCcThIM n. Kieitadung B 1960 romy
KITacCuPUIIPOBAJI, ¢ TOTHOCTHIO IO H30MOPMU3MOB, KBA3UIIONS C SITPOM TTOPSIIKa 4 7 Bee
moaynonas nopsaaka 16. Kmaccndukammio Becex TIOCKOCTel TpaHCasAnwit mopsaka 16 m 32
nozaHee 3aBepiuan levmpoad u ap. C TOMOIMIBIO PeTyIIPHBIX MHOXKECTB Hele3apTOBBIX
IJIOCKOCTell yJaeTcs MOCTPOUTL 5 HoJiynodiell mopsika 32 u 7 KBazumnoJell nopsjaka 16,
HCUYEPIBIBAIONIAX, ¢ TOYUHOCTBIO /IO U30TOMU3MOB, BCe MOIYIONS TOPSIKa 32 U, COOTBET-
CTBEHHO, KBa3UIOJs Mopsaaka 16. OcHOBHEE Pe3yABTATH CTATHA TMEPEINCSIOT AT HUX
B caydae TMoIynoseil (B ciaydae KBa3WIONeH YAaCTHIHO) sITpa W BCe TOIIONS, a TAK¥Ke
BBeJIeHHbBIe MTOPSIIKA 3JEMEHTOB U CIIEKTPhl COOTBETCTBYIOMIUX JIVIL.

KirroueBble ciioBa: ILJIOCKOCTH Tpa,HCJIHL[I/IfI, peryiadapHoe MHOXKeCTBO, KBa3HIIOJIE, ITo-
JynoJie, TopadoK 3JeMeHTa JIYHIBIL.

1. Bsegenune

HpOGKTI/IBHaH IJIOCKOCTDL XapaKTePpUu3yeTrcd KaK MHOXKeCTBO TOYEK C OIl-
peaeyJIeHHbIMU I[TOAMHOXKECTBAMM, HA3BIBACMBIMHU IIDAMBIMHA [4] Koneunnie

* Pabora BemmosHeHna npu ¢puHancoBoi nmomgepxke POOU, rpant 12-01-00968.
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MJIOCKOCTH TOPGJIKA 7 CYIMECTBYIOT He I JII0DOTO HATYPATLHOTO HYHCIA
n > 2, B gactHoctH, ux Her npu n = 6 (I Tappu, 1900 r.). [TnockocTu jro-
OBIX MPUMAPHBIX HOPAIKOB, T. €. C €IMHCTBEHHBIM IPOCTHIM JEJTUTEIEM, 110-
JNYHaI0T KaK IJIOCKOCTH TPAHCAINM, KOOPAMHATA3NPYEMble KOHETHO-MED-
HLIM JIUHedHBIM mpocTpaHcTBoM W. TlnockocTh Tpamcnanuit xapakTepu-
3YIOT PEryJISPHBIM MHOXKECTBOM, MO3BOJIAIONIUM cHADauTh W cTpyKTYpOii
KBa3WNoJs. Ecam KBa3WNoje ecTh KOJBI0, €ro HA3bIBAIOT MOIYIOJEM, a
MJIOCKOCTh — TMOIYTIOJIEBOIT; kKorma W — mose, IocKoCTh ae3aprona. Mzo-
MOPMHOCTE TOJTYIOJIEBBIX [JIOCKOCTEH PABHOCUJIbHA, H30TOMHOCTH WX TIOJTY-
nosneit [3; 11; 13; 15; 17].

Hanmenbmue deTHbIe MOPAAKA HEAEC3APTOBBIX MOJYIOIEBBIX TIOCKOCTEN
W IJIOCKOCTeH TpaHcasanmil, B cuy [19] n [12], paBuer 16. lag neueTHbIX
NOPsIIKOB OHU Jaxke He coBmamaor [10]. C uCnosbp30BaHHEM JTATHHCKAX
npsiMoyTobHIKOB Kieitaduns [12] kmaccndunuposan KBasumos ¢ siipoM
nopsizika 4 u Bee nosynosig nopsiyika 16. HomgxocTeio knaccudpuxams Heaes-
APTrOBLIX IJIOCKOCTEN TPAHCAAIUI 3aBeprnena /st mopgika 16 B paborax
[8; 9; 14|, a nast mopsinka 32 — B paborax [18] (cayuail nomymoneit) u [9).

Mpu1 uccienyeM BOTPOCH CTPYKTYPHOTO OMUCAHUS KOHEUHBIX KBA3UIIO-
Jieil MaJIbIX Y€THBIX NOPAAKoB 16 u 32, npex e Bcero, onncanue noJnoei,
Aep W MOPSAKOB 371eMeHTOB. CTPYKTYPHOE OMHCAHHE BCEX (¢ TOYHOCTHIO
710 n3oMopdn3mMa) moaynonei mopsaaka 16 u3yvanocs B [5].

ITpenBapuTenbHble CBEIEHUSA O IIOCKOCTAX TPAHCHANNA W KBA3UIIOJSIX
npusonsaTced B § 1. B § 2 usyvaercsa cTPYKTYPHOe OIMCAHUE KBA3WIOJEH,
COOTBETCTBYIOMUX KAXKJI0H HEAe3aproBO IIJIOCKOCTH TPAHCIALNNA MOPSIKA
16; ocHOBHO# 37€eCh ABJAETCS Teopema 2.

Teopembl 4 u 5 B § 3 ycTaHABJIMBAIOT CTPYKTYPHOE OIHCAHUE MOJIYIIOJEIH,
COOTBETCTBYIOMUX KarKJIOH MOJIYIIOJNEBOH IJIOCKOCTH TOpAaKa 32.

ABTop oueHb HiaroapHa HayYHOMY PYKOBOAHMTENIO Tpodeccopy Biaan-
Mupy Muxaitiosuay JIeBuyKy 3a MIOCTAHOBKY 38Ja4d U BHUMaHHE K padore.

2. IlnockocTh TpaHCAANWIT U €e KBA3UIIOJIE

Cormacuo [4, § 20.1], mpoeKTHBHAS MIOCKOCTh T — 9TO MHOYKECTBO TOYEK
C ONPEHEJICHHLIMU MOAMHOXKECTBAMY, HA3BIBACMBIMU IPAMBIMU, U YAOBJE-
TBOPAIOIIUMU CJICAYIOIMUM aKCHOMAM:

1) 7ABe pasaudHBbIe TOYKH JIEXKAT HA OJHON M TOJBKO OMHOM MPIMOii;

2) B€ PABNUYHBIE TPSMBIE TIEPECEKAIOTCS B €INHCTBEHHON TOYKE;

3) CYIMECTBYIOT Y€THIPE TOYKH, HUKAKHE TPH U3 KOTOPBIX HE JIEXKAT HA
OJHOI IpPAMOIA.

Onpeaenenue 1. Ilpoexmusnvie naockocmu T U To HA3WGAIOM US0-
MOPPHOIMU, ECAU CYWECTNBYEM, USOMOPPUSM T1 HA T2, M. €. OUEKMUSHOE
OMOOPANHCENUE, COTPAHAIOULEE UHUUJEHMHOCTIL, MOYEK U NPAMDBIE NAOCKO-
CMU T, COOMBEMCMEERHO, 6 MOUKY U NPAMbBIE NAOCKOCMU T2.

WzBectnst UpKyTCKOro rocyJapCcTBEHHOIO YHUBEPCUTETA.
2014. T. 7. Cepus «MaTemaTukay. C. 141-159
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IIpoekTuBHYIO MJIOCKOCTH HA3LIBAIOT KOHEYHOI, €C/in XOTd Obl Ha OIHOMN
(paBHOCHUJIBHO, JIIO0OI) ee mpsAMOil 9uca0 1 + 1 TOYeK KOHEYHO; YUCIO 1
HA3BIBAIOT NopAdkom mnockoctu. CBoiicTa mopsaka cM. [4, Teopema 20.1.1].

[TocTpoeHne TPOEKTUBHBIX IJIOCKOCTEH TPAHCIANMN CBA3AHO ¢ BLIOOPOM
N-MEPHOTO JuHeitnoro npoctpancTBa W nam mojmeM F' B KauecTBe KOOPIUHA-
TU3NPYIOMETO MHOXKECTBA. BeKTOPH BHEMHEH npsaMoit cyMmMer V = W g W
ABYX Kommuit mpocTpaHcTBa W NpeNCcTaBASIOTCI B BUIE

(myy) € VY7 r = (%1,%2, "'7$n)7 Y= (y17y27 7yn) ew.

HanomuuMm, 4TO pacmienjienue aIHTHBHON TPYIIIBI — 9TO HADOP ee 1mo-
rpyni (KOMIIOHEHTBI PACIIEINICHNsT) ¢ TOTAaPHO HYJEBBIME MEPECECICHUIMH,
JIAIONIHX B TEOPETHKO-MHOXKECTBEHHOM OOBEIMHEHUH BCIKO TPYIIITY.

Harnee ucmonb3yem pacienienne o aggutuBhoil rpymnmel (V) +) Takoe,
aro V. = M @& N png n0b6bix paziaundabix M, N € ) TOrja KOMIIOHEHTHI
€CTb N-MEPHbBIE TOANPOCcTPaHCTBA. K 3TOMY C/Iy4yaio MPHUBOIAAT MHOMXKECTBA

V(eo) = (0, W), V(0) = (W,0), V(o) ={(v,v?) | ve W)Ho € GL(W)).

IlpoexktnBry0 miIockocTh Tpaucasuuii p(V) momyvaror n3 V, cunras
TOYKAMHU 1-MEPHbIE TOIIPOCTPAHCTBA U3 V, & MPAMBIMH — KOMIIOHEHTHI U3
[l ¥ BCEBO3MOXKHBIE CMEXKHBIE KJIACCHI TI0 HUM; O OMPEICTIEHNIO, CMEKHbIE
KJIACChI 110 OJHOM M TOH »Ke MOArPYIIE IMEePECEeKAIOTCd B OJHOI U TOI XKe
TouKe (00), HA3BIBAEMOI 0CODOI TOUKOIl, & MHOKECTBO BCEX OCOOBIX TOUYEK
canTaeM 0coboil mpsiMoil [oo| mpoekTHBHOI mIockocTH [7; 115 15].

Pezyaaproe MHootcecmeo MIOCKOCTH T — 3T0 MHOXKecTBO R = O(W) ¢
HyJIeBO# mMaTpuieit O U ¢ eIMHUYHONW MaTpuilel JJisd aJJIMTHBHOTO O0TO00-
paxenus 0 mpocrpancrea W B koibio M(n, F') Bcex n X n-MaTpuil Ha
F' raxoro, 1ro B GL(n, I) nexar muoxkectso R\ {O} u 0(u) — 0(v) npn
u,v € W, u #£ v. Paur m — s71o pazmeprnocts W. Yvuoskenne na W BBoaNM,
nosiarast

xoy:=x-0(y) (x,ye W) (2.1)

Hamomumnm, aTo MHOXKeCTBO L ¢ OMHADHON oneparueil o HA3BIBAIOT .AY-
noti, ecan B (L, o) CymecTByeT HeHTPaIbHbII d1eMeHT (Hyb 0 B 8 IUTHBHO
TEPMUHOJIOTHH ) W yPaBHEHNs G0 X = b U 2 0 a4 = b OTHO3HAYHO PA3PEITHMBI
npu J06bIX @, b € L. B yacTHocTH, rpynna — 9TO acCOUaTUBHAS JIYTA.

Omnpegenenne 2. Koneunoe mnootcecmso Q ¢ GUHGPHOIMU ONEPALUAMLU
CAONCENUA + U YMHONCENUA O HAZBIBAIOM ACEBIM KEAZUTOAEM, CCAU:

1) (Q,+) — abeaesa epynna;  2) (Q \ {0},0) — ayna; 3) 0ox = 0
(x € Q);

4) 6LNOAHAECMCA ACGIL OUCTIPUOYMUSHBIL 3aKOH

xo(y+z)=x0ytaoz (x,y,2 € Q).
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3ameuanune 1. Xwiorec [11] nassiBaer (Q,+,0) ¢ NPOU3BOJILHBIM (), He
00s13aTeIbHO KOHEYHBIM, W yCaoBuAMEU 1)—4) caaboim keasunosem (weak
quasifield), a KBazumoseM — NP JAOTIOJHUTETEHOM YCIOBUI: YPAGHEHUE ( O
x =box+ ¢ 0dnosnauno paspewumo npu a,b,c € Q, a #£ b.

ITo [11, Teopema 7.3], kKoHEUHOE C/1abOe KBA3UIIO/IE €CTh KBA3UIIOE.

Koneunoe npasoe x6a3unone ONpepesieTcsi aHaJOIMIHO ¢ COOTBETCTBY-
omuME n3MeHeHnsMn cBoiicts 3) u 4) (Jlroredypr [15] mox «kBasnmonem»
MOHUMAET «IpaBoe KBazumoses ). Jdanee, kak u Xbiorec [11], roBopum «KBa-
3UIIOJIE» BMECTO <«JIEBOE KBA3UIIOJIE», €CJIM HE OMOBOPEHO IPOTHBHOE.

OTMeTHM, 9TO KBA3UIIOJE C JBYCTOPOHHENH JUCTPUOYTHBHOCTHIO HA3BIBA-
10T noaynoaem; B repmunogorun Al Kypoma [1, 11.6.1] — 9170 KBa3uUTENO.

I110CKOCTE 7 HABBIBAIOT NAOCKOCTLIO mpancaauyut, ecia (W, +,0) ecThb
KBA3UIIONE, W HA3BIBAIOT NOAYNoAesot naockocmoio, koraa (W, +,0) ecthb
nonynosie [3; 11; 15]. UzsectHa

Jlemma 1. Ilaockocmv mpancaauuti A6AAEMCA 03aP2060TL M020a, U MOAb-
K0 mozda, Kozda coomeememsyrouiee et Keasunoae ecmov noae. O

BzanMocBsI3b MeXKTy KaccaMy H30MOPMHBIX MPOEKTUBHBIX MJIOCKOCTEH
1 KJIacCaM¥ M30TOMHBIX KOHEYHBIX MOJIyHojeil Boisieua Anbept [6].

Teopema 1. /Jlse noaynoasesvie naockocmu u3omopdus, moz20a u mosvko
mozda, K020a COOMBEMCMBYIOUWUE UM TOAYNOAL U30MONHbL. O

JL1s1 TPOU3BOMBLHOIO KBA3UIOs () C €AUHUIEH € HEeCI0KHO TOKA3bIBAET-
cs CAenyIomas JeMMa, TIe

ke=e+t+e+..+e, (—kle=—kenpu ke Z k>0, 0e=0.
~—_———
k pas

Jlemma 2. Omobpasicenue x : k — ke (k € Z) ecmv 2omomoppusm
Koavua Z ueanx wucea 6 keasunoae @, npuvem aubo x(Z4) ~ Z, daa
HEKOMOPO2O NPOCMo20 wucaa p, aubo x(Z4) ~ Z. O

ITo onpenenenuto [11], npasoe Adpo nnu aAdpo KBa3uUMONsi () — 31O

N(Q) = {k € Q| xo(yok) = (xoy)ok, (x+y)ok = wok+yok (x,y € Q)}.

AHaJoruuHO BBOJAT JE€BOE sAAPO. PO BCAKOrO KBA3MIIOJNS €CTh TEJI0; KO-
HEYHOE KBA3MIIOJIE BCErJa sIBJSIETCS MPABbIM BEKTOPHBIM TPOCTPAHCTBOM
uas ceouM sigpom |11, Teopema 7.2]. B wactHOCTH, cripaBenBa

Jlemma 3. Sopo xoneunozo xeasunosa Q@ usomopgro nomo GF(q) o
nodxodawezo q. Ecau n — pasmeprocmo Q nad adpom, mo |Q = ¢"*. O

WzBectnst UpKyTCKOro rocyJapCcTBEHHOIO YHUBEPCUTETA.
2014. T. 7. Cepus «MaTemaTukas. C. 141-159
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3. Ksazwnogas mopsiaka 16

Henesaproesl mosrymoJieBbie MIOCKOCTH TOPsIKa 16 Kiaaccuduimposa
B 1960 romy Kreitaduan [12], onncas M30TOMHBIE KIACCHI UX TOJIYTOJICIH;
BCETO TAKWX KJaccoB 2. Xapakrepusyd tabnauny Ksmm nyner W* mekoro-
pBIX KBazumojeir W narnHcKuMu mpsaMOyronbHUKAME (cM. Takxke [2]), on
JIOKA3aJI, YTO YHCJIO HEM30MOP(HBIX MOJIYIIOJeH mopsiika 16 paBHo 24.

dABHO OPMY/IBI YMHOXKEHUS ABYX mMOJynoseil us [12] — npencrasure-
Jielt H30TOTHBIX KJIacCoB, Bhimucaa Kuyt [13]. CTpyKkTypHOE onucanue Beex
Hen30MOPHBIX TOJIyTONEl mopsiika 16 uzyvanock B [5]: mast Kayka0ro mo-
naynois W onepeducyienbl ero monosisi, Haiiaensl Tabanma Kaau u cnexmp
aynbr W
Onpenenenne 3. [Topadkom 34eMERMA X 6 AYNE HAZDIGAEM HAUMEHDULEE
ueaoe wucao m > 1 (obosnavaem |x|) maxoe, wmo xoma 6v, 00HO NPoU3-
sedenue OAUHBL T IAEMEHMA X PABHO €; 6 OCTAALHBIL CAYWAAT || = oo.
Cnexmpom AYnsl HA306EM MHONHCECTE0 NOPAOKOS 6CEL €€ INEMENOE.

Janee ncronbsyem oboznadenue g¢ s k-it cremenn (k > 1) anemenTa
g KBA3WUTIOJIsSI C MPABUIBHON, TPABOHOPMHUPOBAHHOMN, PACCTAHOBKON CKODOK.

Hepezaproeer miaockocTu TpaHcasiuil nopsaka 16 kiaccuduiimpoBasiu
Hemmsond u Peiicpxar [8], [9]; ¢ TourOCTBIO 10 H30MOPMDU3MOB, X OKA3a-
JIOCh BCETO 7, BKJIIOYAsi JIBE ITOJYIIOJIEBBIE [IJIOCKOCTH.

Mper ncenenyem B 3ToM naparpade KBas3uios, COOTBETCTBYIOIIHE MI0C-
KOCTSIM TPaHCIAINmiA mopsinka 16 u3 [9).

Bribupasi KoOpAMHATHINPYIOMEE MHOXKECTBO KAaK 4-MEPHOE ITPOCTPAH-
creo W Ha Zs, perysisipHble MHOYKECTBA IJIOCKOCTEN TpaHcasnuii 0603Ha-
gaeMm depes R;, 1 < i < 8, coorBercrBenno Hymeparuu u3 [9]. B gactHOCTH,

0001 0010 0011 0100

0110 0011 1101 1111
Bi={0E |y o1 {1o10]|lo111]|o011]

0100 1101 1011 0101
0101 0110 0111 1001 1010
1100 1110 0101 1010 0111
t11of’ftoo1f'{foroo0o]|°{1111]°l1000]"
1111 0010 1010 0111 1100
1011 1100\ /1101\ /1110\ /1111
0001 1001 0010 1000 1O 1Ly
ot1o1]'loootr|'l11o00f 1011 | [o110]["
1000 1110 0110 1001 0011

Yepes (); 0bo3HauaeM KBA3UIIO/I, COOTBETCTBYIOIMINE IJIOCKOCTAM TPAHC-
JISTAH ¢ PETYASIPHBIMA MHOXKeCTBAMHA R,
CTpyKTypHOE OIHCAHNE KBA3UIIOJs ()1 YCTAHABIHBAET
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Teopema 2. Ksasunose Q1 umeem eOuHCmeeHH0e MAKCUMAALHOE NOONOAE
H: {0767 (0707170)7(1707170)}7

Asamoueeca Aopom. Kaorcowti sremenm us Q1 \ H umeem nopadox 5 u
nopootcoaem ayny Q7.

Loxasameavcmeo. Tadbmuy Kamm nyner Q7 crponm mo npasuiy (2.1); ym-
HOXKCHUE Ha ¢AUHUYHBIN JICMEHT B HEH OIIYCKAeM.

Tabmumna 1
Tabmmna Kann ayner QF

(0’0’0’1) (0’0’1’0) (0’0’1’1) (0’1’0’0) (0’1’0’1) (0’1’1’0) (0’1’1’1)
(0,0,0,1)| (0,1,00) | (1,1,0,1) | (1,0,1,1) | (0,1,0,1) | (1,1,1,1) | (0,0,1,0) | (1,0,1,0)

(0,0,1,0)| (1,1,0,1) | (1,0,1,0) | (0,1,1,1) | (0,0,1,1) | (1,1,1,0) | (1,0,0,1) | (0,1,0,0)
(0,0,1,1)| (1,0,0,1) | (0,1,1,1) | (1,1,0,0) | (0,1,1,0) | (0,0,0,1) | (1,0,1,1) | (1,1,1,0)
(0,1,0,0)| (0,1,1,0) | (0,0,1,1) | (1,1,0,1) | (1,1,1,1) | (1,1,0,0) | (1,1,1,0) | (0,1,0,1)
(0,1,0,1)| (0,0,1,0) | (1,1,1,0) | (0,1,1,0) | (1,0,1,0) | (0,0,1,1) | (1,1,0,0) | (1,1,1,1)
(0,1,1,0)| (1,0,1,1) | (1,0,0,1) | (1,0,1,0) | (1,1,0,0) | (0,0,1,0) | (0,1,1,1) | (0,0,0,1)
(0,1,1,1)| (1,1,1,1) | (0,1,0,0) | (0,0,0,1) | (1,0,0,1) | (1,1,0,1) | (0,1,0,1) | (1,0,1,1)
(1,0,0,1)| (0,1,0,1) | (1,1,1,1) {(1,0,0,0)( (0,0,0,1) | (1,0,1,0) | (0,1,0,0) | (1,1,0,1)
(1,0,1,0)| (1,1,0,0) |(1,0,0,0)| (0,1,0,0) | (0,2,1,1) | (1,0,1,1) | (1,1,1,1) | (0,0,1,1)
(1,0,1,1)|(1,0,0,0)| (0,1,0,1) | (1,1,1,1) | (0,0,1,0) | (0,1,0,0) | (1,1,0,1) | (1,0,0,1)
(1,1,0,0)| (0,1,1,1) | (0,0,0,1) | (1,1,1,0) | (1,0,1,1) | (1,0,0,1) |(1,0,0,0)| (0,0,1,0)
(1,1,0,1)]| (0,0,1,1) | (1,1,0,0) | (0,1,0,1) | (1,1,1,0) | (0,1,1,0) | (1,0,1,0) |(1,0,0,0)
(1,1,1,0)| (1,0,1,0) | (1,0,1,1) | (1,0,0,1) |(1,0,0,0)| (0,1,1,1) | (0,0,0,1) | (0,1,1,0)
(1,1,1,1)| (1,1,1,0) | (0,1,1,0) | (0,0,1,0) | (1,1,0,1) |(1,0,0,0)| (0,0,1,1) | (1,1,0,0)

(1’0’0’1) (1’0’1’0) (1’0’1’1) (1’1’0’0) (1’1’0’1) (1’1’1’0) (1’1’1’1)
(0,0,0,1)| (0,1,1,1) | (1,1,0,0) |(1,0,0,0)| (1,1,1,0) | (0,1,1,0) | (1,0,0,1) | (0,0,1,1)

(0,0,1,0)| (1,1,1,1) |(1,0,0,0)( (0,1,0,1) | (0,0,0,1) | (1,1,0,0) | (1,0,1,1) | (0,1,1,0)
(0,0,1,1)|(1,0,0,0)| (0,1,0,0) | (1,1,0,1) | (1,1,1,1) | (1,0,1,0) | (0,0,1,0) | (0,1,0,1)
(0,1,0,0)| (1,0,1,0) | (0,1,1,1) | (0,0,0,1) | (1,0,0,1) | (0,0,1,0) |(1,0,0,0)| (1,0,1,1)
(0,1,0,1)| (1,1,0,1) | (1,0,1,1) | (1,0,0,1) | (0,1,1,1) | (0,1,0,0) | (0,0,0,1) |(1,0,0,0)
(0,1,1,0)| (0,1,0,1) | (1,1,1,1) | (0,1,0,0) |(1,0,0,0)| (1,1,1,0) | (0,0,1,1) | (1,1,0,1)
(0,1,1,1)| (1,1,1,0) | (0,0,1,1) | (1,1,0,0) | (0,1,1,0) |(1,0,0,0)| (1,0,1,0) | (1,1,1,0)
(1,0,0,1)| (1,1,1,0) | (0,1,1,0) | (0,0,1,1) | (0,0,1,0) | (1,0,1,1) | (0,1,1,1) | (1,1,0,0)
(1,0,1,0)| (0,1,1,0) | (0,0,1,0) | (1,1,1,0) | (1,1,0,1) | (0,0,0,1) | (0,1,0,1) | (1,0,0,1)
(1,0,1,1)]| (0,0,0,1) | (1,1,1,0) | (0,1,1,0) | (0,0,1,1) | (0,1,1,1) | (1,1,0,0) | (1,0,1,0)
(1,1,0,0)| (0,0,1,1) | (1,1,0,1) | (1,0,1,0) | (0,2,0,1) | (1,1,1,1) | (0,1,1,0) | (0,1,0,0)
(1,1,0,1)]| (0,1,0,0) | (0,0,0,1) | (0,0,1,0) | (1,0,1,1) | (1,0,0,1) | (1,1,1,1) | (0,1,1,1)
(1,1,1,0)| (1,1,0,0) | (0,1,0,1) | (1,1,1,1) | (0,1,0,0) | (0,0,1,1) | (1,1,0,1) | (0,0,1,0)
(1,1,1,1)| (1,0,1,1) | (1,0,0,1) | (0,1,1,1) | (1,0,1,0) | (0,1,0,1) | (0,1,0,0) | (0,0,0,1)
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C nomornbio Tab uibl Ko ycTaHaB/IMBaEM PABEHCTBO JIEBOT'O U ITPABOTO
0OpATHBIX IEMEHTOB K JI0OOMY 3seMeHTy Jynbl (7. Kpome Toro, H ectn
MOATIONE TIOPSIAKa 4.

st BEIYUCIEHNS TOPSIKOB 3JIEMEHTOB 3aMETHM, YTO YUCI0 PA3THYHBIX
HEACCOIMATHUBHBIX MPOU3BEICHII SJIEMEHTA § JJIMHBIL 13, T. €. C PA3JIHYHBIMU
paccraHoBKaMu ckObOK, 11 caydaes nn = 1,2,3,4, 5 paBHO COOTBETCTBEHHO
1,1,2,5,14. B gactHocTHn, BCe oumM npu 1 = 1,2,3,4 OTAWYIHLI OT e JJis
anementa g = (0,0,0,1), a ¢° = e. Bosiee Toro, aHamormaHO HAXOAHM, UTO
JI000it asemenT u3 Q1 \ H umeeT mopsinox 5.

HecroxkHo npoBepsiercd Takzke, 4TO KBa3umoJe ()1 ecTh U JIEBOE, U 1pa-
BO€ BEKTOPHOE MMPOCTPAHCTBO HaJ moxmnojeM H, tak uro H — aapo. O

AHamornvHOE OMMCAHWE TONYUeHO s Keasumnomeit ¢, ¢ = 2,3,4,5.
OrmeruM, 4TO KBA3UNOAd (Jg U (J7 SABISIOTCH TMOJYHOJSAMEU U HU3Y4aJIUCh
B [5]; Qs — moe.

3ameuanne 2. Kneitnduz [12] onucan kBasunons nopsiaka 16 u gapom
mopsiZika, 4, ¢ TOYHOCTBIO 10 MU30MOP(U3MOB; OH MOKA3aJI, YTO U3 HUX BCErO
70 me aeasoTca moaynonaaMu. Janee. Kak mOKa3pBaeT TPOBEPKA, CIIOXKEHTE
B perynsapHbix MHOXKecTBax R;, 1 < ¢ < 5, He 3aMKHYTO.

4. Ilonmynossa mopsaka 32

B srom mnaparpade Harieil bl sIBASETCS TEPEYUCIEHHE, € TOYHO-
CThIO JIO U30TONU3MOB, U CTPYKTYPHOE OMKUCAHNE OJIYTI0Jel mopdiKa 32, Ha
OCHOBE U3BECTHOI'O OMUCAHUS TOJIYIOJEBBIX IJIOCKOCTEN TOTO 2Ke MOPsIKa.

Knaccudukanuio moaymnoieBbix miockocTeil nopsaka 32 B 1962 roxy
anoucuposan Bosakep [18]. B 2011 romy Bce MIOCKOCTH TPAHCASIHI TO-
psanka 32 knaccuduimposann demmnsond u Pokendennep [9; 16], napsamy ¢
OTInCaHueM PETYIAPHBIX MHOXKECTB. Yuco Takux HJ'IOCKOCTGI‘/)I7 C TOYHOCTBIO
JI0 U30MOPGU3MOB, PaBHO 9, BK/IOYas 6 mosynosiesbix. Koopaunarusupy-
I0ITlee MHOYKECTBO 3/IeCh €CTh b-MepHoe npoctpanctso W naa moaem Zs.
PGFYJ'IHpHI)IG MHOXKECTBa HEJIE3aProBbIX MOJYIIOJIEBBIX IJIOCKOCTENR TIIopdaKa
32, cormacho [9], samuceiBaoTcs Kak MHOXKecTBa Ry = 0,(W), i =1,2,...,5,
COCTOSATINE U3 BCEBO3ZMOYKHBIX MATDPUIL IPHA X, ¥, 2, W, S € L2, COOTBETCTBEH-
HO,

T Y z w s
z xr+z y+ s w+ s w

Ry z+ s w rt+w y+w =z ,
w Z4+w  w+ s r+z yt+w

y+z+w+s z2+s ytw+s z+w r+tw
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T Y z w s
ztw+s rt+z+s y+w K w+ s
Ry z+ s w z4+z+w y+z z ,

z2+w Z2t+w+s w+ s T+ s y+2z+s
y+z4+w z4+w yt+tzrtw+s z2+s rxt+ztw+s

T Y z w s
z2+w x y+z+w w+ s w
Rs: z+s z+w zTHztw y+w z ,
z K Z2t+w+s r+zt+w+s y+z2+s
y+z+w z y+z+w+ s Z+w r+z+s
T Y z w s
K x y+ s z w
Ry z+w z4w+s z4+z y+z 2z |,

Z+ s z2+w K r+s y
y+w—+s z yt+w w+s x

T Y z w s
z r+z+w y+w w+ s w
Rs z+ s w x y+w z+w
Z2t+w+s Z+ s K r+z+w y+z+s
y+z+w w+ s Yy z x4+ z

Orwvernm, 910 B [9] IPH KAXK/IOM § BBIIUCHIBAIOTCA BCE 32 MATPHUIIBI HA/T
Zg us Rz’.

Yepes P; obosnauaem nomymnone W ¢ ymuoxkernnem (2.1) mpn 6 = 6;. C
ydaeToM Teopembl 1, u3 [16], [9] BerTexkaer

Teopema 3. Kaorcdoe noaynose nopadka 32 us3omonmno mowno 00HOMY U3
noaynoaets Py, 1 <i <5, uau noao laaya GF(32). O

C nomomtsio hopmyiisl (2.1) U peryaapHOro MHOXKeCTBa R; BBIIHCHIBAEM
tabsuiy Kanun kaxaoit aynetr P (¢ TOMOIIBIO KOMIIBIOTEPHDIX BBIYHCIEHIH
ee MOCTPOEHNE YMPOINAETCs ); YMHOKEHHE Ha €IMHUYHBIN 3JIEMEHT B Heil
omyckaeM. B gactHocTH, n1a aynsl PF tabauna Kean — Tadia. 2.

CTpyKTypHOE onmcaHmue NoJIynosei P 1aor ciaepyomue 1Be TeOPEeMbl.

Teopema 4. B noaynose Ps cywecmeyem nodnoase H nopaoxa 4, asia-
0UWEECHA EOUHCTNEEHHDIM MAKCUMAADHOIM NOONOAEM U HE ABAAOULELECA HU
NPasvLM, 1 A6bM A0poM. Kaorcdwdd anemenm us Ps\ H nopoorcdaem ayny
P u umeem nopadox > 3; cnexmp aynw PZ cosnadaem ¢ {1,3,4,5,6,7,8}.

Hoxasameavemeo. C noMompio Tabj1. HAXOINM JIEBBIH 1 MTPaBbIil 0OpaTHbIE
JIEMEHTBI K dJIeMeHTaM JIymbl FZ.

B nyme P} TOIBKO y NEPBBIX NATH 91€MEHTOB B TabJI. 3 IPABBIE U JICBLIC
obparHble 31eMeHThI conianaioT. [losromy Ps He uMeeT moamnosiei mopsijika
oonbmme 4. fdcuo, uto H = {0, ¢, (0,0,0,1,0), (1,0,0,1,0)} — moamosne. B o
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2Ke BpeMs, KyObl 4 U 5-10 3JIeMEHTOB TADJIUIILI 3 HE PABHBI 1, KAK [TOKA3BIBAET
tabj1. 2. loatomy H — eauHCTBEHHOE MAKCHMAJbHOE MOANOJE B Fs.

Tabnuna Ksau moxasnlBaeT Tak:Ke, UTO BCe CTeleHn < 3 KaXKIOTO U3
anementos (0,0,0,0,1), (0,0,0,1,1), (0,1,1,1,1) HeeAMHUYIHEI, a OIHA U3
TPETHUX CTEIEHEH COBIAJAET C MPABBIM HJH JEBBIM OODATHBIM K 3TOMY
aneMenty. [loaTomy mopsaakm 3Tux anemenToB paBubl 4. [Ipomon:xkas axa-
JOTUYHYIO HPONIEAYPY, HAXOAUM MOPAJKH BCEX 3JIEMEHTOB Jynsl PY n ee
CIIEKTP.

Tabsuia 2 MOKA3BIBAET, YTO NMPABUJIbHBIE PACCTAHOBKH CKOOOK 24 3jie-
mentoB 3 Ps \ H (kpome 4 snementos g = (0,1,0,0,1), go = (0,1,1,0,1),
g3 = (1,1,0,0,1), g4 = (1,1,1,0,1)) maroT BCce HEHYJIEBLIE 3JTEMEHTHI TOJY-
nonst Ps, mpudiem ux 31-asg crenenb pashHa e = (1,0,0,0,0). C apyroit
CTOPOHBI, BTOPBIE CTENEHN JIEMEHTOB ¢; JAIOT JIEMEHTHI, KOTOPLIE MOPOXK-
nator ayny P¥:og? = (0,0,1,1,0), g5 = (0,0,0,1,0), g2 = (1,1,0,1,0),
gz = (1,0,0,1,0). Iosromy ayma PF mopoKmaeTcss BCIKHM JIEMEHTOM U3
Ps\ H.

Taxxke Tabj. 2 mokasbiBaeT, 4To HaJ noxanojem H nojynoje Ps He sib-
JISIETCS HU JIEBBIM, HU ITPABBIM BEKTOPHBIM [TPOCTPAHCTBOM, MOCKOIBKY

(170707 170) : ((070707 170) : (07070707 1)) - (17 1707070)7

((170707 170) : (070707 170)) : (07070707 1) - (07070707 1)7

"
((07 0707 07 1) : (07 0707 170)) : (17 0707 170) - (07 07 17 17 1)7
(07070707 1) : ((070707 170) : (170707 170)) - (07070707 1)
[Toatomy moanone H He sBAsSETCS HU JIEBBIM, HH TPABBIM SITPOM. O

Teopema 5. B xascdom noaynose Py, i = 1,2,3,4, noonoae nopadka 2
ecmb eduncmeennoe nodnoae. Beaxutl saemenm nopadka > 1 nopootcdaem
ayny PF, a cnexmp aynw B coenadaem ¢ {1,4,5,6,7} npu i = 1,2, ¢

{1,4,5,6,7,8} npui =3, uc{1,5,6,7,89} npui=4.

Loxaszameavemeo. JoKazaTeabCTBO TEOPEMBI TPOBOANTCA TIO AHAJTOTHIHON
cxeMe. [IpaBelil 1 y1eBbIH OOPATHBIN 3IEMEHTHI COBNANAIOT B siyne P Tomb-
KO JJIf eIMHUYHOTO 3JIeMEHTa, B aynax Py m P§ — a1a 3 aseMeHTosB.
Ceiivac JIErKo MOJy4aeM MaKCHMAJBbHOCTD MOJINOJS TOPSIKA 2 B STUX [10-
JYTOJIgX. DTO YK€ BEPHO U g KOMMYTATHBHOI JIynel P, HOCKOJIBKY OHA
HE UMEET IEMEHTOB MopsiJika 3. CHEeKTp U HOPSIKH DJIEMEHTOB BhISBISIOT
CIIEAYIOIIHIE TADIUITBL.

Tabauusr Kanyu mo3BOISIOT TAKKE HECTO0XKHO J0KA3ATH OFHOIOPOMKICH-
HOCTb KazKJIOH JIYIIBL. O
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JIyna P}
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Tabnuma 3
JIesblit 1 mpaBblit 0OpaTHBII K 3J€MeHTaM JIyTbl P7
Duaement | Jlewiii obpatubiii | IIpaBbiii 06paTHBIH
(1,0,0,0,0) (1,0,0,0,0) (1,0,0,0,0)
(0,0,0,1,0) (1,0,0,1,0) (1,0,0,1,0)
(1,0,0,1,0) (0,0,0,1,0) (0,0,0,1,0)
(1,0,0,0,1) (1,1,1,1,0) (1,1,1,1,0)
(1,1,1,1,0) (1,0,0,0,1) (1,0,0,0,1)
(0,0,0,0,1) (0,0,1,0,0) (0,0,0,1,1)
(0,0,0,1,1) (0,0,0,0,1) (0,1,0,0,1)
(0,0,1,0,0) (0,1,0,1,1) (0,0,0,0,1)
(0,0,1,0,1) (0,1,1,0,1) (1,1,0,1,0)
(0,0,1,1,0) (1,1,1,0,1) (0,1,1,1,0)
(0,0,1,1,1) (1,0,0,1,1) (1,1,0,0,0)
(0,1,0,0,0) (0,1,0,0,1) (1,0,1,0,0)
(0,1,0,0,1) (0,0,0,1,1) (0,1,0,0,0)
(0,1,0,1,0) (1,0,1,1,0) (1,1,0,0,1)
(0,1,0,1,1) (0,1,1,0,0) (0,0,1,0,0)
(0,1,1,0,0) (1,1,0,0,0) (0,1,0,1,1)
(0,1,1,0,1) (1,1,1,0,0) (0,0,1,0,1)
(0,1,1,1,0) (0,0,1,1,0) (1,1,0,1,1)
DuemenT | Jleblii oOparHbiii | IIpaBbiit oGpaTHBI
(0,1,1,1,1) (1,0,1,0,1) (1,0,1,1,0)
(1,0,0,1,1) (1,0,1,1,1) (0,0,1,1,1)
(1,0,1,0,0) (0,1,0,0,0) (1,0,1,0,1)
(1,0,1,0,1) (1,0,1,0,0) (0,1,1,1,1)
(1,0,1,1,0) (0,1,1,1,1) (0,1,0,1,0)
(1,0,1,1,1) (1,1,1,1,1) (1,0,0,1,1)
(1,1,0,0,0) (0,0,1,1,1) (0,1,1,0,0)
(1,1,0,0,1) (0,1,0,1,0) (1,1,1,1,1)
(1,1,0,1,0) (0,0,1,0,1) (1,1,1,0,0)
(1,1,0,1,1) (0,1,1,1,0) (1,1,1,0,1)
(1,1,1,0,0) (1,1,0,1,0) (0,1,1,0,1)
(1,1,1,0,1) (1,1,0,1,1) (0,0,1,1,0)
(1,1,1,1,1) (1,1,0,0,1) (1,0,1,1,1)
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Tabnuma 4
ITopsinkm 31€MEHTOB JIyTibl F;

y |(1,0,0,0,0)(0,0,0,1,0) | (1,0,0,1,0) | (0,0,0,0,1) | (0,0,0,1,1) | (0,0,1,0,0) | (0,0,1,0,1)
ly| 1 3 3 4 4 7 6
y 1(0,0,1,1,0)(0,0,1,1,1) | (0,1,0,0,0) | (0,1,0,0,1) | (0,1,0,1,0) | (0,1,0,1,1) | (0,1,1,0,0)
ly| 6 5 6 7 6 5 5
y 1(0,1,1,0,1) | (0,1,1,1,0) | (0,1,1,1,1) | (1,0,0,0,1) | (1,0,0,1,1) | (1,0,1,0,0) | (1,0,1,0,1)
ly| 5 5 4 7 7 7 6
y |(1,0,1,1,0){(1,0,1,1,1)|(1,1,0,0,0) | (1,1,0,0,1) | (1,1,0,1,0) | (1,1,0,1,1) | (1,1,1,0,0)
ly| 6 7 6 7 7 5 8

y |(1,1,1,0,1)[(1,1,1,1,0) [ (1,1,1,1,1)

e 7 6

Tabauna 5
ITopsinkm 31€MEHTOB JIyTibl P}

y |(1,0,0,0,0)(0,0,0,0,1)  (0,0,0,1,0) | (0,0,0,1,1) | (0,0,1,0,0) | (0,0,1,0,1) | (0,0,1,1,0)
ly| 1 4 7 5 6 6 6
y 1(0,0,1,1,1) | (0,1,0,0,0)  (0,1,0,0,1) ] (0,1,0,1,0) | (0,1,0,1,1) | (0,1,1,0,0) | (0,1,1,0,1)
ly| 5 6 6 5 6 6 5
y |(0,1,1,1,0){(0,1,1,1,1) | (1,0,0,0,1) (1,0,0,1,0) | (1,0,0,1,1) | (1,0,1,0,0) | (1,0,1,0,1)
ly| 6 6 5 6 5 6 6
y |(1,0,1,1,0){(1,0,1,1,1)|(1,1,0,0,0) | (1,1,0,0,1) | (1,1,0,1,0) | (1,1,0,1,1) | (1,1,1,0,0)
ly| 6 5 6 7 6 6 6

y |(1,1,1,0,1)[(1,1,1,1,0) [ (1,1,1,1,1)

|y 6 7 5
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Tabnuua 6
ITopsinkm 31€MEHTOB JIyTibl P

y |(1,0,0,0,0)(0,0,0,0,1)  (0,0,0,1,0) | (0,0,0,1,1) | (0,0,1,0,0) | (0,0,1,0,1) | (0,0,1,1,0)
Iyl 1 5 4 6 7 6 5
y 1(0,0,1,1,1) | (0,1,0,0,0)  (0,1,0,0,1) ] (0,1,0,1,0) | (0,1,0,1,1) | (0,1,1,0,0) | (0,1,1,0,1)
Iyl 6 6 6 6 6 6 5
y |(0,1,1,1,0){(0,1,1,1,1) | (1,0,0,0,1) | (1,0,0,1,0) | (1,0,0,1,1) | (1,0,1,0,0) | (1,0,1,0,1)
Iyl 6 7 6 6 5 6 6
y |(1,0,1,1,0){(1,0,1,1,1)|(1,1,0,0,0) | (1,1,0,0,1) | (1,1,0,1,0) | (1,1,0,1,1) | (1,1,1,0,0)
Iyl 6 6 5 6 5 6 6

y |(1,1,1,0,1)[(1,1,1,1,0) [ (1,1,1,1,1)

I 7 5

Tabnuna 7
ITopsinkm 31€MEHTOB JIyTibl Py

y |(1,0,0,0,0)(0,0,0,0,1)  (0,0,0,1,0) | (0,0,0,1,1) | (0,0,1,0,0) | (0,0,1,0,1) | (0,0,1,1,0)
Iyl 1 7 6 6 5 8 6
y 1(0,0,1,1,1) | (0,1,0,0,0)  (0,1,0,0,1) ] (0,1,0,1,0) | (0,1,0,1,1) | (0,1,1,0,0) | (0,1,1,0,1)
Iyl 7 6 6 7 5 7 4
y |(0,1,1,1,0){(0,1,1,1,1) | (1,0,0,0,1) (1,0,0,1,0) | (1,0,0,1,1) | (1,0,1,0,0) | (1,0,1,0,1)
Iyl 5 4 7 7 5 5 7
y |(1,0,1,1,0){(1,0,1,1,1)|(1,1,0,0,0) | (1,1,0,0,1) | (1,1,0,1,0) | (1,1,0,1,1) | (1,1,1,0,0)
Iyl 4 7 6 8 5 6 6

y |(1,1,1,0,1)[(1,1,1,1,0) [ (1,1,1,1,1)

|y 6 7 5



KBA3UITOJIA U TTIPOEKTUBHLIE TIJIOCKOCTH TPAHCIAINHN 157

Tabnuma 8
ITopsinkm 31€MEHTOB JIyTibl P}

(1,0,0,0,0)1(0,0,0,0,1) [ (0,0,0,1,0) | (0,0,0,1,1) | (0,0,1,0,0) | (0,0,1,0,1) | (0,0,1,1,0)

[yl

1 8 9 7 8 9 8

(0,0,1,1,1)](0,1,0,0,0) [ (0,1,0,0,1) | (0,1,0,1,0){ (0,1,0,1,1) | (0,1,1,0,0) | (0,1,1,0,1)

[yl

7 7 7 8 9 9 9

(0,1,1,1,0)1(0,1,1,1,1) [ (1,0,0,0,1) | (1,0,0,1,0) | (1,0,0,1,1) | (1,0,1,0,0) | (1,0,1,0,1)

[yl

9 7 8 8 8 8 5

(1,0,1,1,0){(1,0,1,1,1) [ (1,1,0,0,0) | (1,1,0,0,1) | (1,1,0,1,0) | (1,1,0,1,1) | (1,1,1,0,0)

[yl

8 6 8 9 8 7 5

10.

11.

12.

13.

y [(1,1,1,01)](1,1,1,1,0) | (1,1,1,1,1)
|y 7 9 6
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P. Shtukkert
Quasifields and Translation Planes of the Smallest Even Order

Abstract. Constructs of different classes of finite non-Desargues translation planes
and quasifields closely related. It used by computer calculations since the middle of last
century. We study semifields of order 32 and quasifields of order 16 of corresponding
translation planes.

It is known that translation planes of any order p™ for a prime p can be constructed
by using a coordinatizing set W of order n over the field of order p. By using a spread
set we providing W of structure of quasifield. The plane is set to be a semifield plane if
W is a semifield. The plane is Desargues if W is a field. It is well-known that semifield
planes are isomorphic if and only if their semifields are isotopic.

Structure of quasifields of order p™ has been studied a few, even for small n. In 1960
Kleinfeld classified quasifields of order 16 with kernel of order 4 and all semifields of
order 16 up to isomorphisms. Later Dempwolf and other completed the classification
of all translation planes of order 16 and 32. We construct 5 semifields of order 32 and
7 quasifields of order 16 of non-Desargues planes by using their spread sets. For these
semifields and for these quasifields (partially) our main results list for them introduced
orders of all non-zero elements and all subfields.

Keywords: translation planes, spread set, quasifield, semifield, order of element of
loop.
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