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Аннотация. Рассмотрена задача гарантированного оценивания с геометрически
ограниченными начальными состояниями и интегрально ограниченными возмуще-
ниями при запаздывании информации в уравнении измерения. При дополнительных
предположениях проблема сведена к построению области достижимости специаль-
ной системы. Указана дискретная многошаговая система, для которой информа-
ционное множество сходится в метрике Хаусдорфа к соответствующему информа-
ционному множеству непрерывной системы при уменьшении диаметра разбиения
отрезка наблюдения. Приведен численный пример.
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1. Introduction

The article is a continuation of works [1; 2] and follows the approach
from the monograph [7]. A linear stationary system with an unknown
state vector is considered. The measurement equation contains delays in
the state, which is expressed by an integral with a function of bounded
variation. In addition, both the system and the measurement equation
additively include an uncertain and integrally bounded disturbance. It is
assumed that the system state is bounded by the geometric inclusion at the
initial instant. It is required to find an information set which with guarantee
contains the true state of the system at a given instant. We note that the
similar problem without delay were investigated in detail in the papers cited
above. Guaranteed estimation problems for systems with delays were also
considered in the works [3; 4; 6] and in many others. The difference of the
work is that we do not use the space of infinite dimension and reduce the
problem to the construction of reachable sets of a special finite-dimensional
system. Various computational methods for the approximation of reachable
sets for linear and nonlinear dynamic systems were investigated in [5; 10].
Note that we do not consider geometric restrictions on disturbances. For
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further researches of similar problems with geometric restrictions there can
be useful results of works [8; 9].

We consider a linear autonomous system with delay in the measurement
equation:

�̇�(𝑡) = 𝐴𝑥(𝑡) +𝐵𝑣(𝑡), 𝑡 ≥ 0, 𝑥(𝑡) ∈ R𝑛, 𝑣(𝑡) ∈ R𝑙, (1.1)

𝑦(𝑡) = 𝒢𝑥(𝑡) +𝐻𝑣(𝑡), 𝑦(𝑡) ∈ R𝑚, 𝒢𝑥(𝑡) =
0∫︀

−(ℎ∧𝑡)
𝑑𝐺(𝑠)𝑥(𝑡+ 𝑠), (1.2)

where the given matrices 𝐴, 𝐵, 𝐻 have the corresponding dimension, and
the matrix function 𝐺(𝑠) of bounded variation in the operator 𝒢 from (1.2),
where ℎ > 0, is left continuous to [−ℎ, 0], 𝐺(𝑠) = 0 ∀𝑠 > 0, and 𝐺(𝑠) =
𝐺(−ℎ) ∀𝑠 ≤ −ℎ; ℎ ∧ 𝑡 = min{ℎ, 𝑡}.

We assume that the uncertain function 𝑣(·) ∈ 𝐿𝑙
2[0,∞) and the unknown

initial state 𝑥0 ∈ R𝑛 are bounded by:∫︀∞
0 |𝑣(𝑡)|2𝑑𝑡 ≤ 1, (1.3)

𝑥0 ∈ 𝑋0, (1.4)

where 𝑋0 is a convex compact set; | · | is the Euclidean norm. We assume
that the state 𝑥(𝑇 ) of system (1.1) can be realized for any 𝑣(·), 𝑥0 satisfying
the constraints (1.3) and (1.4) at any instant 𝑇 > ℎ.

2. System conversion and problem statement

We assume that the matrix 𝐻 ∈ R𝑚×𝑙 has rank𝐻 = 𝑚, which implies
the condition

𝐻𝐻 ′ > 0, (2.1)

where ′ means transpose and the relation 𝑄 > 0 for square matrix 𝑄 means
𝑥′𝑄𝑥 > 0 for every 𝑥 ̸= 0. Let 𝐶 = (𝐻𝐻 ′)−1 and let 𝐶1 = 𝐼𝑙 −𝐻 ′𝐶𝐻 is
orthogonal projection onto the subspace ker𝐻. Then 𝑣(𝑡) = 𝐻 ′𝐶𝐻𝑣(𝑡) +
𝐶1𝑣(𝑡) and 𝐻𝑣(𝑡) = 𝑦(𝑡) − (𝒢𝑥)(𝑡). Therefore, constraint (1.3) takes the
form ∫︀∞

0

(︁
|𝑦(𝑡)− 𝒢𝑥(𝑡)|2𝐶 + |𝑣(𝑡)|2𝐶1

)︁
𝑑𝑡 ≤ 1 (2.2)

due to orthogonality. Hereinafter, the symbol |𝑥|2𝑃 denotes the quadratic
form 𝑥′𝑃𝑥, where the matrix 𝑃 satisfies the condition 𝑃 ′ = 𝑃 ≥ 0,
|𝑥|𝑃 =

√
𝑥′𝑃𝑥. We assume |𝑥|2𝐼 = |𝑥|2, where 𝑃 = 𝐼 is the identity matrix.

Substituting the decomposition of the function 𝑣(𝑡) into (1.1) we have

�̇�(𝑡) = 𝐴𝑥(𝑡) +𝐵
(︀
𝐶1𝑣(𝑡) +𝐻 ′𝐶 (𝑦(𝑡)− 𝒢𝑥(𝑡))

)︀
.
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The resulting relation is a differential equation with a distributed delay. In
the paper, we will not consider such equations and suppose

𝐵𝐻 ′𝐶
∫︀

[−(ℎ∧𝑡),0)
𝑑𝐺(𝑠)𝑥(𝑡+ 𝑠) = 0 (2.3)

for all continuous 𝑛-dimensional functions 𝑥(𝑡), 𝑡 ≥ 0. Because of

𝒢𝑥(𝑡) = −𝐺(0)𝑥(𝑡) +
∫︀

[−(ℎ∧𝑡),0)
𝑑𝐺(𝑠)𝑥(𝑡+ 𝑠),

we come to the system

�̇�(𝑡) = A𝑥(𝑡) + b𝑦(𝑡) +𝐵𝐶1𝑣(𝑡),
A = 𝐴+ b𝐺(0), b = 𝐵𝐻 ′𝐶,

(2.4)

without delay.

Remark 1. Condition (2.3) is always satisfied if 𝐵𝐻 ′ = 0. In this case,
the equation in (2.4) has the form �̇�(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝐶1𝑣(𝑡) and does not
depend on the signal 𝑦(𝑡).

Remark 2. Similarly to [2], we lower the dimension of the uncertain
disturbances 𝑣(𝑡) in relations (2.2), (2.4). Since ker𝐻⊕ im𝐻 ′ = R𝑙, im𝐶1=
ker𝐻 and dim (im𝐻 ′) = 𝑚, then rank𝐶1 = 𝑙−𝑚. By a well-known linear
algebra theorem, we represent 𝐶1 as 𝐶1 = 𝑇𝐶1𝑇

′, where 𝑇 is an orthogonal
matrix, 𝑇𝑇 ′ = 𝑇 ′𝑇 = 𝐼𝑙 and 𝐶1 is a diagonal matrix with zeros and ones
since 𝐶1 is a projection matrix, 𝐶2

1 = 𝐶1. Removing 𝑚 zero columns

from 𝐶1 and denoting the resulting matrix by �̃�1, we get 𝐶1 = �̃�1�̃�
′
1 and

𝐶1 = 𝐷1𝐷
′
1, where 𝐷1 = 𝑇�̃�1. Next, we set 𝑢(𝑡) = 𝐷′

1𝑣(𝑡) ∈ R𝑙−𝑚, whence
we have

𝐶1𝑣(𝑡) = 𝐷1𝑢(𝑡), 𝐷1 ∈ R𝑙×(𝑙−𝑚), rank𝐷1 = 𝑙 −𝑚.

In relations (2.2), (2.4), the Remark 1 equation and further, we will use
the function 𝐷1𝑢(𝑡) instead of 𝐶1𝑣(𝑡). Note that 𝐷′

1𝐷1 = 𝐼𝑙−𝑚. If 𝑙 = 𝑚,
then 𝐶1 = 0 and the function 𝑣(𝑡) = 𝐻−1 (𝑦(𝑡)− 𝒢𝑥(𝑡)) becomes known.
In that case we set 𝑢(𝑡) = 0.

Let us introduce a definition.

Definition 1. A family of state vectors 𝒳𝑇 (𝑦) = {𝑥𝑇 } is called an infor-
mation set (IS) if, for any 𝑥𝑇 ∈ 𝒳𝑇 (𝑦), there exists a function 𝑣(·) and an
initial state 𝑥0 satisfying constraints (1.3), (1.4) and such that equalities
(1.1), (1.2) hold almost everywhere on an interval [0, 𝑇 ] with a boundary
condition 𝑥(𝑇 ) = 𝑥𝑇 .

Considering (2.2) and the reasoning above we come to a statement.

Известия Иркутского государственного университета.
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Lemma 1. Let conditions (2.1) and (2.3) be satisfied. Then IS 𝒳𝑇 (𝑦) is
the reachable set of the equation

�̇�(𝑡) = A𝑥(𝑡) + b𝑦(𝑡) +𝐵𝐷1𝑢(𝑡) (2.5)

at the instant 𝑇 > 0 over all disturbances 𝑢(·) and initial states 𝑥0 satisfying
constraints

𝐽(𝑇, 𝑥0, 𝑢, 𝑦) =
∫︀ 𝑇
0

(︁
|𝑦(𝑡)− 𝒢𝑥(𝑡)|2𝐶 + |𝑢(𝑡)|2

)︁
𝑑𝑡 ≤ 1 (2.6)

and (1.4). Here the matrix 𝐷1 and the disturbances 𝑢(𝑡) ∈ R𝑙−𝑚 are defined
according to the Remark 2.

Our aim is to describe the IS 𝒳𝑇 (𝑦) using support function and also to
construct an approximating multistage system whose IS converges to 𝒳𝑇 (𝑦)
as the diameter of the partition of the segment [0, 𝑇 ] decreases. In addition,
the issues of ellipsoidal approximation of IS are considered, similar to how
it is done in [2] for systems without information delay.

3. Support function for the information set

Since the IS by its construction is a convex compact set, it is uniquely
described by its support function

𝜌(𝑙|𝒳𝑇 (𝑦)) = max
𝑥∈𝒳𝑇 (𝑦)

𝑙′𝑥, 𝑙 ∈ R𝑛. (3.1)

Let us represent the solution of the system (2.5) as the sum 𝑥(𝑡) = �̄�(𝑡) +
x(𝑡), where

˙̄𝑥(𝑡) = A�̄�+ b𝑦(𝑡), 𝑥0 ∈ 𝑋0, ẋ(𝑡) = Ax+𝐵𝐷1𝑢(𝑡), x(0) = 0.

We put 𝑦(𝑡) = 𝑦(𝑡) − 𝒢�̄�(𝑡) on [0, 𝑇 ]. Then instead of (2.6) we have the
inequality

𝐽(𝑇, 𝑥0, 𝑢, 𝑦) = 𝐽(𝑇, 𝑥0, 𝑦) +
∫︀ 𝑇
0

(︀
|𝒢x(𝑡)|2𝐶 + |𝑢(𝑡)|2−

2𝑦′(𝑡)𝐶𝒢x(𝑡)
)︀
𝑑𝑡 ≤ 1, where 𝐽(𝑇, 𝑥0, 𝑦) =

∫︀ 𝑇
0 |𝑦(𝑡)|2𝐶𝑑𝑡.

(3.2)

We fix 𝑥0 and select in (3.2) the full square in 𝑢(·), for which we introduce
operator 𝒦 according to the relation∫︀ 𝑇

0

(︀
|𝒢x(𝑡)|2𝐶 + |𝑢(𝑡)|2

)︀
𝑑𝑡 = ⟨𝑢,𝒦𝑢⟩ ,

where 𝑢 ∈ 𝐿𝑙−𝑚
2 [0, 𝑇 ] is an arbitrary function. Let us also introduce the

matrix function

G(𝑡) =
0∫︀

−(ℎ∧𝑡)
𝑑𝐺(𝑠)𝑒A(𝑡+𝑠), (3.3)
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with which we represent 𝒢x(𝑡) = k𝑢(𝑡) =
∫︀ 𝑡
0 G(𝑡−𝑠)𝐵𝐷1𝑢(𝑠)𝑑𝑠. Therefore,

the operator 𝒦 is written as

𝒦 = Id + k*𝐶k, or

𝒦𝑢(𝑡) = 𝑢(𝑡) +𝐷′
1𝐵

′
𝑇∫︀
0

𝑇∫︀
𝑡∨𝜏

G′(𝑠− 𝑡)𝐶G(𝑠− 𝜏)𝑑𝑠𝐵𝐷1𝑢(𝜏)𝑑𝜏,

where Id is the identity operator in 𝐿𝑙−𝑚
2 [0, 𝑇 ] and k* is the operator adjoint

to k. When choosing a full square in (3.2), it is necessary to solve the
equation

𝒦𝑢(·) = 𝑓(·), where 𝑓(𝑡) = k*𝐶𝑦(𝑡) = 𝐷′
1𝐵

′
𝑇∫︀
𝑡

G′(𝑠− 𝑡)𝐶𝑦(𝑠)𝑑𝑠, (3.4)

which is a Fredholm integral equation of the 2-nd kind with non-negative
symmetric kernel, which has a unique solution in space 𝐿𝑙−𝑚

2 [0, 𝑇 ], as is
well known. Therefore, the inequality (3.2) becomes

𝐽(𝑇, 𝑥0, 𝑦) +
⟨︀
𝑢−𝒦−1𝑓,𝒦

(︀
𝑢−𝒦−1𝑓

)︀⟩︀
−
⟨︀
𝑓,𝒦−1𝑓

⟩︀
≤ 1. (3.5)

Hereinafter ⟨𝑈, 𝑉 ⟩ =
∫︀ 𝑇
0 𝑈 ′(𝑡)𝑉 (𝑡)𝑑𝑡 ∈ R𝑞×𝑟, where 𝑈(𝑡) ∈ R𝑝×𝑞, 𝑉 (𝑡) ∈

R𝑝×𝑟 are matrix functions with elements from 𝐿2[0, 𝑇 ]. For a fixed vector
𝑙 ∈ R𝑛 and an initial state 𝑥0, we find the value

𝑅(𝑙, 𝑇, 𝑥0, 𝑦) = max
𝑢(·)

𝑙′𝑥(𝑇 ) = 𝑙′�̄�(𝑇 ) +
⟨︀
𝑙𝑇 ,𝒦−1𝑓

⟩︀
+
√︀
⟨𝑙𝑇 ,𝒦−1𝑙𝑇 ⟩

×
√︁
1 +

⟨︀
𝑓,𝒦−1𝑓

⟩︀
− 𝐽(𝑇, 𝑥0, 𝑦), 𝑙𝑇 (𝑡) = 𝐷′

1𝐵
′𝑒A

′(𝑇−𝑡)𝑙.

(3.6)

Finally, we find the support function for the IS:

𝜌(𝑙 | 𝒳𝑇 (𝑦)) = max
𝑥0∈𝑋0, 1+⟨𝑓,𝒦−1𝑓⟩≥𝐽(𝑇,𝑥0,𝑦)

𝑅(𝑙, 𝑇, 𝑥0, 𝑦). (3.7)

Let us summarize.

Theorem 1. The IS 𝒳𝑇 (𝑦) is a convex compact set under conditions (2.1)
and (2.3). The IS support function (3.1) is defined by formulas (3.6), (3.7)
with parameters given by relations (3.2)—(3.5).

4. Some ways of approximation of IS

4.1. Approximation by ellipsoids

Let us introduce the notation 𝐸(𝑄, 𝑐) = {𝑥 ∈ R𝑛 : |𝑥 − 𝑐|𝑄 ≤ 1} for
nondegenerate ellipsoids, where the matrix 𝑄 = 𝑄′ > 0, 𝑐 ∈ R𝑛. Ellipsoid

Известия Иркутского государственного университета.
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support function 𝜌(𝑙|𝐸(𝑄, 𝑐)) = 𝑙′𝑐 +
√︀
𝑙′𝑄−1𝑙. We choose an arbitrary

ellipsoid 𝐸(𝑃0, �̄�0) ⊃ 𝑋0 for the initial set 𝑋0 and consider the quadratic
constraint

(1− 𝛼)|𝑥0 − �̄�0|2𝑃0
+ 𝛼

∫︀ 𝑇
0 |𝑣(𝑡)|2𝑑𝑡 ≤ 1, 𝛼 ∈ (0, 1). (4.1)

Denote by 𝒳𝐸,𝛼
𝑇 (𝑦) the IS for constraints (4.1). By definition, we have an

inclusion for arbitrary specified ellipsoids:

𝒳𝐸,𝛼
𝑇 (𝑦) ⊃ 𝒳𝑇 (𝑦).

Repeating the reasoning of Section 2, we come to the inequality

𝐽𝛼(𝑇, 𝑥0, 𝑢, 𝑦) = (1− 𝛼)|𝑥0 − �̄�0|2𝑃0
+

+𝛼
∫︀ 𝑇
0

(︁
|𝑦(𝑡)− 𝒢𝑥(𝑡)|2𝐶 + |𝑢(𝑡)|2

)︁
𝑑𝑡 ≤ 1,

(4.2)

which is similar to (2.6) for the equation (2.5). Using (3.3), the expansion
𝑥(𝑡) = �̄�(𝑡) + x(𝑡) and denoting y(𝑡) = 𝑦(𝑡) +G(𝑡)𝑥0, rewrite (4.2)

(1− 𝛼)|𝑥0 − �̄�0|2𝑃0
+ 𝛼

(︀
‖y −G𝑥0‖2𝐶 + ‖𝑢‖2𝒦 − 2 ⟨y −G𝑥0, 𝐶𝒢x⟩

)︀
≤ 1.

We introduce an operator in the space R𝑛 × 𝐿𝑙−𝑚
2 [0, 𝑇 ]

K𝛼[𝑥0;𝑢] = [P𝛼𝑥0 + 𝛼 ⟨D, 𝑢⟩ ;𝛼 (D(·)𝑥0 +𝒦𝑢)],
P𝛼 = (1− 𝛼)𝑃0 + 𝛼 ⟨G, 𝐶G⟩ , (4.3)

where D(𝑡) = k*𝐶G(𝑡) = 𝐷′
1𝐵

′ ∫︀ 𝑇
𝑡 G′(𝑠− 𝑡)𝐶G(𝑠)𝑑𝑠, and with its help we

transform the last inequality to

‖[𝑥0;𝑢]‖2K𝛼
+ ȳ𝛼 − 2 ⟨[x̄𝛼;𝛼f ], [𝑥0;𝑢]⟩0 ≤ 1, where

ȳ𝛼 = (1− 𝛼)|�̄�0|2𝑃0
+ 𝛼‖y‖2𝐶 , x̄𝛼 = (1− 𝛼)𝑃0�̄�0 + 𝛼 ⟨G, 𝐶y⟩ , (4.4)

and f(𝑡) = k*𝐶y(𝑡) = 𝐷′
1𝐵

′ ∫︀ 𝑇
𝑡 G′(𝑠 − 𝑡)𝐶y(𝑠)𝑑𝑠. Here the symbol ⟨·, ·⟩0

denotes the inner product in R𝑛 × 𝐿𝑙−𝑚
2 [0, 𝑇 ].

Taking (4.4) into account, we find the support function

𝜌(𝑙|𝒳𝐸,𝛼
𝑇 (𝑦)) = 𝑙′

∫︀ 𝑇
0 𝑒A(𝑇−𝑡)b𝑦(𝑡)𝑑𝑡+

⟨︀
[𝑒A

′𝑇 𝑙; 𝑙𝑇 ],K−1
𝛼 [x̄𝛼;𝛼f ]

⟩︀
0

+

√︂
‖[𝑒A′𝑇 𝑙; 𝑙𝑇 ]‖2K−1

𝛼

(︁
1 + ‖[x̄𝛼;𝛼f ]‖2K−1

𝛼
− ȳ𝛼

)︁
,

(4.5)

where the function 𝑙𝑇 (·) is defined in (3.6).
To definite K−1

𝛼 , it is necessary to minimize an expression of the form

|𝑥|2P𝛼
+ 𝛼‖𝑢‖2𝒦 + 2𝛼𝑥′ ⟨D, 𝑢⟩ − 2𝑥′𝑞 − 2 ⟨𝑢, 𝑣⟩
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with respect to [𝑥;𝑢]. The solution [𝑥*;𝑢*] is K−1
𝛼 [𝑞; 𝑣] and the minimum is

−‖[𝑞; 𝑣]‖2
K−1
𝛼
. We come to the relations

𝑢*(·) = 𝒦−1
𝛼 𝑣(·), 𝑣(·) = 𝑣(·)− 𝛼D(·)P−1

𝛼 𝑞,

𝑥* = P−1
𝛼 (𝑞 − 𝛼 ⟨D, 𝑢*⟩) , 𝒦𝛼 = 𝛼𝒦 − 𝛼2DP−1

𝛼 D′.
(4.6)

The value ‖[𝑞; 𝑣]‖2
K−1
𝛼

= |𝑞|2
𝑃−1
𝛼

+ ‖𝑣‖2𝒦−1
𝛼
. The operator 𝒦𝛼 is coercive

and invertible. We have 𝒦𝛼 = 𝛼Id+k* (︀𝛼−1𝑐𝑐′ + (1− 𝛼)−1G𝑃−1
0 G*)︀−1

k.
Here G means the operator G : R𝑛 → 𝐿𝑚

2 [0, 𝑇 ] according to the equality
G𝑥 = G(·)𝑥.

From the formula (4.5) it follows that IS 𝒳𝐸,𝛼
𝑇 (𝑦) is a non-degenerate

ellipsoid. Let E denotes the family of ellipsoids 𝐸(𝑃0, �̄�0) with property
𝐸(𝑃0, �̄�0) ⊃ 𝑋0. Similar to the reasoning in the proof of Theorem 1 in [2]
we obtain the statement.

Lemma 2. Let us define the set 𝒳𝐸
𝑇 (𝑦) =

⋂︀
𝛼∈(0,1)𝒳

𝐸,𝛼
𝑇 (𝑦), where 𝐸 ∈ E.

Then

𝜌(𝑙|𝒳𝐸
𝑇 (𝑦)) = max

𝑥0∈𝐸, 1+⟨𝑓,𝒦−1𝑓⟩≥𝐽(𝑇,𝑥0,𝑦)
𝑅(𝑙, 𝑇, 𝑥0, 𝑦) ∀𝑙 ∈ R𝑛. (4.7)

The notation in the formula (4.7) is the same as in (3.7).

The next theorem describes the approximation by ellipsoids.

Theorem 2. The equality 𝒳𝑇 (𝑦) =
⋂︀

𝐸∈E 𝒳𝐸
𝑇 (𝑦) holds.

Using Lemma 1 from [2], the Theorem 3 is proved similar to the proof
of Theorem 1 from the cited paper.

4.2. Approximation with multistage systems

Exact and approximate methods for constructing IS using ellipsoids re-
quire solving integral equations of the form (3.4) and inverting operators
of the form (4.3), (4.6). Let us propose a method for IS approximation
with multistage systems. For simplicity, we assume the quantities 𝑇 , ℎ
such that ℎ = 𝑟Δ, 𝑇 = 𝑁Δ, where 𝑟 and 𝑁 are natural numbers. Let
𝑡𝑘 = 𝑘Δ, 𝑘 ∈ 0 : 𝑁 . Assuming the disturbances 𝑢(𝑡) = 𝑢𝑘 to be constant
on the half-intervals [𝑡𝑘−1, 𝑡𝑘), 𝑘 ∈ 1 : 𝑁 , of the partition, we obtain discrete
system

𝑥𝑘 = a𝑥𝑘−1 +Y𝑘 +B𝑢𝑘, a = 𝑒AΔ, 𝑘 ∈ 1 : 𝑁

Y𝑘 =
∫︀ Δ
0 𝑒A𝑡b𝑦(𝑡𝑘 − 𝑡)𝑑𝑡, B =

∫︀ Δ
0 𝑒A𝑡𝑑𝑡𝐵𝐷1.

(4.8)

In the inequality (2.6) we assume 𝒢𝑥(𝑡) = 𝒢𝑥(𝑡𝑘), 𝑡 ∈ [𝑡𝑘−1, 𝑡𝑘), and

𝒢𝑥(𝑡𝑘) = G(𝑡)𝑥0 +GY𝑘 +
∑︀𝑘

𝑖=1G
𝑘
𝑖 𝑢𝑖, where

GY𝑘 =
∫︀ 𝑡𝑘
0 G(𝑡𝑘 − 𝑠)b𝑦(𝑠)𝑑𝑠, G𝑘

𝑖 =
∫︀ 𝑡𝑖
𝑡𝑖−1

G(𝑡𝑘 − 𝑠)𝐵𝐷1𝑑𝑠.

Известия Иркутского государственного университета.
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Then instead of (2.6) we have an inequality with the sum on the left side:

𝐽𝑁 (𝑥0, 𝑦, 𝑢1:𝑁 ) =
∑︀𝑁

𝑘=1

∫︀ 𝑡𝑘
𝑡𝑘−1

(︀
|𝑦(𝑡)− 𝒢𝑥(𝑡𝑘)|2𝐶 + |𝑢𝑘|2

)︀
𝑑𝑡 ≤ 1.

We consider the solution of the system (4.8) as the sum 𝑥𝑘 = �̄�𝑘+x𝑘, where

�̄�𝑘 = a�̄�𝑘−1 +Y𝑘, 𝑥0 ∈ 𝑋0, x𝑘 = ax𝑘−1 +B𝑢𝑘, x(0) = 0.

We put 𝑦(𝑡) = 𝑦(𝑡)−G(𝑡)𝑥0−GY𝑘 on [𝑡𝑘−1, 𝑡𝑘]. We come to the inequality

𝐽𝑁 (𝑥0, 𝑦, 𝑢1:𝑁 ) = 𝐽𝑁 (𝑥0, 𝑦) + Δ

𝑁∑︁
𝑘=1

(︀
|

𝑘∑︁
𝑖=1

G𝑘
𝑖 𝑢𝑖|2𝐶 + |𝑢𝑘|2

)︀
−

− 2

𝑁∑︁
𝑘=1

𝑦′𝑘𝐶
𝑘∑︁

𝑖=1

G𝑘
𝑖 𝑢𝑖 ≤ 1, (4.9)

where 𝐽𝑁 (𝑥0, 𝑦) =
𝑁∑︁
𝑘=1

∫︁ 𝑡𝑘

𝑡𝑘−1

|𝑦(𝑡)|2𝐶𝑑𝑡, 𝑦𝑘 =

∫︁ 𝑡𝑘

𝑡𝑘−1

𝑦(𝑡)𝑑𝑡. Let us single

out in (4.9) a full square on 𝑢1:𝑁 , for which we introduce the matrix 𝒦Δ

according to the relation

Δ
∑︀𝑁

𝑘=1

(︁
|
∑︀𝑘

𝑖=1G
𝑘
𝑖 𝑢𝑖|2𝐶 + |𝑢𝑘|2

)︁
= 𝑢′1:𝑁𝒦Δ𝑢1:𝑁 .

We assume that 𝑢1:𝑁 ∈ R𝑁(𝑙−𝑚) is a column vector. We also introduce
matrices according to relations

kΔ
𝑘 𝑢1:𝑁 =

∑︀𝑘
𝑖=1G

𝑘
𝑖 𝑢𝑖,

with the help of which we obtain the representation for the matrix 𝒦Δ:

𝒦Δ = Δ
(︀
𝐼𝑁(𝑙−𝑚) + kΔ

)︀
,

where kΔ =
∑︀𝑁

𝑘=1(k
Δ
𝑘 )

′𝐶kΔ
𝑘 ∈ R𝑁(𝑙−𝑚)×𝑁(𝑙−𝑚) is a symmetrical matrix.

When single out a full square in (4.9), it is necessary to decide algebraic
equation

𝒦Δ𝑢1:𝑁 = 𝑓, where 𝑓 =
∑︀𝑁

𝑖=1(k
Δ
𝑖 )

′𝐶𝑦𝑖.

Therefore, the inequality (4.9) becomes

𝐽𝑁 (𝑥0, 𝑦) +
⃒⃒
𝑢1:𝑁 − (𝒦Δ)−1𝑓

⃒⃒2
𝒦Δ −

⃒⃒
𝑓
⃒⃒2
(𝒦Δ)−1 ≤ 1.

For a fixed vector 𝑙 ∈ R𝑛 and an initial state 𝑥0, we find the value

𝑅𝑁 (𝑙, 𝑥0, 𝑦) = max
𝑢1:𝑁

𝑙′𝑥𝑁 = 𝑙′�̄�𝑁 + 𝑙′𝑁 (𝒦Δ)−1𝑓 +
√︁
𝑙′𝑁 (𝒦Δ)−1𝑙𝑁×√︁

1 +
⃒⃒
𝑓
⃒⃒2
(𝒦Δ)−1 − 𝐽𝑁 (𝑥0, 𝑦), 𝑙𝑁 = [a𝑁−1B, . . . ,B]′𝑙.

(4.10)
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Finally, we find the support function for the IS of discrete system:

𝜌(𝑙 | 𝒳𝑁 (𝑦)) = max
𝑥0∈𝑋0, 1+|𝑓|2(𝒦Δ)−1≥𝐽𝑁 (𝑥0,𝑦)

𝑅𝑁 (𝑙, 𝑥0, 𝑦). (4.11)

Formulas (4.10), (4.11) are discrete analog of formulas (3.6), (3.7). It is
proved in [1] that 𝒳𝑁 (𝑦) → 𝒳𝑇 (𝑦) as 𝑁 → ∞ in the Hausdorff metric for
systems without measurement delay. A similar theorem is also valid in the
case under consideration. Its proof repeats the proof of Theorem 6 in [1]
with minimal modifications.

Theorem 3. Let conditions (2.1), (2.3) be satisfied and the quantities 𝑇
and ℎ be commensurable, that is, 𝑇/ℎ is a rational number. Then the IS
𝒳𝑁 (𝑦) of the discrete system (4.8) for constraints (4.9) and (1.4) converges
to IS 𝒳𝑇 (𝑦) in the Hausdorff metric as 𝑁 → ∞.

5. Numerical example

We consider the motion of a material point along a straight line, subject
to disturbances 𝑣1(𝑡) and 𝑣2(𝑡)

�̇�1 = 𝑥2 + 𝑣1(𝑡)− 𝑣2(𝑡), �̇�2 = 𝑣1(𝑡)− 𝑣2(𝑡), 0 ≤ 𝑡 ≤ 𝑇.

Let the sum of the disturbances also have an additive effect on the mea-
surement equation containing the delay

𝑦(𝑡) = 𝑥1(𝑡) + 𝑥1(𝑡− 1) + 𝑥2(𝑡− 1) + 𝑣1(𝑡) + 𝑣2(𝑡).

System parameters:

𝐴 =

[︂
0 1
0 0

]︂
, 𝐵 =

[︂
1 −1
1 −1

]︂
, 𝐺(𝑠) = −[1, 0]𝜒(−𝑠)− [1, 1]𝜒(−1− 𝑠),

𝐻 = [1, 1], 𝐶 = (𝐻𝐻 ′)−1 = 1/2, 𝐶1 = 𝐼2 −𝐻 ′𝐶𝐻 =

[︂
1 −1
−1 1

]︂
/2,

𝜒(𝑠) =

{︃
1, if 𝑠 ≥ 0,

0, if 𝑠 < 0.

The condition (2.3) is met because 𝐵𝐻 ′ = 0. The dimension of the
disturbance can be reduced, by setting 𝑢(𝑡) = (𝑣1(𝑡) − 𝑣2(𝑡)/

√
2. Then

𝐷1 = [1;−1]/
√
2 and 𝑏𝐷1 = [1; 1]

√
2. We have

𝐶1𝑣(𝑡) = 𝐷1𝑢(𝑡), |𝑣(𝑡)|2𝐶1
= 𝑢2(𝑡).

The system (2.5) will take the form

�̇�1 = 𝑥2 +
√
2𝑢(𝑡), �̇�2 =

√
2𝑢(𝑡), 0 ≤ 𝑡 ≤ 𝑇,

Известия Иркутского государственного университета.
Серия «Математика». 2022. Т. 42. С. 3–16
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Figure 1. Discrete approximation of IS, 𝑇 = 2.

with constraints (2.6)

𝐽(𝑇, 𝑥0, 𝑢, 𝑦) =
∫︀ 𝑇
0

(︀ (︀
𝑦(𝑡)− 𝑥1(𝑡)− 𝑥1(𝑡− 1)− 𝑥2(𝑡− 1)

)︀2
/2+

+𝑢2(𝑡)
)︀
𝑑𝑡 ≤ 1.

Here we put 𝑥(𝑡) = 0 if 𝑡 < 0. Let 𝑋0 =
{︀
𝑥 ∈ R2 : |𝑥10| ≤ 1, |𝑥20| ≤ 1

}︀
, and

the signal was realized at

𝑥0 = [0.5;−0.5], 𝑣(𝑡) = 0.9[cos(𝑡); sin(𝑡)]/
√
𝑇 and 𝑇 = 2.

The matrix function (3.3) has the form

G(𝑡) = [1, 𝑡](1 + 𝜒(𝑡− 1)).

Let us find the IS support function using discretization. For discretization
we set 𝑁 = 20, Δ = 𝑇/𝑁 = 0.1. The formula (4.8) will take a form

𝑥𝑘 = a𝑥𝑘−1 +B𝑢𝑘, a =

[︂
1 Δ
0 1

]︂
, 𝑘 ∈ 1 : 𝑁,

B =

[︂
Δ Δ2/2
0 Δ

]︂
𝐵𝐷1.

Further, using the formulas (4.10), (4.11), we find the support function
of the discrete IS. The corresponding IS was obtained by intersection the
support half-spaces and is shown in Fig. 1, where the star represents the
true state at 𝑇 = 2.
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6. Conclusion

In this work, a problem of the guaranteed state estimation of a linear
system is considered with geometrical restrictions for initial states and
integral restrictions on perturbations with a delay of information in the
measurement equation. Under additional assumptions on the system, the
arising problem is reduced to the creation of reachable sets for a special
system. Two ways of approximation of the information set for the orig-
inal system are proposed: by means of ellipsoids and by a method with
multistage systems. The information sets of discrete multistep systems
converges in the Hausdorff metric to the corresponding information set
of the continuous system when the partition diameter of the observation
interval is reduced. A numerical example is given.
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