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Аннотация. Исследуются гибридные системы, состоящие из подсистем Лурье с
постоянными запаздываниями и переключениями во времени. Предполагается, что
нелинейности из правых частей систем имеют степени меньшие единицы. Проводит-
ся анализ такого свойства системы, как ограниченность всех ее решений. Линейная
часть системы является общей для всех подсистем и предполагается асимптоти-
чески устойчивой. Как известно, это означает, что существует соответствующая
однородная функция Ляпунова. С помощью этой функции строится общий для
всех подсистем функционал Ляпунова – Красовского, позволяющий найти доста-
точные условия равномерной предельной ограниченности решений при произволь-
ном выборе положительных запаздываний и законе переключений. Более того, при
формировании обратной связи могут возникать задержки, ведущие к возникнове-
нию запаздывания в законе переключений. Установлено, что полученные условия
в случае таких асинхронных переключений оказываются менее жесткими, чем при
синхронных. Достоверность теоретических результатов подтверждена посредством
численного моделирования.
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1. Introduction and problem statement

Consider a hybrid system with positive delays r and h
{
ẋ(t) = By(t) +A

σ(t)
1 f(x(t)) +A

σ(t)
2 f(x(t− r)),

ẏ(t) = Dy(t) + C
σ(t)
1 f(x(t)) + C

σ(t)
2 f(x(t− h)),

(1.1)

where x(t) is an n-dimensional and y(t) is ν-dimensional vectors, matrix
parameters have the corresponding dimensions. Vector function f(x) =
(xµ11 , ..., x

µn
n )T has positive rational degrees with odd denominators and

numerators. Without loss of generality, assume that µ1 ≤ . . . ≤ µn. The
matrix coefficients preceding the nonlinearities change over time. This
alteration is governed by a switching law σ(t) — a piecewise-constant
right continuous function which maps the time interval [0,+∞) into the
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UNIFORM ULTIMATE BOUNDEDNESS OF lUR’E SYSTEMS 65

set {1, . . . , N} of subsystems’ numbers. Moreover, within each finite time
period no more than a finite number of switchings can occur.

At each moment a subsystem of Lur’e-type is obtained [5; 7]. Such
systems are particularly used in the theory of automatic system control
and neural networks [10].

To get a solution
(
xT (t, t0, ϕ); y

T (t, t0, y0)
)T

of the system (1.1) we must
specify an initial moment t0, value y0 = y(t0), and function ϕ from a set
of piece-wise continuous on [−τ ; 0], τ = max{r, h} functions with values in
Rn. For the differential–difference systems the state is denoted by xt(θ) =
x(t + θ), where θ ∈ [−τ ; 0]. The uniform norm of some state ϕ is defined
with the aid of euclidean one as follows: ‖ϕ‖τ = supθ∈[−τ ;0] ‖ϕ(θ)‖.

The purpose of this work is to find the conditions for the system (1.1)
to be uniformly ultimately bounded.

Definition 1. [8] The system is uniformly ultimately bounded when there

is R>0 such that for any q>0 there exists T (q) > 0 for which ‖x(t, t0, ϕ)‖2
+‖y(t, t0, y0)‖2 < R2 will hold whenever ‖ϕ‖2τ+‖y0‖2 < q2 for all t ≥ t0+T ,
t0 ≥ 0.

Notice that delays in the system can occur both in nonlinear functions
and switching law, e.g., while generating feedback or receiving information
about the moment, when the current subsystem was changed. Therefore
along with the system (1.1), a system with asynchronous switching [11–13]

{
ẋ(t) = By(t) +A

σ(t)
1 f(x(t)) +A

σ(t−r)
2 f(x(t− r))

ẏ(t) = Dy(t) + C
σ(t)
1 f(x(t)) + C

σ(t−h)
2 f(x(t− h))

(1.2)

will also be investigated. Here σ(t) must be defined on [−τ,+∞).

2. Analysis of the system with synchronous switching

In [1] a Lur’e system with homogeneous nonlinearities, delays, and asyn-
chronous switching is studied via Lyapunov–Krasovskii approach. The
found conditions of stability and ultimate boundedness are independent of
the delay and the switching law. In this paper similar results are extended
to the case of multiple homogeneous nonlinearities.
Assumption 1. Let µn < 1. Suppose also that there is a positive definite

diagonal matrix Λ such that for all s, p, q = 1, . . . , N the inequalities

fTk Λ[A
(s)
1 +A

(p)
2 −BD−1(C

(s)
1 + C

(q)
2 )]f ≤ −

n∑

i=1

β
(i)
0 x

µi(k+1)
i (2.1)

are valid; here vector fk = (xkµ11 , . . . , xkµnn )T , rational k ≥ 1

µ1
has odd

numerator and denominator, and β
(i)
0 > 0, i = 1, . . . , n.
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Remark 1. For condition (2.1) to be satisfied it is enough to require for
the matrix in its left side to be Hurwitz and Metzler [2].

Theorem 1. If assumption 1 is fulfilled and D is Hurwitz matrix, when the

system (1.1) with any positive fixed delays is uniformly ultimately bounded.

Proof. Since the system ẏ(t) = Dy(t) is asymptotically stable, a homo-
geneous Lyapunov function V0(y) of order m0 > 1 exists [14]. With a
matrix Λ = diag(λ1, ..., λn) from Assumption 1, the Lyapunov–Krasovsky
functional can be chosen:

V (xt, y)=

n∑

i=1

λi

∫ xi(t)

0
ξkµidξ − fTk ΛBD

−1

∫ 0

−h
C
σ(t+θ+h)
2 f(x(t+ θ))dθ+

+V0(y)− fTk ΛBD
−1y +

∫ 0

−r
(β1 + γ1(r + θ))‖f(x(t+ θ))‖m1dθ+

+fTk Λ

∫ 0

−r
A
σ(t+θ+r)
2 f(x(t+ θ))dθ+

∫ 0

−h
(β2 + γ2(h+ θ))‖f(x(t+ θ))‖m1dθ,

(2.2)
where m1, β1, β2, γ1, γ2 are any positive numbers. Some approaches to
constructing this type of functionals can be found in [3; 4].

We denote (i, j) element of matrix M by (M)ij , and its i-th row by
(M)i.

To check whether (2.2) is positive, one can write down its lower bound
using Hölder’s inequality for the second and third integrals. This yields

V (xt, y) ≥
n∑

i=1

αix
kµi+1
i (t)+αn+1‖y(t)‖m0 −

n∑

i=1

αn+i+1|xi(t)|kµi‖y(t)‖ −

− r
m1−1
m1

n∑

i=1

α′
i|xi(t)|kµi

(∫ 0

−r
‖f(x(t+ θ))‖m1dθ

) 1
m1 −

− h
m1−1
m1

n∑

i=1

α′′
i |xi(t)|kµi

(∫ 0

−h
‖f(x(t+ θ))‖m1dθ

) 1
m1

+

+ β1

∫ 0

−r
‖f(x(t+ θ))‖m1dθ + β2

∫ 0

−h
‖f(x(t+ θ))‖m1dθ,

where

αi =
λi

kµi + 1
, αn+1 = min

‖y‖=1
V0(y) > 0, αn+i+1 = max

‖y‖=1

∣∣∣
ν∑

j=1

(ΛBD−1)ijyj

∣∣∣,

α′
i = max

j=1,...,N

∥∥(ΛA(j)
2 )i

∥∥, α′′
i = − max

j=1,...,N

∥∥(ΛBD−1C
(j)
2 )i

∥∥, i = 1, ..., n.
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Now introduce the vector

s =
(

1
kµ1+1 , . . . ,

1
kµn+1 ,

1
m0
, 1
m1
, 1
m1

)

and define a generalized homogeneous norm ‖z‖s =
∑n+3

i=1 |zi|
1
si [6] for

vector

zT=

(
x1, ..., xn, ‖y‖,

[ ∫ 0

−r
‖f(x(t+θ))‖m1dθ

] 1
m1

,

[ ∫ 0

−h
‖f(x(t+θ))‖m1dθ

] 1
m1

)
.

Hence, the latest functional assessment can be expressed in terms of vector
s:

V ≥
n+1∑

i=1

αiz
1
si

i −
n∑

i=1

αn+i+1|zi|
1
si
−1
zn+1 + β1z

1
sn+2

n+2 + β2z
1

sn+3

n+3 −

− r
m1−1
m1

n∑

i=1

α′
i|zi|

1
si
−1
zn+2 − h

m1−1
m1

n∑

i=1

α′′
i |zi|

1
si
−1
zn+3.

Here nonnegative terms can be estimated as follows:

n+1∑

i=1

αiz
1
si

i +β1z
1

sn+2

n+2 +β2z
1

sn+3

n+3 ≥ α(min)‖z‖s, α(min) = min
i=1,...,n+1

{αi, β1, β2}.

Applying the property of homogeneous functions to the remaining terms
and using the homogeneous norm of the (si, sn+j) class, we obtain

|zi|
1
si
−1
zn+j =

(
|zi|

1
2si

)2−2si(
z

1
2sn+j

n+j

)2sn+j ≤ αij‖zi, zn+j‖1−si+sn+j

(si, sn+j)
,

αij = max
‖zi,zn+j‖(si,sn+j )

=1
|zi|

1
si
−1
zn+j, i = 1, . . . , n, j = 1, 2, 3.

The last inequality can be enhanced:

|zi|
1
si
−1
zn+j ≤ αij‖z‖1−si+sn+j

s , i = 1, . . . , n, j = 1, 2, 3.

Consequently, the assessment of the functional (2.2) can be written as:

V (xt, y) ≥ α(min)‖z‖s −
n∑

i=1

αn+i+1αi1‖z‖1−si+sn+1
s −

− r
m1−1
m1

n∑

i=1

α′
iαi2‖z‖1−si+sn+2

s − h
m1−1
m1

n∑

i=1

α′′
i αi3‖z‖1−si+sn+3

s .
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Taking into account sn+2 = sn+3, denote

αi1 = αn+i+1αi,1, αi2 = r
m1−1
m1 α′

iαi,2 + h
m1−1
m1 α′′

i αi,3

and get

V (xt, y) ≥ ‖z‖s
(
α(min) −

n∑

i=1

αi1‖z‖sn+1−si
s −

n∑

i=1

αi2‖z‖sn+2−si
s

)
.

It is necessary to satisfy sn+j ≤ si, i = 1, . . . , n, j = 1, 2 for the func-
tional to be positive within some region ‖z‖s > H which will be specified
further. That is

mj ≥ kµi + 1, i = 1, . . . , n, j = 0, 1. (2.3)

Note that situations may arise when conditions (2.3) turn into equalities
for some (i, j) from a set I. To ensure the positivity of the functional in an
arbitrary domain, we need to check additional conditions on the parameters:

α(min) >
∑

(i,j)∈I

αij .

In case when the inequalities (2.3) are strict, the conditions

‖z‖s >
(
αij

2n

α(min)

) 1
si−sn+j

=: Hij, (i, j) /∈ I

entail that the general value H0 = maxi,jHij defines the domain ‖z‖s > H0

of the functionals positivity. Therefore, the right side of the estimate

V (xt, y) ≥ α‖z‖s (2.4)

has a positive coefficient

α = α(min) −
2∑

j=1

n∑

i=1

αijH
sn+j−si
0 .

In a similar way an upper bound for (2.2)

V (xt, y) ≤ γ‖z‖s (2.5)

can be obtained in the region ‖z‖s > H0; here

γ = α(max) +

2∑

j=1

n∑

i=1

αijH
sn+j−si
0 , α(max) = max

i=1,...,n+1
{αi, β1, β2}.
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Derivative of the functional (2.2) along the solution of system (1.1) can
be represented as

V̇ = fTk (x(t))Λ[A
σ(t)
1 +A

σ(t+r)
2 −BD−1(C

σ(t)
1 + C

σ(t+h)
2 )]f(x(t)) + V̇0 −

−[By(t) +A
σ(t)
1 f(x(t)) +A

σ(t)
2 fr]

T ∂fk(t)

∂x
ΛBD−1y(t) + [By(t) +

+A
σ(t)
1 f(x(t)) +A

σ(t)
2 fr]

T ∂fk(t)

∂x
Λ

[ ∫ 0

−r
A
σ(t+θ+r)
2 f(x(t+ θ))dθ −

−BD−1

∫ 0

−h
C
σ(t+θ+h)
2 f(x(t+ θ))dθ

]
− β1‖fr‖m1 +

+
[
β1 + γ1r + β2 + γ2h

]
‖f(x(t))‖m1 − β2‖fh‖m1 −

−γ1
∫ 0

−r
‖f(x(t+ θ))‖m1dθ − γ2

∫ 0

−h
‖f(x(t+ θ))‖m1dθ,

where fr = f(x(t− r)), fh = f(x(t− h)), Jacobian matrix

∂f(x(t))

∂x
=




∂f1(x(t))
∂x1

· · · ∂f1(x(t))
∂xn

· · · · · · · · ·
∂fn(x(t))
∂x1

· · · ∂fn(x(t))
∂xn


 .

Let us separately evaluate the following terms of the derivative:

(
By +A

σ(t)
1 f +A

σ(t)
2 fr

)T ∂fk
∂x

ΛBD−1y ≥ −
n∑

i=1

β
(i)
2 xkµi−1

i ‖y‖2−

−
n∑

l=1

|xµll |
n∑

i=1

α′
ilx

kµi−1
i ‖y‖ −

n∑

i=1

β
(i)
1 xkµi−1

i ‖y‖‖fr‖,

where

β
(i)
2 = |α(i)

2 |‖(B)i‖, α
(i)
2 = kµi max

‖y‖=1

∣∣∣∣
ν∑

j=1

(ΛBD−1)ijyj

∣∣∣∣,

β
(i)
1 = |α(i)

2 |max
j

‖(A(j)
2 )i‖, α′

il = max
j

|(A(j)
1 )il|α(i)

2 .

Likewise,

ẋT
∂fk
∂x

∫ 0

−r
ΛA

σ(t+θ+r)
2 f(x(t+ θ))dθ ≤

( n∑

i=1

β
(i)
4 xkµi−1

i ‖y‖+

+
n∑

l=1

|xµll |
n∑

i=1

α′′
ilx

kµi−1
i +

n∑

i=1

β
(i)
3 xkµi−1

i ‖fr‖
)∫ 0

−r
‖f(x(t+ θ))‖dθ,
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with parameters α
(i)
3 = kµiα

′
i, β

(i)
3 = α

(i)
3 maxs ‖(A(s)

2 )i‖, β(i)4 = α
(i)
3 ‖(B)i‖,

and α′′
il = maxs |(A(s)

1 )il|α(i)
3 . As above,

ẋT
∂fk
∂x

ΛBD−1

∫ 0

−h
C
σ(t+θ+h)
2 f(x(t+ θ))dθ ≥ −

( n∑

i=1

β
(i)
6 xkµi−1

i ‖y‖+

+
n∑

l=1

|xµll |
n∑

i=1

α′′′
il x

kµi−1
i +

n∑

i=1

β
(i)
5 xkµi−1

i ‖fr‖
)∫ 0

−h
‖f(x(t+ θ))‖dθ,

where α
(i)
4 = kµiα

′′
i , β

(i)
5 = |α(i)

4 |‖(B)i‖, β(i)6 = |α(i)
4 |maxs ‖(A(s)

2 )i‖, α′′′
il =

maxs |(A(s)
1 )il|α(i)

4 .

Taking into account the assessment of homogeneous function:
∥∥∂V0
∂y

∥∥ ≤
γ′n+1‖y‖m0−1, where γ′n+1 is a positive constant, we have

V̇0 = V̇0
∣∣
ẏ=Dy

+

(
∂V0
∂y

)T(
C
σ(t)
1 f + C

σ(t)
2 f

(
x(t− h)

))
≤ −βn+1‖y‖m0+

+ γ′n+1‖y‖m0−1
(
max
s

‖C(s)
1 ‖‖f‖+max

s
‖C(s)

2 ‖‖f
(
x(t− h)

)
‖
)
.

Now we can continue estimating the derivative of the functional:

V̇ ≤ −
n∑

i=1

β
(i)
0 x

µi(k+1)
i + γ′n+1‖y‖m0−1max

s
‖C(s)

1 ‖
( n∑

l=1

x2µll

) 1
2−

− β1‖fr‖m1 + γ′n+1‖y‖m0−1 max
s

‖C(s)
2 ‖‖fh‖ − γ1

∫ 0

−r
‖f(x(t+ θ))‖m1dθ −

− βn+1‖y‖m0 +

n∑

i=1

β
(i)
2 xkµi−1

i ‖y‖2 +
n∑

l=1

|xµll |
n∑

i=1

α′
ilx

kµi−1
i ‖y‖+

+

n∑

i=1

β
(i)
1 xkµi−1

i ‖y‖‖fr‖+
( n∑

i=1

β
(i)
4 xkµi−1

i ‖y‖+
n∑

l=1

|xµll |
n∑

i=1

α′′
ilx

kµi−1
i +

+

n∑

i=1

β
(i)
3 xkµi−1

i ‖fr‖
)∫ 0

−r
‖f(x(t+ θ))‖dθ +

( n∑

i=1

β
(i)
6 xkµi−1

i ‖y‖+

+

n∑

l=1

|xµll |
n∑

i=1

α′′′
il x

kµi−1
i +

n∑

i=1

β
(i)
5 xkµi−1

i ‖fr‖
)∫ 0

−h
‖f(x(t+ θ))‖dθ +

+
[
β1 + γ1r + β2 + γ2h

]
‖f‖m1 − β2‖fh‖m1 − γ2

∫ 0

−h
‖f(x(t+ θ))‖m1dθ.

We introduce new variables

z̃ =
(
z, ‖f(x(t− r))‖, ‖f(x(t − h))‖

)T
, s′′ =

(
s′, 1

m1
, 1
m1

)
,
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where
s′ =

(
1

µ1(k+1) , . . . ,
1

µn(k+1) ,
1
m0
, 1
m1
, 1
m1

)
.

According to the properties of homogeneous functions, there are con-

stants β̃0 > 0, β
(j)
0,i ≥ 0, j = 1, . . . , 5 and β

(j)
0 > 0, j = 6, 7, 8 such

that

V̇ ≤ −β̃0‖z̃‖s′′ +
n∑

i=1

β
(1)
0,i ‖z̃‖

kµi−1
µi(k+1)

+ 2
m0

s′′ +

n∑

i=1

β
(2)
0,i ‖z̃‖

kµi−1
µi(k+1)

+ 1
m0

+ 1
k+1

s′′ +

+
n∑

i=1

β
(3)
0,i ‖z̃‖

kµi−1

µi(k+1)
+ 1

m0
+ 1

m1
s′′ +

n∑

i=1

β
(4)
0,i ‖z̃‖

kµi−1

µi(k+1)
+ 1

k+1
+ 1

m1
s′′ + β

(6)
0 ‖z̃‖

m1
k+1

s′′ +

+

n∑

i=1

β
(5)
0,i ‖z̃‖

kµi−1

µi(k+1)
+ 2

m1
s′′ + β

(7)
0 ‖z̃‖

2m0+m0k−k−1
m0(k+1)

s′′ + β
(8)
0 ‖z̃‖

1+ 1
m1

− 1
m0

s′′ .

We can find conditions for the parameters k, m0, m1 to ensure that in
the last estimate of the derivative of the functional the norms’ degrees do
not exceed 1. Hence,

kµi − 1

µi(k + 1)
+

2

mj
≤ 1 ⇐⇒ mj ≥

2µi(k + 1)

µi + 1
, j = 0, 1;

1

k + 1
+

kµi − 1

µi(k + 1)
+

1

mj
≤ 1 ⇐⇒ mj ≥ µi(k + 1), j = 0, 1;

kµi − 1

µi(k + 1)
+

1

m0
+

1

m1
≤ 1 ⇐⇒ 1

m0
+

1

m1
≤ µi + 1

µi(k + 1)
;

m0 ≤ m1 ≤ k + 1.

Combining the obtained inequalities with the conditions for V to be
positive: mj ≥ kµi + 1, j = 0, 1, the total result is

2µi(k + 1)

µi + 1
≤ m0 ≤ m1 ≤ k + 1.

Under such conditions there is a region ‖z̃‖s′′ > H ′
0, where

V̇ (xt, y) ≤ −β‖z̃‖s′′

is valid for some positive constant β. Moreover, the estimation

V̇ (xt, y) ≤ −β‖z‖s′ (2.6)

will work in the region ‖z‖s′ > H ′
0.

The previously obtained regions ‖z‖s > H0 of functional positivity and
‖z‖s′ > H ′

0 of its derivative’s negativity follow from the common region

‖z‖ > H, where H =
√
n+ 3maxj

{
H
sj
0 ;H ′

0
s′j
}
.
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Then, differential inequality

V̇ (xt, y) ≤ −cV ρ(xt, y) (2.7)

could be obtained in the found unified region. Constant c is positive and
ρ = mini=1,...,n+3

si
s′i

less then 1. The (2.7) follows from the fact that in

‖z‖ > H

‖z‖s′ =
n+3∑

i=1

z

1
s′
i

i ≥
n+3∑

i=1

ai

(
z

1
si

i

)ρ
≥ c2‖z‖ρs ,

where c2 > 0 and ai > 0 for all i = 1, . . . , n+ 3.
Further we will use the approach from [1] for proving the boundedness

of a solution
(
xT (t, t0, ϕ); y

T (t, t0, y0)
)T
. Differential inequality (2.7) works

when ‖z‖ > H. Then it works all the more in

‖z‖s > H̃, H̃ = max

{
H√
n+ 3

1
min si

,
H√
n+ 3

1
max si

}
.

Using the assessment (2.4) value ∆ = αH̃ is chosen so that for V (xt, y) ≥ ∆
the inequality (2.7) is still valid.

If at the initial moment the functional V (ϕ, y0) ≤ ∆, then it will remain
in the domain V (xt, y) ≤ ∆ because of its decreasing outside. In the case
when V (ϕ, y0) > ∆ the moment T can be found when V (xt, y) ≤ ∆ for all
t ≥ t0+T . For this purpose, we integrate the inequality (2.7) for t ∈ [t0; t1]
while V (xt, y) > ∆:

V (xt, y) ≤
(
V 1−ρ(ϕ, y0)− c(1− ρ)(t− t0)

) 1
1−ρ

.

Now it can be noticed that the inequality V (xt, y) > ∆ will be broken for
t ≥ t0 + T , where

T =
1

c(1− ρ)

(
V 1−ρ(ϕ, y0)−∆1−ρ

)
.

From (2.4) the region of ultimate boundedness for system (1.1) can be
derived:

n∑

i=1

xkµi+1
i (t) + ‖y(t)‖m0 ≤ ∆

α
. (2.8)

Let ∆̃ be any positive quantity and ω = sup‖ψ‖2τ+‖η‖2≤∆̃2 V (ψ, η). Then

for ‖ψ‖2τ + ‖η‖2 ≤ ∆̃2 the solution
(
xT (t, t0, ϕ); y

T (t, t0, y0)
)T

of system

(1.1) belongs to (2.8) for any t ≥ max{0, t̃}, where

t̃ =
1

c(1 − ρ)

(
ω1−ρ −∆1−ρ

)
.

This completes the proof of Theorem 1.
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3. Analysis of a system with asynchronous switching

The subject of this section is the system with asynchronous switching
(1.2).

Assumption 2. Let µn < 1 and suppose that there is a positive definite

diagonal matrix Λ such that for every s = 1, . . . , N the inequalities

fTk Λ[A
(s)
1 +A

(s)
2 −BD−1(C

(s)
1 + C

(s)
2 )]f ≤ −

n∑

i=1

β
(i)
0 x

µi(k+1)
i

hold, where β
(i)
0 > 0.

Theorem 2. If assumption 2 is fulfilled and D is Hurwitz matrix, when the

system (1.2) with any positive fixed delays is uniformly ultimately bounded.

Proof. Based on (2.2) a modified functional can be constructed

V (xt, y) =

n∑

i=1

λi

∫ xi

0
ξkµidξ + V0(y)− fTk ΛBD

−1y + fTk Λ

∫ 0

−r
A
σ(t+θ)
2 ×

×f(x(t+ θ))dθ − fTk ΛBD
−1

∫ 0

−h
C
σ(t+θ)
2 f(x(t+ θ))dθ +

∫ 0

−r
(β1+

+γ1(r + θ))‖f(x(t+ θ))‖m1dθ +

∫ 0

−h
(β2 + γ2(h+ θ))‖f(x(t+ θ))‖m1dθ,

(3.1)
here λi are components of matrix Λ from Assumption 2.

The derivative of the functional (3.1) along the solution of system (1.2)
takes the form

V̇ = fTk (x(t))Λ[A
σ(t)
1 +A

σ(t)
2 −BD−1(C

σ(t)
1 +C

σ(t)
2 )]f(x(t)) + V̇0 −

−[By(t) +A
σ(t)
1 f(x(t)) +A

σ(t−r)
2 f(x(t− r))]T

∂fk(t)

∂x
ΛBD−1y(t) +

+[By(t) +A
σ(t)
1 f(x(t)) +A

σ(t−r)
2 f(x(t− r))]T

∂fk(t)

∂x
Λ×

×
[ ∫ 0

−r
A
σ(t+θ)
2 f(x(t+ θ))dθ −BD−1

∫ 0

−h
C
σ(t+θ)
2 f(x(t+ θ))dθ

]
+
[
β1+

+γ1r + β2 + γ2h
]
‖f(x(t))‖m1 − β1‖f(x(t− r))‖m1 − β2‖f(x(t− h))‖m1 −

−γ1
∫ 0

−r
‖f(x(t+ θ))‖m1dθ − γ2

∫ 0

−h
‖f(x(t+ θ))‖m1dθ.

In the same way as it was obtained for assessments (2.4), (2.5) and (2.6)
one can show the existence of positive values H0, H

′
0 α, β, and γ such that

α‖z‖s 6 V (xt, y) 6 γ‖z‖s, for ‖z‖s > H0
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Figure 1. Solution of (1.1) in phase space.
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Figure 2. Solution of (1.2) in phase space.

Известия Иркутского государственного университета.
Серия «Математика». 2024. Т. 49. С. 63–77



UNIFORM ULTIMATE BOUNDEDNESS OF lUR’E SYSTEMS 75

and
V̇ (xt, y) ≤ −β‖z‖s′ , for ‖z‖s′ > H ′

0.

Hence, the subsequent proof follows the same logical reasoning as presented
in Theorem 1.

4. Example

To illustrate the obtained results, consider an example. Suppose the
systems (1.1) and (1.2) consist of two subsystems with scalar parameters

B = −1, D = −2, A
(1)
1 = −1, A

(1)
2 = −5, C

(1)
1 = −3, C

(1)
2 = 5,

r = 5, h = 3, µ =
1

5
, A

(2)
1 = 3, A

(2)
2 = −5, C

(2)
1 = −2, C

(2)
2 = 3.

It can easily be checked that Assumptions 1 and 2 are valid. Initial data:
t0 = 0, xt0 ≡ 100 for [−5; 0], y(t0) = 160. The switching law is given by

σ(t) = 1 for t ∈ [−5; 1) ∪
[
i(i − 1)

2
;
i(i+ 1)

2

)
, i = 3, 5, . . .

σ(t) = 2 for t ∈
[
i(i − 1)

2
;
i(i+ 1)

2

)
, i = 2, 4, . . . .

The Runge–Kutta method of fourth-order with accuracy 0.01 is ap-
plied for solving the systems. Charts are plotted in phase spaces. Figure
1 presents the solution of the system (1.1) with synchronous switching
and Figure 2 corresponds to the case of system (1.2) with asynchronous
switching.
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