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Abstract. The paper continues a long series of our research and considers a second-
order nonlinear evolutionary parabolic system. The system can be a model of various
convective and diffusion processes in continuum mechanics, including mass transfer in
a binary mixture. In hydrology, ecology, and mathematical biology, it describes the
propagation of pollutants in water and air, as well as population dynamics, including the
interaction of two different biological species. We construct solutions that have the type
of diffusion (heat) wave propagating over a zero background with a finite velocity. Note
that the system degenerates on the line where the perturbed and zero (unperturbed)
solutions are continuously joined. A new existence and uniqueness theorem is proved in
the class of analytical functions. In this case, the solution has the desired type and is
constructed in the form of characteristic series, the convergence of which is proved by the
majorant method. We also present two new classes of exact solutions, the construction
of which, due to ansatzes of a specific form, reduces to integrating systems of ordinary
differential equations that inherit a singularity from the original formulation. The ob-
tained results are expected to be helpful in modeling the evolution of the Baikal biota
and the propagation of pollutants in the water of Lake Baikal near settlements.
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Научная статья

Решения нелинейной параболической системы второго по-
рядка, моделирующие движение диффузионной волны

А. Л.Казаков1,2B, А. А. Лемперт1,2
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B kazakov@icc.ru

Аннотация. В статье, продолжающей большой цикл исследований авторов, рас-
смотрена нелинейная эволюционная параболическая система второго порядка, ко-
торая моделирует различные конвективные и диффузионные процессы в механике
сплошных сред, включая массообмен в бинарной смеси. В гидрологии, экологии
и математической биологии система применяется для описания процессов распро-
странения загрязняющих примесей в воде и воздухе и популяционной динамики,
включая взаимодействие двух различных биологических видов. Для указанной си-
стемы рассматриваются решения, имеющие тип диффузионной (тепловой) волны,
распространяющейся по нулевому фону с конечной скоростью. При этом на ли-
нии, вдоль которой непрерывно стыкуются возмущенное и нулевое (невозмущенное)
решения, система испытывает вырождение. Доказывается новая теорема существо-
вания и единственности в классе аналитических функций. Решение при этом имеет
искомый тип и строится в виде характеристических рядов, сходимость которых до-
казывается методом мажорант. Также найдены два новых класса точных решений,
построение которых за счет использования анзацев специального вида сводится к
интегрированию систем обыкновенных дифференциальных уравнений, наследую-
щей особенность от исходной постановки. Полученные результаты предполагается
использовать для моделирования эволюции байкальской биоты и распространения
загрязняющих примесей в воде Байкала вблизи населенных пунктов.

Ключевые слова: параболические уравнения с частными производными, анали-
тическое решение, диффузионная волна, теорема существования, точное решение,
математическое моделирование
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1. Introduction

Let us consider the system of second-order nonlinear evolutionary para-
bolic equations

𝑇𝑡 = [Φ2(𝑇 )]𝑥𝑥 + [Φ1(𝑇 )]𝑥 +Φ0(𝑇, 𝑆),

𝑆𝑡 = [Ψ2(𝑆)]𝑥𝑥 + [Ψ1(𝑆)]𝑥 +Ψ0(𝑇, 𝑆).
(1.1)

Here 𝑡, 𝑥 are independent variables: time and a spatial coordinate, respec-
tively; 𝑇 (𝑡, 𝑧) and 𝑆(𝑡, 𝑥) are unknown functions; Φ𝑖,Ψ𝑖, 𝑖 = 0, 1, 2 are
sufficiently smooth specified functions.

System (1.1) and its generalizations are often used as models of various
convective [1;2] and reaction-diffusion [6;24] processes. Also, such systems
arise in mathematical biology [16] when describing population dynamics,
in particular, the interaction of two different biological species [16; 21], as
well as when modeling pollution propagation [17]. A particular mention
deserves the fact that the well-known porous medium equation [19;23] is a
particular case of equations (1.1). Special attention should be paid to the
case when system (1.1) degenerates [4]. For example, if the equalities hold

Φ′
2(0) = Φ′

1(0) = Φ0(0, 0) = Ψ′
2(0) = Ψ′

1(0) = Φ0(0, 0) = 0. (1.2)

If (1.2) holds, system (1.1) may have solutions having the type of heat [19]
(filtration [20], diffusion [10]) waves that describe disturbances propagating
along the zero background with a finite velocity. Such a situation, as you
know, is not typical for equations and systems of parabolic type [15] and
arises due to singularity. The boundary between the unperturbed zero
background and the perturbed positive solution is called a wavefront. The
joined solution is called a HDW-type solution [10].

We have been studying such solutions for the long time. At the beginning
we considered the porous medium equation and its generalizations in one-
dimensional [7; 12] and non-one-dimensional [9; 14] cases. Then the results
were expanded to reaction–diffusion systems [10]. Our approach includes
three directions. The first is a proving of new existence and uniqueness
theorems for HDW-type solutions in the class of analytical functions. The
proof is carried out in the traditions of the scientific school of Academician
A.F. Sidorov [5;20]: the solution is constructed as a characteristic series, its
convergence is proved by the majorant method. Since these theorems, as all
the similar, starting with the Cauchy-Kovalevskaya theorem [3], are local,
the questions of the domain of existence of the solution and its properties
outside a small neighborhood of the diffusion wavefront are relevant. We
can answer this question using exact solutions [18], the construction of
which forms the second direction. Such solutions are also helpful for ver-
ifying the results of numerical algorithms operating [22], the development
of which is the third direction.
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Previously [8;10;11;13], we considered systems having form (1.1) without
convective terms, i.e., [Φ1(𝑇 )]𝑥 = [Ψ1(𝑆)]𝑥 ≡ 0. At the same time, each
of the papers is devoted to the specific formulation. In [10; 13], the plane
symmetric case for power functions Φ2,Ψ2 was studied in detail. In [11],
we considered the cases of cylindrical and spherical symmetry. Finally, in
the article [8], the functions Φ2,Ψ2 are analytical and have a general form.

This paper deals with the formulation where [Φ1(𝑇 )]𝑥 ̸≡ 0, [Ψ1(𝑆)]𝑥 ̸≡ 0
for the first time. A new existence and uniqueness theorem for the HDW-
type solution in the class of analytical functions is proved. In two different
cases, the problem is reduced to the Cauchy problem for a system of ordi-
nary differential equations (ODEs) that inherits all the specific features of
the original one. At the same time, the theorem and form of the ODEs differ
significantly from those obtained earlier and generalize the corresponding
results from [8;10;13].

2. Problem Formulation

If the functions Φ1(𝑇 ),Φ2(𝑇 ),Ψ1(𝑆),Ψ2(𝑆) are differentiable, system
(1.1) takes the form

𝑇𝑡 = [Φ′
2(𝑇 )𝑇𝑥]𝑥 +Φ′

1(𝑇 )𝑇𝑥 +Φ0(𝑇, 𝑆),

𝑆𝑡 = [Ψ′
2(𝑆)𝑆𝑥]𝑥 +Ψ′

1(𝑆)𝑆𝑥 +Ψ0(𝑇, 𝑆).
(2.1)

Let us consider the case of power nonlinearities, which is most often found
in the literature. Let

Φ′
1(𝑇 ) = 𝜆1𝑇

𝜎1 ,Φ′
2(𝑇 ) = 𝜆2𝑇

𝜎2 ,Ψ′
1(𝑆) = 𝜇1𝑆

𝛿1 ,Ψ′
2(𝑆) = 𝜇2𝑆

𝛿2 , (2.2)

where 𝜎𝑖, 𝛿𝑖, 𝜆𝑖, 𝜇1, 𝑖 = 1, 2 are positive constants.
The substitution 𝑢 = 𝜆2𝑇

𝜎2 , 𝑣 = 𝜇2𝑆
𝛿2 brings system (2.1), (2.2) to the

form
𝑢𝑡 = 𝑢𝑢𝑥𝑥 + 𝑢2𝑥/𝜎 +𝐴𝑢𝛼𝑢𝑥 + 𝑓(𝑢, 𝑣),

𝑣𝑡 = 𝑣𝑣𝑥𝑥 + 𝑣2𝑥/𝛿 +𝐵𝑣𝛽𝑣𝑥 + 𝑔(𝑣, 𝑢).
(2.3)

Here 𝐴,𝐵, 𝛼, 𝛽, 𝛿, 𝜎 are positive constants, 𝑓(𝑢, 𝑣), 𝑔(𝑢, 𝑣) are specified func-
tions,

𝜎 = 𝜎2, 𝛿 = 𝛿2, 𝛼 =
𝜎1
𝜎2
, 𝐴 =

𝜆1
𝜆𝛼2
, 𝛽 =

𝛿1
𝛿2
, 𝐵 =

𝜇1

𝜇𝛽2
,

𝑓(𝑢, 𝑣) =
𝜎𝜆

1/𝜎
2

𝑢1/𝜎−1
Φ0

(︃
𝑢1/𝜎

𝜆
1/𝜎
2

,
𝑣1/𝛿

𝜇
1/𝛿
2

)︃
, 𝑔(𝑣, 𝑢) =

𝛿𝜇
1/𝛿
2

𝑣1/𝛿−1
Ψ0

(︃
𝑢1/𝜎

𝜆
1/𝜎
2

,
𝑣1/𝛿

𝜇
1/𝛿
2

)︃
.

For system (2.3), we consider the following boundary conditions:

𝑢(𝑡, 𝑥)|𝑥=𝑎(𝑡) = 0, 𝑣(𝑡, 𝑥)|𝑥=𝑎(𝑡) = 0. (2.4)
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The function 𝑥 = 𝑎(𝑡) is sufficiently smooth. Due to the specifics of the
system, we can assume that 𝑎(0) = 0 without losing the generality.

A function is called analytical at a point (on a set) if it coincides in some
neighborhood with its Taylor expansion. If 𝑓(0, 0) = 𝑔(0, 0), it is easy to
see that problem (2.3), (2.4) has the trivial solution 𝑢 ≡ 0, 𝑣 ≡ 0, which is
analytical at any point in the 𝑂𝑥𝑦 plain.

The next section is devoted to an existence theorem for a nontrivial
analytical solution to problem (2.3), (2.4), in which the functions 𝑢 and 𝑣
have the same sign on both sides of the line 𝑥 = 𝑎(𝑡). This property makes
it possible to construct a piecewise analytical function of variables 𝑡, 𝑥,
composed of the trivial and positive parts of the non-trivial solutions, con-
tinuously joined along the line 𝑎(𝑡). The function is a HDW-type solution,
the curve 𝑥 = 𝑎(𝑡) is a diffusion wavefront.

3. Existence Theorem

Theorem 1. Let the functions 𝑓(𝑢, 𝑣), 𝑔(𝑣, 𝑢), and 𝑎(𝑡) are analytical at
the points 𝑢 = 0, 𝑣 = 0, and 𝑡 = 0, respectively; 𝛼, 𝛽 ∈ N; 𝑓(0, 0) = 0,
𝑔(0, 0) = 0, 𝜎 > 0, 𝛿 > 0, 𝑎′(0) ̸= 0. Assume also 𝑢𝑥(0, 0) and 𝑣𝑥(0, 0)
simultaneously vanish or not vanish.

Then problem (2.3), (2.4) has the unique analytical solution 𝑢 = 𝑢(𝑡, 𝑥),
𝑣 = 𝑣(𝑡, 𝑥) in some neighborhood of 𝑡 = 0, 𝑥 = 0, and 𝑢𝑣|𝑥 ̸=𝑎(𝑡) > 0.

Proof. The case 𝛼 = 𝛽 = 0 leads to the problem from [10], where we proved
the corresponding theorem. It thus becomes a particular case of this one.
The proof of the theorem is carried out in three stages. At the first stage,
a formal solution is constructed in the form of a characteristic series. The
second stage proves its local convergence. At the end, we show that the
functions 𝑢 and 𝑣 outside the line 𝑥 = 𝑎(𝑡) have the same sign and do not
vanish. In order not to repeat the reasonings already repeatedly published,
the justification of the second stage is given briefly.

Let us change the independent spatial variable as 𝑧 = 𝑥 − 𝑎(𝑡). Then
problem (2.3), (2.4) takes the form

𝑢𝑡 = 𝑢𝑢𝑧𝑧 + 𝑢2𝑧/𝜎 + [𝑎′(𝑡) +𝐴𝑢𝛼]𝑢𝑧 + 𝑓(𝑢, 𝑣),

𝑣𝑡 = 𝑣𝑣𝑧𝑧 + 𝑣2𝑧/𝛿 + [𝑎′(𝑡) +𝐵𝑣𝛽]𝑣𝑧 + 𝑔(𝑣, 𝑢).
(3.1)

𝑢(𝑡, 𝑧)|𝑧=0 = 0, 𝑣(𝑡, 𝑧)|𝑧=0 = 0. (3.2)

The solution to problem (3.1), (3.2) is constructed as the Taylor series

𝑢(𝑡, 𝑧) =

∞∑︁
𝑛=0

𝑢𝑛(𝑡)𝑧
𝑛

𝑛!
, 𝑢𝑛 =

𝑑𝑛𝑢

𝑑𝑧𝑛

⃒⃒⃒⃒
𝑧=0

; 𝑣(𝑡, 𝑧) =

∞∑︁
𝑛=0

𝑣𝑛(𝑡)𝑧
𝑛

𝑛!
, 𝑣𝑛 =

𝑑𝑛𝑣

𝑑𝑧𝑛

⃒⃒⃒⃒
𝑧=0

.

(3.3)
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One can easily verify that series (3.3) are characteristic [3]. Let us determine
their coefficients by a recurrent procedure.

It follows from (3.2) that 𝑢0 = 𝑣0 = 0. Assuming in 3.1) 𝑧 = 0, we
obtain the system of two quadratic equations to find 𝑢1(𝑡) and 𝑣1(𝑡):

𝑢21/𝜎 + 𝑎′(𝑡)𝑢1 = 0, 𝑣21/𝛿 + 𝑎′(𝑡)𝑣1 = 0, (3.4)

which has four solutions. Two of them, in which one of the desired variables
vanishes, do not satisfy the condition of the Theorem.

From the remaining two solutions, let us consider the case 𝑢1 = 0, 𝑣1 = 0.
Then 𝑢2 = 𝑣2 = . . . = 𝑢𝑘 = 𝑣𝑘 = . . . = 0, therefore, we obtain the unique
trivial solution 𝑢 ≡ 0, 𝑣 ≡ 0.

The last solution to (3.4) is

𝑢1(𝑡) = −𝜎𝑎′(𝑡), 𝑣1(𝑡) = −𝛿𝑎′(𝑡). (3.5)

This case corresponds to a nontrivial analytical solution to problem (3.1),
(3.2). To determine the coefficients 𝑢2, 𝑣2, we differentiate (3.1) with
respect to 𝑧 and set 𝑧 = 0. It brings us to

𝑢2 =
1

(1 + 𝜎)𝑎′(𝑡)

[︀
𝜎𝑎′′(𝑡) + 𝛼𝐴𝑢𝛼−1

0 𝑢21 + 𝑓1,0𝑢1 + 𝑓0,1𝑣1
]︀
,

𝑣2 =
1

(1 + 𝛿)𝑎′(𝑡)

[︁
𝛿𝑎′′(𝑡) + 𝛽𝐵𝑣𝛽−1

0 𝑣21 + 𝑔1,0𝑢1 + 𝑔0,1𝑣1

]︁
.

Here

𝑓1,0 =
𝜕𝑓(𝑢, 𝑣)

𝜕𝑢

⃒⃒⃒
𝑢=0,𝑣=0

, 𝑓0,1 =
𝜕𝑓(𝑢, 𝑣)

𝜕𝑣

⃒⃒⃒
𝑢=0,𝑣=0

,

𝑔1,0 =
𝜕𝑔(𝑢, 𝑣)

𝜕𝑢

⃒⃒⃒
𝑢=0,𝑣=0

, 𝑔0,1 =
𝜕𝑔(𝑢, 𝑣)

𝜕𝑣

⃒⃒⃒
𝑢=0,𝑣=0

.

Assume the coefficients of series (3.3) up to 𝑛 are found. To determine
𝑢𝑛+1 and 𝑣𝑛+1, we differentiate (3.1) 𝑛 times with respect to 𝑧 and set
𝑧 = 0. After collecting terms and resolving with respect to the desired
variables, we obtain

𝑢𝑛+1 =
1

𝑎′(1 + 𝑛𝜎)

[︃
𝑛∑︁

𝑘=2

(︂
𝐶𝑘
𝑛 +

1

𝜎
𝐶𝑘−1
𝑛

)︂
𝑢𝑘𝑢𝑛+2−𝑘+

+ 𝐴

𝑛∑︁
𝑘=1

𝐶𝑘
𝑛𝑢𝑛+1−𝑘

⎛⎜⎝ 𝑘∑︁
𝑖1,...,𝑖𝛼=0,
𝑖1+...+𝑖𝛼=𝑘

𝐶𝑖1,...,𝑖𝛼
𝑘 𝑢𝑖1𝑢𝑖2 . . . 𝑢𝑖𝛼

⎞⎟⎠+ 𝑓𝑛 − 𝑢′𝑛

⎤⎥⎦ , 𝑛 ≥ 2.

(3.6)

𝑣𝑛+1 =
1

𝑎′(1 + 𝑛𝛿)

[︃
𝑛∑︁

𝑘=2

(︂
𝐶𝑘
𝑛 +

1

𝜎
𝐶𝑘−1
𝑛

)︂
𝑣𝑘𝑣𝑛+2−𝑘+
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+𝐵
𝑛∑︁

𝑘=1

𝐶𝑘
𝑛𝑣𝑛+1−𝑘

⎛⎜⎜⎝ 𝑘∑︁
𝑖1,...,𝑖𝛽=0,

𝑖1+...+𝑖𝛽=𝑘

𝐶
𝑖1,...,𝑖𝛽
𝑘 𝑣𝑖1𝑣𝑖2 . . . 𝑣𝑖𝛽

⎞⎟⎟⎠+ 𝑔𝑛 − 𝑣′𝑛

⎤⎥⎥⎦ , 𝑛 ≥ 2.

(3.7)
Here

𝑓𝑛 =
𝜕𝑛𝑓(𝑢, 𝑣)

𝜕𝑧𝑛

⃒⃒⃒
𝑧=0

, 𝑔𝑛 =
𝜕𝑛𝑔(𝑣, 𝑢)

𝜕𝑧𝑛

⃒⃒⃒
𝑧=0

, 𝑛 = 1, 2, . . . ,

where the derivatives of 𝑓(𝑢, 𝑣) and 𝑔(𝑢, 𝑣) are found according to the rule
of differentiation of complex functions.

Thus, the coefficients of series (3.3) are uniquely determined by formulas
(3.6), (3.7). This completes the first stage of the proof.

The proof of convergence for the trivial case is not required, but for the
nontrivial case it is carried out by the classical majorant method. Let us
introduce the auxiliary unknown functions 𝑈 and 𝑉 by the formulas

𝑢(𝑡, 𝑧) = −𝜎𝑎′(𝑡)𝑧 + 𝑈(𝑡, 𝑧)𝑧2, 𝑣(𝑡, 𝑧) = −𝛿𝑎′(𝑡)𝑧 + 𝑉 (𝑡, 𝑧)𝑧2.

The correctness of such a replacement follows from conditions (3.2) and
equalities (3.5).

The replacement brings the first equation of system (3.2) to the form

−𝜎𝑎′′𝑧 + 𝑧2𝑈𝑡 =

= (−𝜎𝑎′𝑧 + 𝑧2𝑈)(2𝑈 + 4𝑧𝑈𝑧 + 𝑧2𝑈𝑧𝑧) +
1

𝜎
(−𝜎𝑎′ + 2𝑧𝑈 + 𝑧2𝑈𝑧)

2+

+𝐴[𝑎′+(−𝜎𝑎′𝑧+𝑧2𝑈)𝛼](−𝜎𝑎′+2𝑧𝑈+𝑧2𝑈𝑧)+𝑓(−𝜎𝑎′𝑧+𝑧2𝑈,−𝛿𝑎′𝑧+𝑧2𝑉 ).
(3.8)

After carrying out standard transformations, including collecting terms
(see [8]), equation (3.8) can be rewritten as

2(1 + 𝜎)𝑈 + (4𝜎 + 1) 𝑧𝑈𝑧 + 𝜎𝑧2𝑈𝑧𝑧 = 𝑓0(𝑡, 𝑧)+

+𝑧𝑓1(𝑡, 𝑧, 𝑈, 𝑈𝑡, 𝑉 ) + 𝑧2𝑓2(𝑡, 𝑧, 𝑈, 𝑉, 𝑈𝑧) + 𝑧3𝑓3(𝑡, 𝑧, 𝑈, 𝑉, 𝑈𝑧, 𝑈𝑧𝑧).
(3.9)

The second equation of system (3.2) is similarly transformed to

2(1 + 𝛿)𝑉 + (4𝛿 + 1) 𝑧𝑉𝑧 + 𝛿𝑧2𝑉𝑧𝑧 =

= 𝑔0(𝑡, 𝑧) + 𝑧𝑔1(𝑡, 𝑧, 𝑉, 𝑉𝑡, 𝑈) + 𝑧2𝑔2(𝑡, 𝑧, 𝑉, 𝑈, 𝑉𝑧) + 𝑧3𝑔3(𝑡, 𝑧, 𝑉, 𝑈, 𝑉𝑧, 𝑉𝑧𝑧).
(3.10)

Here 𝑓𝑖, 𝑔𝑖, 𝑖 = 1, . . . , 3 are already known analytical functions of their
arguments, whose explicit forms are not given due to cumbersomeness.

The boundary conditions for 𝑈 and 𝑉 follow from the compatibility
conditions for equations (3.9), (3.10) and have the form

𝑈 |𝑧=0 =
𝑓0(𝑡, 0)

2(1 + 𝜎)
, 𝑉 |𝑧=0 =

𝑔0(𝑡, 0)

2(1 + 𝛿)
. (3.11)
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Problem (3.9)–(3.11) is equivalent to problem (3.1), (3.2) in the class of
analytical functions. Thus, these problems are solvable (and unsolvable) in
the specified class simultaneously.

The solution to (3.9)–(3.10) is constructed as the Taylor series

𝑈(𝑡, 𝑧) =
∞∑︁
𝑛=0

𝑈𝑛(𝑡)
𝑧𝑛

𝑛!
, 𝑉 (𝑡, 𝑧) =

∞∑︁
𝑛=0

𝑉𝑛(𝑡)
𝑧𝑛

𝑛!
, (3.12)

whose coefficients are determined according to the described above recursive
procedure. We don’t give their exact form since it is not important in this
case. For a simpler case, the corresponding formulas are presented in [8].

Let us construct a uniform majorant for both equations of system (3.9),
(3.10). If the majorant estimates

𝑈0(𝑡), 𝑉0(𝑡) ≪𝑊0(𝑡); 𝑈1(𝑡), 𝑉1(𝑡) ≪𝑊1(𝑡);

𝑓1(𝑡, 𝑧, 𝑈, 𝑈𝑡, 𝑉 ), 𝑔1(𝑡, 𝑧, 𝑉, 𝑉𝑡, 𝑈) ≪ ℎ1(𝑡, 𝑧,𝑊,𝑊𝑡,𝑊 );

𝑓2(𝑡, 𝑧, 𝑈, 𝑉, 𝑈𝑧), 𝑔2(𝑡, 𝑧, 𝑈, 𝑉, 𝑈𝑧) ≪ ℎ2(𝑡, 𝑧,𝑊,𝑊,𝑊𝑧);

𝑓3(𝑡, 𝑧, 𝑈, 𝑉, 𝑈𝑧, 𝑈𝑧𝑧), 𝑔3(𝑡, 𝑧, 𝑈, 𝑉, 𝑈𝑧, 𝑈𝑧𝑧) ≪ ℎ3(𝑡, 𝑧,𝑊,𝑊,𝑊𝑧,𝑊𝑧𝑧)

hold, then the solution to the problem

𝜕2𝑊

𝜕𝑧2
=
𝜕ℎ1(𝑡,𝑊,𝑊𝑡,𝑊 )

𝜕𝑧
+ ℎ2(𝑡,𝑊,𝑊,𝑊𝑧) + 𝑧ℎ3(𝑡, 𝑧,𝑊,𝑊,𝑊𝑧,𝑊𝑧𝑧),

(3.13)
𝑊 |𝑧=0 =𝑊0(𝑡), 𝑊𝑧|𝑧=0 =𝑊1(𝑡) (3.14)

is a majorant for series (3.12). This fact is easy to verify by constructing
the solution to (3.13), (3.14) in the form of the Taylor series.

Next, we prove that problem (3.13), (3.14) has a unique analytical so-
lution majorizing zero. To do this, let us differentiate (3.13) by 𝑧, resolve
the resulting expression with respect to 𝑊𝑧𝑧𝑧 and add the third bound-
ary condition 𝑊𝑧𝑧(𝑡, 0) = 𝑊2(𝑡). Then we arrive to the problem of the
Cauchy-Kovalevskaya type

𝜕3𝑊

𝜕𝑧3
= 𝐻(𝑡, 𝑧,𝑊,𝑊𝑡,𝑊𝑧,𝑊𝑡𝑧,𝑊𝑧𝑧), (3.15)

𝑊 |𝑧=0 =𝑊0(𝑡),𝑊𝑧|𝑧=0 =𝑊1(𝑡),𝑊𝑧𝑧|𝑧=0 =𝑊2(𝑡), (3.16)

where 𝐻 is an analytical function that majorizes zero. According to the
Cauchy-Kovalevskaya theorem, problem (3.15), (3.16) has a unique analyt-
ical solution majorizing zero. In turn, this solution is a majorant for series
(3.13) by constructing procedure. Thus, we finally obtain that series (3.3)
are convergent. The second stage of the proof is completed.

It follows from (3.5) that the functions 𝑢(𝑡, 𝑥) and 𝑣(𝑡, 𝑥) have the same
sign on both sides of the line 𝑥 = 𝑎(𝑡) in some neighborhood of 𝑥 = 0, 𝑡 = 0.
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In fact, 𝑢1(𝑡)[𝑥− 𝑎(𝑡)] and 𝑣1(𝑡)[𝑥− 𝑎(𝑡)] are the first terms of the charac-
teristic series, i.e., in some small neighborhood of the diffusion wavefront,
they determine the signs of the unknown functions.

Thus, the third stage of the proof is completed.

Remark 1. The counterexample constructed in [10] shows that if the con-
ditions of Theorem 1 are not satisfied, when 𝑢𝑥(0, 0)𝑣𝑥(0, 0) = 0, 𝑢2𝑥(0, 0)+
𝑣2𝑥(0, 0) > 0, problem (2.3), (2.4) may or may not have an analytical
solution. In the second case, the convergence radii of series (3.3) are zero.

4. Exact solutions

This section pertains to finding such nontrivial exact solutions to prob-
lem (2.3), (2.4), which constructing reduces to integrating the Cauchy
problems for systems of ordinary differential equations (ODEs). Previously,
this problem was studied in the particular case when 𝐴 = 𝐵 = 0 [10] (see
also [8; 13]).

We specify the type of the functions 𝑓 and 𝑔. Let

𝑓(𝑢, 𝑣) = 𝐴1𝑣
𝛾−𝜉𝑢𝜉, 𝑔(𝑣, 𝑢) = 𝐵1𝑢

𝜆−𝜂𝑣𝜂,

where 𝐴1, 𝐵1, 𝛾, 𝜉, 𝜂 ∈ R, 𝛾 > 0, 𝜆 > 0, 0 ≤ 𝜉, 𝜂 ≤ 𝛾. Problem (3.1), (3.2)
takes the form

𝑢𝑡 = 𝑢𝑢𝑧𝑧 + 𝑢2𝑧/𝜎 + [𝑎′(𝑡) +𝐴𝑢𝛼]𝑢𝑧 +𝐴1𝑣
𝛾−𝜉𝑢𝜉,

𝑣𝑡 = 𝑣𝑣𝑧𝑧 + 𝑣2𝑧/𝛿 + [𝑎′(𝑡) +𝐵𝑣𝛽]𝑣𝑧 +𝐵1𝑢
𝜆−𝜂𝑣𝜂,

(4.1)

𝑢(𝑡, 0) = 0, 𝑣(𝑡, 0) = 0. (4.2)

As we showed in [7; 12], the main ansatzes that allow us to perform the
mentioned reduction have the form 𝑥 − 𝑎(𝑡) and 𝑥/𝑎(𝑡). Let us con-
sider these cases separately. Note that if 𝜉, 𝜂,∈ N ∪ {0}, 𝛾, 𝜆 ∈ N, then
with proper selection of the function 𝑎(𝑡), problem (4.1) has an analytical
solution represented by the Taylor series (3.3) according to Theorem 1.

Generalized traveling wave. Let us construct a solution to system
(4.1) in the form

𝑢 = 𝜓(𝑡)𝑝(𝑧), 𝑣 = 𝜓(𝑡)𝑞(𝑧), 𝑧 = 𝑥− 𝑎(𝑡). (4.3)

Substituting (4.3) into (4.1) and dividing by 𝜓2(𝑡), we obtain

𝑝𝑝′′ +
(𝑝′)2

𝜎
+

[︂
𝑎′(𝑡)

𝜓(𝑡)
+𝐴𝜓𝛼−1(𝑡)𝑝𝛼

]︂
𝑝′ +𝐴1𝜓

𝛾−2(𝑡)𝑞𝛾−𝜉𝑝𝜉 − 𝜓′(𝑡)

𝜓2(𝑡)
𝑝 = 0,
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𝑞𝑞′′ +
(𝑞′)2

𝛿
+

[︂
𝑎′(𝑡)

𝜓(𝑡)
+𝐵𝜓𝛽−1(𝑡)𝑞𝛽

]︂
𝑞′ +𝐵1𝜓

𝜆−2(𝑡)𝑝𝜆−𝜂𝑞𝜂 − 𝜓′(𝑡)

𝜓2(𝑡)
𝑞 = 0.

(4.4)
To turn (4.4) into ODEs with respect to 𝑝(𝑧), 𝑞(𝑧), it is necessary and
sufficient that the following conditions hold:

𝑎′(𝑡)/𝜓(𝑡) = const, 𝜓′(𝑡)/𝜓2(𝑡) = const, 𝜓𝛼−1(𝑡) = const,

𝜓𝛽−2(𝑡) = const, 𝜓𝛾−2(𝑡) = const, 𝜓𝜆−2(𝑡) = const.
(4.5)

Here, in turn, two sub-cases are possible: 1) 𝜓(𝑡) = const; 2) 𝜓(𝑡) ̸=
const.

1. To begin with, assume 𝜓(𝑡) = const. Then from the first equality
of (4.4), it follows that 𝑎(𝑡) = 𝜇𝑡, where 𝜇 ̸= 0. Without losing the
generality of consideration, we can set 𝜓 = 1, and then the system of
partial differential equations (PDEs) is reduced to the ODEs:

𝑝𝑝′′ + (𝑝′)2/𝜎 + (𝜇+𝐴𝑝𝛼)𝑝′ +𝐴1𝑞
𝛾−𝜉𝑝𝜉 = 0,

𝑞𝑞′′ + (𝑞′)2/𝛿 + (𝜇+𝐵𝑞𝛽)𝑞′ +𝐵1𝑝
𝜆−𝜂𝑞𝜂 = 0.

(4.6)

2. Let now 𝜓(𝑡) ̸= const. It follows from (4.4) that 𝛼 = 𝛽 = 1, 𝛾 =
𝜆 = 2. Solving the first two equalities of (4.4) as an ODEs, we get that
𝜓(𝑡) = 𝜔/(𝜇𝑡+𝜈), 𝑎(𝑡) = 𝜔 ln(𝜇𝑡+𝜈), where 𝜔, 𝜇, 𝜈 ∈ R, 𝜔 > 0, 𝜇 > 0, 𝜈 > 0.
Then the PDEs is reduced to the ODEs as

𝑝𝑝′′ + (𝑝′)2/𝜎 + (𝜇+𝐴𝑝)𝑝′ +𝐴1𝑞
2−𝜉𝑝𝜉 + 𝜇𝑝/𝜔 = 0,

𝑞𝑞′′ + (𝑞′)2/𝛿 + (𝜇+𝐵𝑞)𝑞′ +𝐵1𝑝
2−𝜂𝑞𝜂 + 𝜇𝑞/𝜔 = 0.

(4.7)

The initial conditions for (4.6) and (4.7) are

𝑝(0) = 0, 𝑞(0) = 0. (4.8)

The conditions (4.4) are a direct consequence of (4.2).
Generalized self-similar solutions. Here we construct the solution

to system (4.1) in the form

𝑢 = 𝜑(𝑡)𝑟(𝑦), 𝑣 = 𝜑(𝑡)𝑠(𝑦), 𝑦 = −𝑧/𝑎(𝑡) = 1− 𝑥/𝑎(𝑡). (4.9)

Substituting (4.9) into (4.1) and multiplying by 𝑎2(𝑡)/𝜓2(𝑡), we obtain

𝑟𝑟′′ + (𝑟′)2

𝜎 + 𝑎(𝑡)
𝜑(𝑡) [𝐴𝜑

𝛼(𝑡)𝑟𝛼 + 𝑎′(𝑡)(1− 𝑦)] 𝑟′+
𝑎2(𝑡)
𝜑2(𝑡)

[𝐴1𝜑
𝛾(𝑡)𝑠𝛾−𝜉𝑟𝜉 − 𝜑′(𝑡)𝑟] = 0,

𝑠𝑠′′ + (𝑠′)2

𝛿 + 𝑎(𝑡)
𝜑(𝑡)

[︀
𝐵𝜑𝛽(𝑡)𝑠𝛽 + 𝑎′(𝑡)(1− 𝑦)

]︀
𝑠′+

𝑎2(𝑡)
𝜑2(𝑡)

[𝐵1𝜑
𝜆(𝑡)𝑟𝜆−𝜂𝑠𝜂 − 𝜑′(𝑡)𝑠] = 0.

(4.10)
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To reduce (4.4) to ODEs with respect to 𝑟(𝑦), 𝑠(𝑦), it is necessary and
sufficient that the following conditions hold:

𝑎(𝑡)𝑎′(𝑡)/𝜑(𝑡) = const, 𝑎2(𝑡)𝜑′(𝑡)/𝜑2(𝑡) = const, 𝜑𝛼−1(𝑡)𝑎(𝑡) = const,

𝜑𝛾−2(𝑡)𝑎2(𝑡) = const, 𝜑𝛽−1(𝑡)𝑎(𝑡) = const, 𝜑𝜆−2(𝑡)𝑎2(𝑡) = const.
(4.11)

If 𝜓(𝑡) = const, we have sub-case 1 from the previous subsection. So,
let 𝜑′(𝑡) ̸= 0. Substituting the first equality of (4.11) to the second one, we
get

𝑎(𝑡)𝑎′′(𝑡)/[𝑎′(𝑡)]2 = const = 𝐶. (4.12)

Here, as above, two sub-cases are possible: 1) 𝐶 = 1; 2) 𝐶 ̸= 1.
1. Let 𝐶 = 1. Then the solution to (4.12) have the form 𝑎(𝑡) = 𝜂 exp(𝜇𝑡),

where 𝜇, 𝜂 are non-zero constants. You can easily make sure that the
necessary and sufficient conditions for the remaining relations from (4.11)
to be fulfilled are the equalities 𝛼 = 𝛽 = 1/2, 𝛾 = 𝜆 = 1, and then
𝜓(𝑡) = 𝜂2 exp(2𝜇𝑡). The system of equations for determining 𝑟(𝑦), 𝑠(𝑦)
takes the form

𝑟𝑟′′ + (𝑟′)2/𝜎 + [𝐴
√
𝑟 + 𝜇(1− 𝑦)]𝑟′ +𝐴1𝑠

1−𝜉𝑟𝜉 − 2𝜇𝑟 = 0,

𝑠𝑠′′ + (𝑟′)2/𝛿 + [𝐵
√
𝑠+ 𝜇(1− 𝑦)]𝑠′ +𝐵1𝑟

1−𝜂𝑠𝜂 − 2𝜇𝑠 = 0.
(4.13)

2. Let 𝐶 ̸= 1. Then the solution to (4.12) have the form 𝑎(𝑡) = (𝜇𝑡+𝜂)𝜔,
where 𝜇 ̸= 0, 𝜂 > 0, 𝜔 > 0 are constants. The necessary and sufficient
conditions for the remaining relations from (4.11) to be fulfilled are the
equalities 𝛼 = 𝛽 = (𝜔 − 1)/(2𝜔 − 1), 𝛾 = 2𝛼, 𝜆 = 2𝛽, and then 𝜓(𝑡) =
𝜔(𝜇𝑡 + 𝜂)2𝜔−1. This raises the additional restrictions 𝛼 ̸= 1/2, 𝛼 ̸= 1,
𝛾 ̸= 1, 𝛾 ̸= 2. The system of equations for determining 𝑟(𝑦), 𝑠(𝑦) takes the
form

𝑟𝑟′′ + (𝑟′)2/𝜎 + [𝐴𝑟𝛼 + 𝜇(1− 𝑦)]𝑟′ +𝐴1𝑠
𝛾−𝜉𝑟𝜉 + 2𝜇𝑟/(2− 𝛾) = 0,

𝑠𝑠′′ + (𝑠′)2/𝛿 + [𝐵𝑠𝛼 + 𝜇(1− 𝑦)]𝑠′ +𝐵1𝑟
𝛾−𝜂𝑠𝜂 + 2𝜇𝑠/(2− 𝛾) = 0,

(4.14)
The condition 𝛼 > 0 raises the extra restriction (𝜔 − 1)/(2𝜔 − 1) > 0,
therefore, 𝜔 ∈ (−∞, 1/2), (1,+∞).

The initial conditions for (4.13) and (4.14) directly follow from (4.2) and
have the form

𝑟(0) = 0, 𝑠(0) = 0. (4.15)

Discussion. Problems (4.6), (4.8); (4.7), (4.8); (4.13), (4.15), and
(4.14), (4.15) inherit a singularity from the original formulation, so the
issue of the existence and uniqueness of the solution requires additional
study.

First, it is necessary to extend the initial data to the Cauchy conditions.
Due to the degeneracy of the systems, the conditions for derivatives at zero
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cannot be chosen arbitrarily. Setting in both parts of the systems (4.6),
(4.7) 𝑧 = 𝑝 = 𝑞 = 0, and in (4.13), (4.14) 𝑦 = 𝑠 = 𝑟 = 0, we get the same
type of systems of quadratic equations

[𝑃 ′(0)]2/𝜎 + 𝜇[𝑃 ′(0)] = 0, [𝑄′(0)]2/𝛿 + 𝜇[𝑄′(0)] = 0, (4.16)

where symbol 𝑃 can be either 𝑝 or 𝑟, and symbol 𝑄 either 𝑞 or 𝑠. System
(4.16) has 4 real roots: 𝑃1(0) = 0, 𝑄1(0) = 0; 𝑃2(0) = −𝜎𝜇,𝑄2(0) = 0;
𝑃3(0) = 0, 𝑄1(0) = −𝛿𝜇; 𝑃4(0) = −𝜎𝜇,𝑄4(0) = −𝛿𝜇. Each of them allows
us to set conditions on the first derivatives and obtain consistent Cauchy
conditions at zero.

The case 𝑃 (0) = 𝑄(0) = 𝑃 ′(0) = 𝑄′(0) leads to the trivial solution
𝑃 ≡ 0, 𝑄 ≡ 0. The second and third cases are also of no interest, since
for 𝜉 > 0, 𝜂 > 0, one of the unknown functions is identically zero, and the
second is determined from the Cauchy problem for a single ODE [7]. The
most significant is the fourth case, when the Cauchy conditions for systems
(4.6), (4.8) have the form

𝑝(𝑧)|𝑧=0 = 0, 𝑝′(𝑧)|𝑧=0 = −𝜎𝜇, 𝑞(𝑧)|𝑧=0 = 0, 𝑞′(𝑧)|𝑧=0 = −𝛿𝜇, (4.17)

and for systems (4.13), (4.14) are

𝑟(𝑦)|𝑦=0 = 0, 𝑟′(𝑦)|𝑦=0 = −𝜎𝜇, 𝑠(𝑦)|𝑦=0 = 0, 𝑠′(𝑦)|𝑦=0 = −𝛿𝜇. (4.18)

The issue of the solvability of problems (4.6), (4.17); (4.7), (4.17); (4.13),
(4.18); and (4.14), (4.18) has not yet been solved in the general case, al-
though for integer values of the powers, their analytical solvability follows
from Theorem 1. Based on the results of previous studies, we make the
assumption that a solution will exist for 𝛼 > 0, 𝛽 > 0, 𝛾 ≥ 1, 𝜆 ≥ 1.

5. Conclusion

Summarizing the study, we note that convective terms first have been
taken into account for the problem of solution constructing to nonlinear
parabolic systems with singularity. This fact has entailed a significant
complication of the problem statement. In addition to proving the new
existence theorem that generalizes some known similar ones (see [10]), we
have found the exact solutions. Meaningful results have been obtained
for the first time for the case when the powers 𝛾 and 𝜆 in system (4.1)
are different (see [8; 11]). Besides the theoretical significance, the results
obtained may be helpful from the applied point of view, in particular, in
frameworks of modeling the Baikal biota and the propagation of pollutants
in the water of Lake Baikal near settlements.
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Further research in this direction may be related to applying the results
obtained for developing and testing an efficient numerical algorithm for
constructing solutions to the considered problems [11], which can be based
on the boundary element approach or the collocation method. From a
theoretical point of view, the proof or refutation of the hypothesis expressed
at the end of the previous section of the paper is significant. Another
important and promising area of research is obtaining a desired (optimal)
boundary regime by controlling the diffusion front.
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