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Hayunasa crarnsa
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AnnHoTtaiuda. Tonosiornyeckre CBOMCTBA U XapPaKTEPUCTUKU CEMEHCTB TEOPHil OTParXKaioT
BO3MO>KHOCTH OTIEJIUMOCTU TEOPUI U CJIOXKHOCTH KaK CaMHUX TEOPHHl, TaK U UX OKPECT-
HocTeil. PaHee TOIOJIOruy M3ydaJtuch JJjisi CEMENCTB MOJHBIX TEOPHUil B 00IIEeM ciiydae u
IS PsAfla €CTECTBEHHBIX KJIACCOB, & TaKXKe JJIsl PA3JIMYHBIX CeMEHCTB HEIIOJIHBIX TeOpHUil
GbUKCHPOBAHHOI CUTHATYDPBI. BN OIpe/iesieHbl U ONMCAHBI PAHTH JJIsI IOJHBIX TEOPHUit
JAHHOI CHTHATYPBI, MEPAPXUU TEOPUil, CEMENWCTB HEMOJIHBIX TeOpHil, (OPMYT U psiaa
€CTEeCTBEHHBIX CeMelCTB Teopuii, BK/Io4asa ceMelicTBa ynopaJ09eHHbIX TeOPUii, ceMeiicTBa
Teopwuii TOJCTAHOBOK W CEMENCTBA TeOpUil abeIeBbIX TPYIIIL.

B sT0it crarbe MbI U3yvyaeM CBOUCTBA U XapaKTEPUCTUKU TOIOJIOTHN U PAHIOB CeMeiCcTB
TeopHUii, UMEIOIMNX PA3JINIHbIE CUTHATYPBL. PaccMOTpeHme OCHOBAHO Ha CIIEIIMATbHBIX
OTHOIIIEHUSIX, CBI3BIBAIOIUX (POPMYJIbI JAHHOW CUTHATYPBI. DTU COOTHOIIEHUS] MCITOJIb-
3YIOTCs JIJIsI ONIPEJIEJIEHUS M OIFCAHUS BUIOB OTIEIUMOCTA OTHOCUTENIHHO 1(-TOIOJIOT Uit
T -Tonmosroruii n xaycaopdoBbIX TomoJsioruit. Kpome Toro, cnenuaibHble OTHOITEHUST WC-
MOJIb3YIOTCA JIJIs ONIPeJIeJIeHUs U U3y YeHUs PAHTOB JIJIs CeMelCTB TeOPUil Pa3/IMYHbIX CUT-
Haryp. Onucanbl BOSMOYXKHBIE 3HAYEHUs] PAHTA, U 9T BO3MOXKHOCTUA OXapPaKTEPU30BAHBI
B TONIOJIOTUYECKUX TePMHUHAX.
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1. Introduction

Topologies for families of theories produce possibilities of various natural
links between theories and constructions of new theories with desirable
properties. Properties of topologies [1] reflect ones for families of theories
and for theories in these families [4;5;12].
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Ranks for families of theories are important characteristics producing
measures of these families. These ranks are natural modifications for Can-
tor-Bendixson rank and Morley rank [8;11]. They are defined and their
properties are studied for families of complete theories in a given language
[6;13], for a hierarchy of theories [14], for families of incomplete theories
[4; 5], for formulae [9;15] and for a series of natural families of theories
[2;3;10].

At the present paper, on a base of special relations for formulae [16], we
study topological properties for families of theories in various languages.
The rank for families of theories is spread for families of theories in this
general case. Properties of topologies and ranks in this general case are
described.

2. Preliminaries

Following [13] we define the rank RS(-) for families T of first-order the-
ories in a language ¥ = X(7), similar to Morley rank for a fixed theory,
and a hierarchy with respect to these ranks in the following way.

By F(X) we denote the set of all formulas in the language ¥ and by
Sent(X) the set of all sentences in F(X).

For a sentence ¢ € Sent(X) we denote by 7 the set of all theories T' € T
with p € T.

Any set 7T is called the ¢-neighbourhood, or simply a neighbourhood, for
T, or the (¢-)definable subset of T. The set T, is also called (formula- or
sentence-)definable (by the sentence ) with respect to T, or (sentence-)T-
definable, or simply s-definable.

Definition [13]. For the empty family 7 we put the rank RS(7) = —1,
and for nonempty families 7 we put RS(7) > 0.

For a family 7 and an ordinal & = 3+ 1 we put RS(7) > « if there are
pairwise T-inconsistent ¥(7)-sentences ¢y, n € w, such that RS(7,,) > 3,
ncw.

If o is a limit ordinal then RS(7") > « if RS(T) > f8 for any 8 < a.

We set RS(7T) = a if RS(T) > o and RS(T) 2 a + 1.

If RS(T) > « for any «, we put RS(T) = oc.

A family T is called e-totally transcendental, or totally transcendental,
if RS(T) is an ordinal.

If T is e-totally transcendental, with RS(7) = a > 0, we define the
degree ds(T") of T as the maximal number of pairwise inconsistent sentences
@; such that RS(7,,) = a.

As noticed in [4;5] these notions are valid both for families of complete

theories and for arbitrary families of theories including incomplete ones.
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The following theorem characterizes the property of e-total transcen-
dency for countable languages.

Theorem 2.1 [9;13]. For any family T with |S(T)| < w the following
conditions are equivalent:

(1) [Clg(T)| = 2¥;

(2) e-Sp(T) = 2;

(3) RS(T) = oo;

(4) there exists a 2-tree of sentences ¢ for s-definable sets To,.

Let ¥ be a language. If X is relational we denote by Ty the family of
all complete theories of the language . If ¥ contains functional symbols
f then Ty is the family of all theories of the language ¥/, which is obtained
by replacements of all n-ary symbols f by (n + 1)-ary predicate symbols
R; which interpreted by R; = {(a,b) | f(a) = b}.

Theorem 2.2 [6]. For any language ¥ either RS(Tx) is finite, if ¥
consists of finitely many 0-ary and unary predicates, and finitely many
constant symbols, or RS(Ty) = 0o, otherwise.

For a language ¥ we denote by Ty ,, the family of all theories in 7y, having
n-element models, n € w, as well as by 7Ty » the family of all theories in
Ts. having infinite models.

Theorem 2.3 [6]. For any language ¥ either RS(Ts ) = 0, if ¥ is finite
orn =1 and ¥ has finitely many predicate symbols, or RS(Tx,) = oo,
otherwise.

Theorem 2.4 [6]. For any language ¥ either RS(Tx. o) is finite, if ¥
s finite and without predicate symbols of arities m > 2 as well as without
functional symbols of arities n > 1, or RS(Tx o) = 00, otherwise.

By the definition the families 7s;, 7s p, Tx 00 are E-closed. Thus, combin-
ing Theorem 2.1 with Theorems 2.2-2.4 we obtain the following possibilities
of cardinalities for the families 7x, 7x 5, Tx 00 depending on ¥ and n € w:

Proposition 2.5. For any language % either T is countable, if 2
consists of finitely many 0-ary and unary predicates, and finitely many
constant symbols, or |Ts| > 2¥, otherwise.

Proposition 2.6. For any language X either Tx, is finite, if ¥ is
finite or n =1 and ¥ has finitely many predicate symbols, or |Ts | > 2%,
otherwise.

Proposition 2.7. For any language X either Ts, o is at most countable,
if 3 is finite and without predicate symbols of arities m > 2 as well as
without functional symbols of arities n > 1, or |Ts 0| > 2, otherwise.

Definition [7]. If 7 is a family of theories and ® is a set of sentences,

then we put 75 = () 7T, and the set Tg is called (type- or diagram-)
ped
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definable (by the set ®) with respect to 7T, or (diagram-)T-definable, or
simply d-definable.

Clearly, finite unions of d-definable sets are again d-definable. Consider-
ing infinite unions 7’ of d-definable sets Ts,, i € I, one can represent them
by sets of sentences with infinite disjunctions \/ ¢;, p; € ®;. We call these

i€l
unions 77 are called ds-definable sets.

Definition [7]. Let 7 be a family of theories, ® be a set of sentences,
a be an ordinal < RS(7) or —1. The set @ is called a-ranking for T if
RS(73) = a. A sentence ¢ is called a-ranking for T if {¢} is a-ranking for
T.

The set ® (the sentence @) is called ranking for T if it is a-ranking for
T with some a.

Proposition 2.8 [7]. For any ordinals a < B, if RS(T) = B then
RS(7,) = a for some (a-ranking) sentence . Moreover, there are ds(T)
pairwise T -inconsistent B-ranking sentences for T, and if a < 5 then there
are infinitely many pairwise T -inconsistent a-ranking sentences for T .

Theorem 2.9 [7]. Let T be a family of a countable language ¥ and
with RS(T) = oo, a be a countable ordinal, n € w\ {0}. Then there is a
doo-definable subfamily T* C T such that RS(T*) = a and ds(T*) = n.

Definition [16]. Let F'(X) be the set of all formulae in a language ¥, V'
be an infinite set of variables, V* be the set of all tuplesT € V" n € w. A
ternary relation F C F(X) x F(X) x V* is called special (for F(X)) if for
each T € V*,

Ez = {(90771)) | (907¢af) € E}

is an equivalence relation on the set X C F(X) consisting of all formulae ¢
whose each free variable belongs to .

We denote by SR(X) the family of all special relations for F/(¥).

The special relation E € SR(X) is called coordinated if the relation

E* ={(¢,v) | (p,%,T) € E for some T}

is an equivalence relation on F'(X).

We denote by id (X)) the special relation E for F'(X) whose all Ez-classes
are singletons.

A special relation E is called upward directed if Ez U Ey; C Ez-y for any
T,y eV~

For each formula ¢ = ¢(T) € F(X) and a special relation E we consider
the set o = {VZ(o(Z) > ¥(T)) | (¢,9,T) € E}. We denote by Vg the set

U PE-

pEF(X)

Definition. Let E be a special relation for F(X).

Ussectust IpkyTCKOro roCyIapCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukay. 2022. T. 40. C. 78-92



TOPOLOGIES AND RANKS FOR FAMILIES OF THEORIES... 83

The relation E is called inessential if Vg consists of identically true
formulas. The relation F is called essential if it is not inessential.

For a formula ¢ = ¢(7) € F(X) the equivalence class Ez(p) is called
reqular if the set g is consistent.

The relation E is called weakly regular if for each formula ¢ = ¢(T) €
F(X) the equivalence class Ez(y) is regular.

The relation E is called locally regular if each finite part of Vg is
consistent.

The relation E is called strongly reqular if Vg is consistent.

3. Topologies for families of theories in various languages

The following topological notions are related to known forms of sepa-
rability both in general case [1] and for families of (in)complete theories
[4;5].

Definition [1]. A topological space (X, Q) is a Ty-space if for any pair of
distinct elements x1,z2 € X there is an open set U € O containing exactly
one of these elements.

Definition [1]. A topological space (X, O) is a T1-space if for any pair
of distinct elements x1,zo € X there is an open set U € O such that z; € U
and x9 ¢ U.

Definition [1]. A topological space (X, Q) is a Ty-space, or Hausdorff if
for any pair of distinct elements x1, s € X there are open sets Uy, Us € O
such that z1 € Uy, 29 € Uy, and U1 NU; = @.

For a family T of theories in some sublanguages of X, for a strongly
regular special relation £ € SR(X) and a sentence ¢ € F(X) we denote
by T, e the set of all theories T € T such that T" contains all sentences
¥ € Sent(X(T)) with VEU{¢} F 9. In such a case we say that T" E-absorbs
Vg U {p}-consequences in 3(T).

A subfamily 7, g of a family 7T is called a (s, E)-definable subfamily of
T, or simply a definable subfamily of T, or a E-neighbourhood for theories
T €T,k in T, or simply a neighbourhood in T.

The neighbourhoods 7, g define topologies with the properties Ty, 11,
T5 above.

We have the following monotone property of the neighbourhoods 7, g.

Proposition 3.1. If VEU{p} F ¢ then for any family T, To g C Ty k-
Proof follows by the transitivity of the relation .

Definition. We say that the sentences ¢, 9 € F(X) are V g-equivalent,
denoted by ¢ =v, ¢, it VE U {p} F ¢ and Vg U {¢} F ¢.

Proposition 3.1 immediately implies:
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Corollary 3.2. If ¢ =y, ¢ then for any family T, To g = Ty E-

Corollary 3.3. If T is the set of all consistent (sub)theories of a
language ¥ then for any sentences v, € F(X), Vg U {p} b ¢ if and
only if Ty € Ty

Proof. In view of Proposition 3.1 it suffices to show that if 7,z C Ty g
then Vg U{¢} F 9.

Assuming on contrary that 7, g C Ty g and Vg U {¢} I/ 9 we have the
consistent set Vg U {p, =9} which is expansible to a theory T' € T. Since
T is closed under deduced sentences we have T' € T, g, whereas T' ¢ Ty g
since =) € T'. Hence, T, € Ty, E, contradicting the assumption.

Corollary 3.3 immediately implies:

Corollary 3.4. If T is the set of all consistent (sub)theories of a
language ¥ then for any sentences v, € F(X), ¢ =v, ¥ if and only
if To.g = Ty.B-

Remark 3.5. Corollaries 3.3 and 3.4 does not hold for arbitrary family
7T since the relation =y, does not depend on 7. We can take, for instance, a
singleton 7 = {T'}, where T consists of tautologies, and non-V g-equivalent
sentences ¢, € F(X) producing T, g = {T} = Ty E-

Definition. The relation F is called (T, T)-separating if for any distinct
theories 71,72 € T there is a sentence ¢ € F(X) such that T' € 7, g and
T2 ¢ T, E, Or T! ¢ To,E and T? € To.E-

The relation E is called (71, 7T)-separating if for any distinct theories
T, T? € T there is a sentence ¢ € F(X) such that T' € T, pand T? ¢ T, .

The relation E is called (T4, T)-separating or T-Hausdorff if for any
distinct theories T!,72? € T there are sentences ¢,7 € F(X) such that
T! € 7:07]5, T2 ¢ 7:0’E, Tt Qf 7:/;,E’ T? € 7;},]3, and 7:0:E N 7:/,715 = 0.

Theories T' and T? are called (T}, E)-separated if E is (T;, T )-separating
for the family 7 = {T',7?}, i € {0,1,2}. (T», E)-separated theories T
and T? are called E-Hausdorff.

Remark 3.6. There are special relations £ which are not separating
for given theories at all. Indeed, if 7 conmsists of theories T%, i € I, and
(¢i ¢ @) € Vpfor p; € T%, p; € TV, i,j € I, then T* can not be separated
each others by neighbourhoods 7, g.

These non-separating special relations E can be both with consistent Vg
and with inconsistent Vg. Inconsistent Vg means that for some ¢ € T
there is 77 with 77 + —y. So, for instance, families of positive theories
produce non-separating special relations F with consistent Vg, whereas
families of complete theories in a given language produce non-separating
special relations F with inconsistent Vg only.

Remark 3.7. By the definition the relation E is (T3, T )-separating if
and only if any distinct theories T, T? € T are (T}, E)-separated, i € {0, 1}.

Ussectust IpkyTCKOro roCyIapCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukay. 2022. T. 40. C. 78-92



TOPOLOGIES AND RANKS FOR FAMILIES OF THEORIES... 85

For the (T, T)-separability of T',T? € T we assume that 71,72 € T are
(T3, E')-separated by T-disjoint neighbourhoods.

Theorem 3.8. For a special relation E € SR(X) and distinct theories
TLT? C F(X), T' and T? are (Ty, E)-separated if and only if for some
i € {1,2} there is a sentence p € F(X) such that Vg U {p} C T" and
VeU{p} ¢ 371,

Proof. If T and T? are (1p, E)-separated then we have T € {T', 7%},
and 137" ¢ {T1,T?}, p for some i € {1,2}. The first one implies that
VeU{p} C T Since T* are closed, the condition VU {p} C T3~ implies
T3~ € {T',T?}, i contradicting the assumption. Thus, VgU{p} ¢ T3

Conversely, let Vg U {p} C T® and Vg U {p} ¢ T3 Since the
deducibility is monotone (if ® C ¥ for some sets ®, ¥ of formulae then
{o|®F ¢} C{Y| ¥FE }) then T¢ € {T1,T?}, 5. At the same time
by the definition we have T3¢ ¢ {T", T2}, p implying that T and T? are
(T, E)-separated.

Similarly Theorem 3.8 we have the following:

Theorem 3.9. For a special relation E € SR(X) and distinct theories
TYHT? C F(X), T' and T? are (T1, E)-separated if and only if there is a
sentence ¢ € F(X) such that Vg U {¢} C T! and Vi U{p} ¢ T?.

Remark 3.10. For any family T of complete theories in a given lan-
guage X any special relations F with identically true Vg is T-Hausdorff
since for each distinct 7,72 € T there is a sentence ¢ € F(X) such that
@ € T' and ~¢ € T?. Moreover, it holds for theories T, T2 with distinct
complete restrictions in a common language.

At the same time there are complete theories T, T2 in distinct languages
such that for any family 7 with T, T? € T there are no T-Hausdorff special
relations. Indeed, if T2 is a proper expansion of a theory T' then any
neighbourhood 7o, g for T contains 72 contradicting the Tb-Hausdorffness.

Similarly [4] any family 7 of theories with a special relation E admits a
Hausdorffization, i.e., an expansion 7" of T such that each theory T' € T is
transformed into an expansion 7" € 7 with the property of Th-separability
for 77 with respect to a special relation £’ D E. For this aim it suffices to
introduce new 0-ary predicate symbols Qr for T' € T such that Qp € T”
and -Qp € T" for all T € T\ {T"}, and extend FE till E' by the relation
of equality of formulae.

4. Ranks for families of theories in various languages

Starting with the rank RS(-) and the degree ds(-) for families of theories
in a given language, we define an extended notions of rank RSg(-) and
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degree dsg(-) for families 7 of theories in various languages with respect
to a special relation FE.

Definition. For the empty family 7 we put the rank RSg(7) = —1,
and for nonempty families 7 we put RSg(7) > 0.

For a family 7 and an ordinal « = 3+ 1 we put RSg(T) > « if there
are pairwise 7 -inconsistent (7 )-sentences ¢y, n € w, such that 7, g are
pairwise disjoint and RSg(7,, £) > B, n € w.

For a limit ordinal o we put RSg(7) > a if RSg(7T) > j for any § < «.

We set RSE(7T) = a if RSg(T) > a and RSgp(T) #? a+ 1.

If RSE(T) > « for any «, we put RSg(T) = oc.

A family T is called E-totally transcendental if RSg(T) is an ordinal.

By the definition, since there are max{|X(7)|,w} X(T)-sentences, so if
RSE(T) < oo then |RSE(T)| < max{|X(T)|,w}.
In particular, the following proposition holds.

Proposition 4.1. If |X(7)| < w then for a special relation E either
IRSe(T)| <w or T is not E-totally transcendental.

If T is E-totally transcendental, with RSg(7T) = a > 0, we define the
degree dsp(T) of T with respect to the special relation E as the maximal
number of pairwise inconsistent sentences ¢; such that RSg(7,,) = a.

Remark 4.2. Notice that
RSg(T) =RS(T), (4.1)

and

dsp(T) =ds(T) (4.2)

for RS(T) € Ord, if Vg consists of tautologies and 7T is a family of complete
theories in the language ¥. Moreover, the equalities (4.1) and (4.2) hold if
E is T-Hausdorft.

In general case we have the inequalities
RSE(T) < RS(T), (4.3)

and

dsg(T) < ds(T) for RSp(T) = RS(T) € Ord (4.4)

for any family 7 and a special relation FE. This inequalities can have
arbitrary difference, with, for instance, RSg(7) = 0 and RS(7") big enough.

Remark 4.3. Clearly, there are many F-totally transcendental families
for various special relations. At the same time, there are families which are
not E-totally transcendental. For this aim it is sufficient to take a special
relation F with identically true Vg and a family 7 with RS(7) = oo [13].

We remind [13] that all values £ € Ord x (w\ {0})U{—1, 00} are realized
as & = (RS(T),ds(T)) and & = RS(T”) for appropriate families 7, 7" of
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theories. For this aim we notice that the values —1 and oo are realized by
the empty family and a family which infinite branching 2-tree, respectively.
For the realization £ = (a,n) = (RS(T),ds(7)) we take O-ary predicates
@ and step-by-step expand a theory Tj of the empty language by these
predicates producing @-neighbourhoods with RS < «, and ds < n for
RS = «. This construction is based on the given value £ = (a,n). If a =0
we just take 0-ary predicates ()1, ..., Q, and construct theories 11,...,7T,
with @; € T; and =Q; € T; for j # 4. For a = 1 and n = 1, that
corresponds to an e-minimal family [13;17], we continue the process with
countably many predicates Qg, k € w, and with unique accumulation point
Too containing formulae —Q) for all k. Having o = 1 and n > 1 we copy
the e-minimal family n times, substituting new O-ary predicates instead of
Q1 and obtaining n accumulation points. For o = 2 and n = 1 we copy the
e-minimal family w times and mark the obtained family by new predicate
Q? expanding all obtained theories and producing w accumulation points.
For o = 2 and n > 1 we copy the obtained family n times, then continue
the process for lager ordinal ranks and all natural degrees.

Using the equalities (4.1) and (4.2) we obtain all possibilities for the
values of RSg and dsg.

Remark 4.4. The values RSg(7) satisty the following monotone prop-
erties:

1. If T C T’ with a fixed language then RSg(7T) < RSg(T").

2. If T C T’ with an extended language Y’ for 7’ and an identical
extension E' € SR(Y') with respect to a special relation E for 7' then
RSp(T) < RSp/(T").

At the same time the monotonicity fails if £’ connects additional formu-
lae. Indeed, taking the example 7' of Hausdorffization of a family 7 by a
special relation E’ in Remark 3.10 we observe that extending F’ till a special
relation E” with (Qr <> Qrv) € Vgr for all new 0-ary predicates Qr, Q7
the value of RS-rank returns to the initial one: RSg/(7’) = RSg(T). It
means that the Hausdorflization can unboundedly increase the value of RS-
rank and an appropriate extension of a special relation produces a reduction
of RS-rank till a value > RSg(T).

Using Remark 4.3 we have the following;:

Theorem 4.5. For any ordinals o, f and m,n € w \ {0} there are
families T, T' with T C T and special relations E, E' with E C E' such
that RSg(T) = «, dsg(T) = m, RSp/(T") = B, dsp/(T") = n.

Proof. If a < B, or @« = f and m < n we just use the construction
described in Remark 4.3 to obtain lager values of rank and degree. If
a = f and m > n we take a family 7 described in Remark 4.3 with
identical relation E and RSg(7T) = «, dsg(T) = m. Now we extend E till
a special relation E’ identifying correspondent predicates in some m — n
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copies of s-definable subfamilies 7* of T with RSp(7T*) = a, dsp(T*) = 1.
After that identification we have the same family 7 with RSg/(7T) = S,
ds E/(T) =n.

If a > 8 we extend F till a special relation E’ identifying copies of fami-
lies that produce a jump of the rank from g to « following the construction
in Remark 4.3. In such a case we do not identify n disjoint s-definable
copies witnessing the value n of the degree. After that identification we
again preserve the family 7 and obtain RSg/(T) = 8, dsp/(T) = n.

Now we characterize families with given RSg-ranks.

Proposition 4.6. For any nonempty family T of a language ¥ and a
special relation E € SR(X) the following conditions are equivalent:

(1) RSE(T) =0 and dSE(T) = 1;

(2) T does not contain (Tz, E)-separated theories;

(3) for any @,¢ € Sent(X) either To.p =0 or Ty g =0 or To, 5N Ty.p #
0.

Proof. (1) = (2). If T contains (1%, E)-separated theories T" and T”
witnessed by neighbourhoods 7, r and Ty g then these neighbourhoods
are disjoint witnessing that RSg(7) > 0 or dsg(7T) > 1.

(2) = (3). Assuming that T, g # 0, Ty # 0, To, 5 N Ty 0 we obtain
the (T%, E)-separability for theories T' € T, g and T” € Ty .

(3) = (1) follows by the definition of RSg-rank.

Corollary 4.7. If E € SR(X) and T is a nonempty family of a language
Y. of theories which is linearly ordered by the inclusion then RSg(T) = 0
and dsg(T) = 1.

Proof. By Proposition 4.6 it suffices to show that 7 does not contain
(T3, E)-separated theories T' and T”. Indeed, if these theories exist then
there are ¢ € T\T' and ¢ € T'\ T contradicting that 7 is linearly ordered.

Remark 4.8. The converse assertion for Corollary 4.7 holds if E is
identical [4] or similar to it. At the same time it can fail in general case.
For instance, one can form a family 7 of theories in disjoint nonempty
languages such that a special relation E identifies all theories in 7. This
identification implies that RSg(7) = 0 and dsg(7) = 1 whereas all theories
in 7 are C-incomparable.

Besides, along with the fact that for a family 7 of complete theories
with the identical relation E the values RSp(7) = 0 and dsp(7) = 1
imply |7] = 1, a general case with RSg(7) = 0 and dsg(7) = 1 admits a
possibility for a family 7 to have arbitrary large cardinality.

The following theorem is a generalization of [4, Theorem 3.4].

Theorem 4.9. For any family T, a special relation E and n € w\ {0}
the following conditions are equivalent:
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(1) RSE(T) =0 and dsg(T) = n;

(2) T has an n-element E-Hausdorff subfamily {T',..., T"} such that
each element T € T\ {T*,...,T"} is not (T, E)-separated with {T,...,
T}, in T;

(3) T is divided into n disjoint nonempty parts Ty, B, .., Tp,,E Such
that each part Ty, g does not contain (Ts, E)-separated theories.

Proof. (1) < (2) and (1) = (3). If RSg(7T) = 0 and dsg(7) = n
then 7 is divided into n disjoint nonempty parts 7o, g, ..., Ty, such that
each part 7, g has RSg = 0 and dsg = 1. Now by Proposition 4.6 each
To;,E does not contain (15, E)-separated theories. Moreover, taking theories
T' € T, we observe that {T',...,T"} is an E-Hausdorff subfamily of
T such that by dsg(7,,,5) = ... = dsg(T,,,r) = 1 each element T €
T\ATY,...,T"} is not (Ty, E)-separated with {T,... T"}.

(3) = (2). By the conjecture we take n disjoint nonempty parts 7., f,

.., Ton,E such that each part 7., g does not contain (7%, F)-separated
theories. Now we choose theories T* € T, g, 1 < ¢ < n. By that choice
{T,...,T"} is E-Hausdorff. At the same time each T € T\ {T%,...,T"}
belongs to some Ty, p and not (T%, E)-separated with T implying that T
is not (T, E)-separated with {T? ..., T"}, in T.

(2) = (1). Let T have an n-element E-Hausdorff subfamily {7, ..., T"}
such that each element T € T \ {T%,...,T"} is not (T, E)-separated
with {T1,...,T"}. The E-Hausdorffness implies that there are disjoint
neighbourhoods 7o, g, ..., g,z With T* € T, g, 1 < i < n. Since all
T € T\{T",..., T"} are not (Ty, E)-separated with {T,... T"} there are
no more possibilities to divide 7 into disjoint definable parts with respect
to Vg. Therefore RSg(7) =0 and dsg(7) = n.

Remark 4.10. Criteria in Theorem 4.9 can be naturally spread for
the equalities RSg(7) = a € Ord and dsg(7T) = n € w\ {0} obtaining
topological characterizations for values (RSg,dsg) = (a,n) in terms of
topological characterizations for values (RSg,dsg) = («,1) and for values
RSg < a.

For instance, the pair (RSg(7),dsg(7)) = (1,1), i.e. the e-minimality
[13;17] of T, is characterized as follows: 7 is divided into infinitely many
disjoint (s, F')-definable nonempty subfamilies 7; of T each of which does
not have F-Hausdorff non-singleton subparts, and 7 does not have two
disjoint (s, F)-definable infinite subfamilies 77, 7" with infinitely many
disjoint (s, E)-definable nonempty subfamilies 7; C 7', T C 7" each of
which does not have E-Hausdorff non-singleton subparts.

Remark 4.11. Theorem 2.1 can fail with respect to RSg-rank. Indeed,
a special relation E' can produce the non-separability of continuum many
theories in a family 7 in a countable language implying small ordinal
values for RSg(7) whereas the cardinality for the closure of 7 and the
e-spectrum for T equal 2¥. At the same time, the value RSg(7) = oo is
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still characterized by the existence of 2-tree of sentences ¢ for s-definable
sets T .

Similarly, the assertions 2.2-2.7 can fail with respect to a special relation
E, since large cardinalities of languages Y and of families Ty, of theories do
not guarantee these cardinalities with respect to E. In particular, there are
large families Ty, with small ordinal values RSg (7).

__Remark 4.12. Similarly [4] the RSg-rank can be naturally modified till
RS g-rank based on Boolean combinations of s-definable sets 7, . It allows
to transform a series of results in [4;5] with respect to special relations E.

5. Conclusion

We studied properties and characteristics for topologies and ranks for
families of theories in various languages which is based on special rela-
tions connecting formulae in a given language. These relations are used
to define and describe kinds of separations with respect to Tp-topologies,
T1-topologies and Hausdorff topologies. Special relations are used to define
and study ranks for families of theories in various languages. Possibilities of
values for the rank are described, and these possibilities are characterized
in topological terms. It would be interesting to apply the general approach
based on special relations for a series of natural families of theories.
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