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1. Introduction

Problems for differential equations with unknown coefficients and over-
determination conditions, which are called inverse or inverse coefficient
problems, play an important role in many applied research, when the na-
ture of the process is known (the form of the equation of its dynamics
is given), some of its parameters are not available for the direct mea-
surement (unknown coefficients), but can be determined using additional
measurements of the available parameters (setting overdetermination condi-
tions) [21]. Among the studies of inverse problems for first order differential
equations in Banach spaces in addition to the works of A. I. Prilepko, we
note the works of I. V. Tikhonov, Yu. S. Eidelman [5], M. V. Falaleev [7],
M. Al-Horani, A. Favini [11], S. G. Pyatkov [4]. In recent years, works
on the study of inverse problems for equations with fractional derivatives
[1; 8; 9; 12–14;20] have appeared.

Multi-term fractional equations are of great interest to researchers [16;
18; 19]. For the multi-term equations with Riemann – Liouville derivati-
ves unusual properties were revealed even in the scalar case [2; 15; 17]. In
particular, the initial value problem of Cauchy type for such equations is
solvable only if the initial conditions are given only for fractional derivatives
of sufficiently large order [3; 10].

In this paper, for multi-term equations in Banach spaces with Riemann –
Liouville derivatives and with bounded operators at them, we consider well-
posedness issues for linear inverse problems with an unknown coefficient
which is independent of time. In this case, the integral overdetermination
condition with the Riemann – Stieltjes integral is used, which includes, as a
partial case, the overdetermination condition at a fixed point of time. Both
the equations resolved with respect to the highest derivative and equations
with a degenerate operator at the highest derivative are considered. In the
first case, conditions of the Cauchy type are specified, in the second, the
initial conditions have a complex form and depend on the orders of the
derivatives from the equation.

In the second section, a criterion for the well-posedness of the inverse
problem for the equation in a Banach space, solved with respect to the
highest Riemann – Liouville derivative, with bounded operators at the
derivatives is obtained. In the third section, the inverse coefficient problem
for the equation with a degenerate operator 𝐿 at the highest derivative is
reduced to a system of two inverse problems on subspaces for equations
solved with respect to the highest derivative, under the condition that the
operator at the second-highest derivative is (𝐿, 0)-bounded. Two essen-
tially different cases are considered: when the fractional part of the order
of the second derivative coincides with the fractional part of the order
of the highest derivative and when it differs (see [10]). For each case, a
criterion for the correctness of the inverse problem is obtained. The fourth
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section contains applications of obtained abstract results to the study of
the inverse problem for an equation with polynomials with respect to a self-
adjoin elliptic differential operator in spatial variables and with Riemann –
Liouville time derivatives in both the nondegenerate and degenerate cases.

2. Nondegenerate inverse problem

Let 𝒵 be a Banach space, by ℒ(𝒵) denote the Banach space of linear
bounded operators in 𝒵, R+ := {𝑎 ∈ R : 𝑎 > 0}, ℎ : R+ → 𝒵. For 𝛽 > 0
denote the Riemann – Liouville integral

𝐽𝛽
𝑡 ℎ(𝑡) :=

1

Γ(𝛽)

𝑡∫︁
0

(𝑡− 𝑠)𝛽−1ℎ(𝑠)𝑑𝑠.

By 𝐽0
𝑡 we denote the identity operator. Let 𝛼 > 0, 𝑚 := ⌈𝛼⌉ be the

smallest integer, which is greater or equal to 𝛼, 𝐷𝑚
𝑡 is the usual derivative

of the order 𝑚 ∈ N, 𝐷𝛼
𝑡 is the fractional Riemann – Liouville derivative,

i. e. 𝐷𝛼
𝑡 ℎ(𝑡) := 𝐷𝑚

𝑡 𝐽
𝑚−𝛼
𝑡 ℎ(𝑡). At 𝛽 < 0 we will use the notation 𝐷𝛽

𝑡 ℎ(𝑡) :=

𝐽−𝛽
𝑡 ℎ(𝑡).
Consider the nondegenerate equation, i. e. the equation, resolved with

respect to the highest derivative

𝐷𝛼
𝑡 𝑧(𝑡) =

𝑚−1∑︁
𝑗=1

𝐴𝑗𝐷
𝛼−𝑚+𝑗
𝑡 𝑧(𝑡) +

𝑛∑︁
𝑙=1

𝐵𝑙𝐷
𝛼𝑙
𝑡 𝑧(𝑡) +

𝑟∑︁
𝑠=1

𝐶𝑠𝐽
𝛽𝑠
𝑡 𝑧(𝑡) + 𝜙(𝑡)𝑢,

(2.1)
with 𝑡 ∈ (0, 𝑇 ], where 0 < 𝛼1 < 𝛼2 < · · · < 𝛼𝑛 < 𝛼, 𝑚𝑙 := ⌈𝛼𝑙⌉, 𝑚 := ⌈𝛼⌉,
𝛼𝑙 −𝑚𝑙 ̸= 𝛼 −𝑚, 𝑙 = 1, 2, . . . , 𝑛, 𝛽1 > 𝛽2 > · · · > 𝛽𝑟 ≥ 0, operators 𝐴𝑗 ,
𝑗 = 1, 2, . . . ,𝑚 − 1, 𝐵𝑙, 𝑙 = 1, 2, . . . , 𝑛, 𝐶𝑠, 𝑠 = 1, 2, . . . , 𝑟, are linear and
bounded in the Banach space 𝒵, and 𝜙 ∈ 𝐶((0, 𝑇 ];R)∩𝐿1(0, 𝑇 ;R), 𝑢 ∈ 𝒵.

Let 𝛼 := max{𝛼𝑙 : 𝑙 ∈ {1, 2, . . . , 𝑛}, 𝛼𝑙 − 𝑚𝑙 < 𝛼 − 𝑚}, 𝑚 = ⌈𝛼⌉,
𝛼 := max{𝛼𝑙 : 𝑙 ∈ {1, 2, . . . , 𝑛}, 𝛼𝑙 −𝑚𝑙 > 𝛼 −𝑚}, 𝑚 = ⌈𝛼⌉. We denote
by 𝑚* := max{𝑚 − 1,𝑚} the defect of the Cauchy type problem for the
equation (2.1) [10]. Then the initial conditions of the Cauchy type have
the form

𝐷𝛼−𝑚+𝑘
𝑡 𝑧(0) = 𝑧𝑘, 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚− 1. (2.2)

The overdetermination condition for the inverse problem take in the form

𝑇∫︁
0

𝑧(𝑡)𝑑𝜇(𝑡) = 𝑧𝑇 , (2.3)

where 𝜇 has a bounded variation on the segment [0, 𝑇 ]. The integral is
understood as a vector integral of Riemann – Stieltjes.
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By a solution of problem (2.1), (2.2), where the element 𝑢 ∈ 𝒵 is known,
we will call a function 𝑧 : (0, 𝑇 ] → 𝒵, such that 𝐽𝑚−𝛼

𝑡 𝑧 ∈ 𝐶𝑚((0, 𝑇 ];𝒵) ∩
𝐶𝑚−1([0, 𝑇 ];𝒵), 𝐽𝑚𝑙−𝛼𝑙

𝑡 𝑧 ∈ 𝐶𝑚𝑙((0, 𝑇 ];𝒵), 𝑙=1, . . . , 𝑛, 𝐽𝛽𝑠
𝑡 𝑧∈𝐶((0, 𝑇 ];𝒵),

𝑠 = 1, 2, . . . , 𝑟, and (2.2), (2.1) for 𝑡 ∈ (0, 𝑇 ] hold.

Theorem 1. [10]. Let 𝛼1 < 𝛼2 < · · · < 𝛼𝑛 < 𝛼, 𝑚 = ⌈𝛼⌉, 𝑚𝑙 = ⌈𝛼𝑙⌉,
𝛼𝑙 − 𝑚𝑙 ̸= 𝛼 − 𝑚, 𝑙 = 1, 2, . . . , 𝑛, 𝛽1 > 𝛽2 > · · · > 𝛽𝑟 ≥ 0, 𝐴𝑗 ∈ ℒ(𝒵),
𝑗 = 1, 2, . . . ,𝑚 − 1, 𝐵𝑙 ∈ ℒ(𝒵), 𝑙 = 1, 2, . . . , 𝑛, 𝐶𝑠 ∈ ℒ(𝒵), 𝑠 = 1, 2, . . . , 𝑟,
𝑧𝑘 ∈ 𝒵, 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚 − 1, 𝜙 ∈ 𝐶((0, 𝑇 ];R) ∩ 𝐿1(0, 𝑇 ;R), 𝑢 ∈ 𝒵.
Then there exists a unique solution to (2.1), (2.2), and it has the form

𝑧(𝑡) =
𝑚−1∑︁
𝑝=𝑚*

𝑍𝑝(𝑡)𝑧𝑝 +

𝑡∫︁
0

𝑍𝑚−1(𝑡− 𝑠)𝜙(𝑠)𝑢𝑑𝑠, (2.4)

where at 𝑝 = 𝑚*,𝑚* + 1, . . . ,𝑚− 1

𝑍𝑝(𝑡) :=
1

2𝜋𝑖

∫︁
Γ

𝜆−𝛼𝑅𝜆 ·

⎛⎝𝜆𝑚−1−𝑝𝐼 −
𝑚−1∑︁
𝑗=𝑝+1

𝜆𝑗−1−𝑝𝐴𝑗

⎞⎠ 𝑒𝜆𝑡𝑑𝜆,

𝑅𝜆 :=

⎛⎝𝐼 − 𝑚−1∑︁
𝑗=1

𝜆𝑗−𝑚𝐴𝑗 −
𝑛∑︁

𝑙=1

𝜆𝛼𝑙−𝛼𝐵𝑙 −
𝑟∑︁

𝑠=1

𝜆−𝛽𝑠−𝛼𝐶𝑠

⎞⎠−1

,

Γ = Γ+ ∪ Γ− ∪ Γ0, Γ0 = {𝜆 ∈ C : |𝜆| = 𝑟0, arg 𝜆 ∈ (−𝜋, 𝜋)}, Γ+ = {𝜆 ∈
C : arg 𝜆 = 𝜋, 𝜆 ∈ [−𝑟0,−∞)}, Γ− = {𝜆 ∈ C : arg 𝜆 = −𝜋, 𝜆 ∈ (−∞,−𝑟0]},
𝑟0 > 0 is a large enough number.

Now consider the inverse problem (2.1)–(2.3), assuming the element 𝑢
to be unknown. By a solution of this problem we will understand a pair
(𝑧, 𝑢), where 𝑧 : (0, 𝑇 ] → 𝒵 is a solution of problem (2.1), (2.2) with the
corresponding 𝑢 ∈ 𝒵, which satisfies condition (2.3). For brevity, we will
also often call this element 𝑢 ∈ 𝒵 the solution of problem (2.1)–(2.3).

We call problem (2.1)–(2.3) well-posed if for any 𝑧𝑘 ∈ 𝒵, 𝑘 = 𝑚*,𝑚* +
1, . . . ,𝑚−1, 𝑧𝑇 ∈ 𝒵 it has a unique solution 𝑢 ∈ 𝒵, satisfying the estimate
‖𝑢‖𝒵 ≤ 𝐶(‖𝑧𝑚*‖𝒵 + ‖𝑧𝑚*+1‖𝒵 + · · · + ‖𝑧𝑚−1‖𝒵 + ‖𝑧𝑇 ‖𝒵), where 𝐶 > 0
does not depend on 𝑧𝑘, 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚− 1, and 𝑧𝑇 .

For given 𝑧𝑘 ∈ 𝒵, 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚− 1, 𝑧𝑇 ∈ 𝒵 we denote

𝜓 := 𝑧𝑇 −
𝑇∫︁
0

𝑚−1∑︁
𝑝=𝑚*

𝑍𝑝(𝑡)𝑧𝑝𝑑𝜇(𝑡), 𝜒 :=

𝑇∫︁
0

𝑑𝜇(𝑡)

𝑡∫︁
0

𝑍𝑚−1(𝑡− 𝑠)𝜙(𝑠)𝑑𝑠.

Theorem 2. Let 𝛼1 < 𝛼2 < · · · < 𝛼𝑛 < 𝛼, 𝑚 = ⌈𝛼⌉, 𝑚𝑙 = ⌈𝛼𝑙⌉,
𝛼𝑙 − 𝑚𝑙 ̸= 𝛼 − 𝑚, 𝑙 = 1, 2, . . . , 𝑛, 𝛽1 > 𝛽2 > · · · > 𝛽𝑟 ≥ 0, 𝐴𝑗 ∈ ℒ(𝒵),
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𝑗 = 1, 2, . . . ,𝑚 − 1, 𝐵𝑙 ∈ ℒ(𝒵), 𝑙 = 1, 2, . . . , 𝑛, 𝐶𝑠 ∈ ℒ(𝒵), 𝑠 = 1, 2, . . . , 𝑟,
𝜙 ∈ 𝐶((0, 𝑇 ];R) ∩ 𝐿1(0, 𝑇 ;R), 𝜇 : [0, 𝑇 ] → R have a bounded variation,
for 𝑚* = 0 there exist 𝜀 ∈ (0, 𝑇 ] such that 𝜇 ∈ 𝐶1([0, 𝜀];R). Then problem
(2.1)–(2.3) is well-posed if and only if there exists the operator 𝜒−1 ∈ ℒ(𝒵).
In this case the solution has the form 𝑢 = 𝜒−1𝜓.

Proof. By Theorem 1, a solution of Cauchy type problem (2.1), (2.2) exists
for all 𝑧𝑘 ∈ 𝒵, 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚 − 1, 𝑢 ∈ 𝒵 and has form (2.4).
Substituting solution (2.4) in condition (2.3), we obtain the equality

𝑇∫︁
0

𝑑𝜇(𝑡)

⎛⎝𝑚−1∑︁
𝑝=𝑚*

𝑍𝑝(𝑡)𝑧𝑝 +

𝑡∫︁
0

𝑍𝑚−1(𝑡− 𝑠)𝑓(𝑠)𝑢𝑑𝑠

⎞⎠ = 𝑧𝑇 .

It implies the equation 𝜒𝑢 = 𝜓. Therefore, problem (2.1)–(2.3) is equivalent
to the last equation. Its unique solvability for any 𝜓 ∈ 𝒵 means exactly
the existence of an inverse operator 𝜒−1 ∈ ℒ(𝒵). Then

‖𝑢‖𝒵 ≤ ‖𝜒−1‖ℒ(𝒵)

⎛⎝‖𝑧𝑇 ‖𝒵 +
𝑚−1∑︁
𝑝=𝑚*

⃦⃦⃦⃦
⃦⃦

𝑇∫︁
0

𝑍𝑝(𝑡)𝑧𝑝𝑑𝜇(𝑡)

⃦⃦⃦⃦
⃦⃦
𝒵

⎞⎠ .

In the work [10] the inequalities

‖𝑍0(𝑡)‖ℒ(𝒵) ≤
𝐾𝑒𝑟0𝑡

𝑡𝑚−𝛼
, ‖𝑍𝑝(𝑡)‖ℒ(𝒵) ≤ 𝐾𝑒𝑟0𝑡, 𝑝 = 1, 2, . . . ,𝑚− 1, (2.5)

were proved. Hence, for 𝑝 = 1, 2, . . . ,𝑚− 1⃦⃦⃦⃦
⃦⃦

𝑇∫︁
0

𝑍𝑝(𝑡)𝑧𝑝𝑑𝜇(𝑡)

⃦⃦⃦⃦
⃦⃦
ℒ(𝒵)

≤ 𝐾𝑒𝑟0𝑇 ‖𝑧𝑝‖𝒵𝑉 𝑇
0 (𝜇),

where 𝑉 𝑇
0 (𝜇) is the variation of the function 𝜇 on the segment [0, 𝑇 ]. If

𝑚* = 0, then⃦⃦⃦⃦
⃦⃦

𝑇∫︁
0

𝑍0(𝑡)𝑧0𝑑𝜇(𝑡)

⃦⃦⃦⃦
⃦⃦
ℒ(𝒵)

≤

⃦⃦⃦⃦
⃦⃦

𝜀∫︁
0

𝑍0(𝑡)𝑧0𝜇
′(𝑡)𝑑𝑡

⃦⃦⃦⃦
⃦⃦
ℒ(𝒵)

+

⃦⃦⃦⃦
⃦⃦

𝑇∫︁
𝜀

𝑍0(𝑡)𝑧0𝑑𝜇(𝑡)

⃦⃦⃦⃦
⃦⃦
ℒ(𝒵)

≤

𝐾𝑒𝑟0𝜀‖𝑧0‖𝒵‖𝜇‖𝐶1([0,𝜀];R)

𝜀∫︁
0

𝑑𝑡

𝑡𝑚−𝛼
+ max

𝑡∈[𝜀,𝑇 ]

𝐾𝑒𝑟0𝑡

𝑡𝑚−𝛼
‖𝑧0‖𝒵𝑉 𝑇

0 (𝜇).

Thus, the inverse problem is well-posed, if and only if 𝜒−1 ∈ ℒ(𝒵). �
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3. Degenerate inverse problems

Let 𝒳 , 𝒴 be Banach spaces, 𝐿,𝑀1,𝑀2, . . . ,𝑀𝑚−1, 𝑁1, 𝑁2, . . . , 𝑁𝑛, 𝑆1,
𝑆2,. . . , 𝑆𝑟 ∈ ℒ(𝒳 ;𝒴) (linear continuous operators from 𝒳 into 𝒴), ker𝐿 ̸=
{0}. All operators 𝑁1, 𝑁2, . . . , 𝑁𝑛, 𝑆1, 𝑆2, . . . , 𝑆𝑟 are not zero, while some
of (or all) 𝑀𝑗 are zero operators. If 𝑀𝑗 = 0 for all 𝑗 = 1, 2, . . . ,𝑚− 1, then
put 𝑗0 = 0; otherwise there exists 𝑗0 ∈ {1, 2, . . . ,𝑚− 1} such that 𝑀𝑗0 ̸= 0,
𝑀𝑗 = 0, for all 𝑗 = 𝑗0 + 1, 𝑗0 + 2, . . . ,𝑚− 1.

Consider the evolution equation

𝐷𝛼
𝑡 𝐿𝑥(𝑡) =

𝑗0∑︁
𝑗=1

𝑀𝑗𝐷
𝛼−𝑚+𝑗
𝑡 𝑥(𝑡) +

𝑛∑︁
𝑙=1

𝑁𝑙𝐷
𝛼𝑙
𝑡 𝑥(𝑡) +

𝑟∑︁
𝑠=1

𝑆𝑠𝐽
𝛽𝑠
𝑡 𝑥(𝑡) + 𝜙(𝑡)𝑢,

(3.1)
which we call degenerate provided that ker𝐿 ̸= {0}. Here 0 < 𝛼1 < 𝛼2 <
· · · < 𝛼𝑛 < 𝛼, 𝑚 := ⌈𝛼⌉, 𝑚𝑙 := ⌈𝛼𝑙⌉, 𝛼𝑙 − 𝑚𝑙 ̸= 𝛼 − 𝑚, 𝑙 = 1, 2, . . . , 𝑛,
𝛼 := max{𝛼𝑙 : 𝑙 ∈ {1, 2, . . . , 𝑛}, 𝛼𝑙−𝑚𝑙 < 𝛼−𝑚}, 𝑚 := ⌈𝛼⌉, 𝛼 := max{𝛼𝑙 :
𝑙 ∈ {1, 2, . . . , 𝑛}, 𝛼𝑙 − 𝑚𝑙 > 𝛼 − 𝑚}, 𝑚 := ⌈𝛼⌉, 𝑚* := max{𝑚 − 1,𝑚},
𝛽1 > 𝛽2 > · · · > 𝛽𝑟 ≥ 0, 𝜙 ∈ 𝐶((0, 𝑇 ];𝒴) ∩ 𝐿1(0, 𝑇 ;𝒴), 𝑢 ∈ 𝒵. Consider
the two possible cases: 𝛼𝑛 < 𝛼−𝑚+ 𝑗0 and 𝛼𝑛 > 𝛼−𝑚+ 𝑗0.

3.1. The first case

If 𝛼𝑛 < 𝛼−𝑚+ 𝑗0, suppose that the operator 𝑀𝑗0 is (𝐿, 𝜎)-bounded:

∃𝑎 > 0 ∀𝜇 ∈ C (|𝜇| > 𝑎) ⇒ ((𝜇𝐿−𝑀𝑗0)
−1 ∈ ℒ(𝒴;𝒳 )) .

In this case we define the operators 𝑅𝐿
𝜇(𝑀𝑗0) := (𝜇𝐿 − 𝑀𝑗0)

−1𝐿 and

𝐿𝐿
𝜇(𝑀𝑗0) := 𝐿(𝜇𝐿−𝑀𝑗0)

−1, the projections

𝑃 :=
1

2𝜋𝑖

∫︁
𝛾

𝑅𝐿
𝜇(𝑀𝑗0)𝑑𝜇 ∈ ℒ(𝒳 ), 𝑄 :=

1

2𝜋𝑖

∫︁
𝛾

𝐿𝐿
𝜇(𝑀𝑗0) 𝑑𝜇 ∈ ℒ(𝒴),

where 𝛾 := {𝜇 ∈ C : |𝜇| = 𝑟 > 𝑎} (see [22, p. 89, 90]). Put 𝒳 0 := ker𝑃 ,
𝒳 1 := im𝑃 , 𝒴0 := ker𝑄, 𝒴1 := im𝑄. Denote 𝑃0 := 𝐼 − 𝑃 , 𝑄0 := 𝐼 − 𝑄
for brevity, by 𝐿𝑞, 𝑀𝑗,𝑞, 𝑁𝑙,𝑞 and 𝑆𝑠,𝑞 denote the restrictions of 𝐿, 𝑀𝑗 ,
𝑗 = 1, 2, . . . , 𝑗0, 𝑁𝑙, 𝑙 = 1, 2, . . . , 𝑛 and 𝑆𝑠, 𝑠 = 1, 2, . . . , 𝑟, on 𝒳 𝑞, 𝑞 =
0, 1. It is known (see [22, p. 90, 91]) that 𝐿𝑃 = 𝑄𝐿, 𝑀𝑗0𝑃 = 𝑄𝑀𝑗0 ,
𝑀𝑗0,𝑞 ∈ ℒ

(︀
𝒳 𝑞;𝒴𝑞

)︀
and 𝐿𝑞 ∈ ℒ

(︀
𝒳 𝑞;𝒴𝑞

)︀
, 𝑞 = 0, 1. Moreover, in the situation

under consideration we have the operators 𝑀−1
𝑗0,0

∈ ℒ
(︀
𝒴0;𝒳 0

)︀
and 𝐿−1

1 ∈
ℒ
(︀
𝒴1;𝒳 1

)︀
.

We also suppose that 𝐿0 = 0; in this case the (𝐿, 𝜎)-bounded operator
𝑀𝑗0 is called (𝐿, 0)-bounded [22]. Moreover, under the additional conditions

𝑄𝑀𝑗 =𝑀𝑗𝑃, 𝑗 = 1, 2, . . . , 𝑗0 − 1, 𝑄𝑁𝑙 = 𝑁𝑙𝑃, 𝑙 = 1, 2, . . . , 𝑛,
𝑄𝑆𝑠 = 𝑆𝑠𝑃, 𝑠 = 1, 2, . . . , 𝑟,

(3.2)
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equation (3.1) with the initial conditions

𝐷𝛼−𝑚+𝑘
𝑡 𝑥(0) = 𝑥𝑘, 𝑘 = 𝑚*,𝑚* + 1, . . . , 𝑗0 − 1,

𝐷𝛼−𝑚+𝑘
𝑡 (𝑃𝑥)(0) = 𝑥𝑘, 𝑘 = 𝑗0, 𝑗0 + 1, . . . ,𝑚− 1,

(3.3)

and with the overdetermination condition

𝑇∫︁
0

𝑥(𝑡)𝑑𝜇(𝑡) = 𝑥𝑇 (3.4)

can be reduced to the following problems for two equations on the mutually
complemented subspaces 𝒳 1 and 𝒳 0:

𝐷𝛼
𝑡 𝑣(𝑡) =

𝑗0∑︀
𝑗=1

𝐿−1
1 𝑀𝑗𝐷

𝛼−𝑚+𝑗
𝑡 𝑣(𝑡) +

𝑛∑︀
𝑙=1

𝐿−1
1 𝑁𝑙𝐷

𝛼𝑙
𝑡 𝑣(𝑡)+

+
𝑟∑︀

𝑠=1
𝐿−1
1 𝑆𝑠𝐽

𝛽𝑠
𝑡 𝑣(𝑡) + 𝜙(𝑡)𝐿−1

1 𝑢1, 𝑡 ∈ (0, 𝑇 ],

(3.5)

𝐷𝛼−𝑚+𝑘
𝑡 𝑣(0) = 𝑣𝑘, 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚− 1, (3.6)

𝑇∫︁
0

𝑣(𝑡)𝑑𝜇(𝑡) = 𝑣𝑇 (3.7)

and

𝐷𝛼−𝑚+𝑗0
𝑡 𝑤(𝑡) = −

𝑗0−1∑︀
𝑗=1

𝑀−1
𝑗0,0

𝑀𝑗𝐷
𝛼−𝑚+𝑗
𝑡 𝑤(𝑡)−

𝑛∑︀
𝑙=1

𝑀−1
𝑗0,0

𝑁𝑙𝐷
𝛼𝑙
𝑡 𝑤(𝑡)−

−
𝑟∑︀

𝑠=1
𝑀−1

𝑗0,0
𝑆𝑠𝐽

𝛽𝑠
𝑡 𝑤(𝑡)− 𝜙(𝑡)𝑀−1

𝑗0,0
𝑢0, 𝑡 ∈ (0, 𝑇 ],

(3.8)
𝐷𝛼−𝑚+𝑘

𝑡 𝑤(0) = 𝑤𝑘, 𝑘 = 𝑚*,𝑚* + 1, . . . , 𝑗0 − 1, (3.9)

𝑇∫︁
0

𝑤(𝑡)𝑑𝜇(𝑡) = 𝑤𝑇 , (3.10)

where 𝑣(𝑡) := 𝑃𝑥(𝑡), 𝑣𝑘 := 𝑃𝑥𝑘, 𝑘 = 𝑚*, . . . ,𝑚− 1, 𝑣𝑇 := 𝑃𝑥𝑇 , 𝑢
1 = 𝑄𝑢,

𝑤(𝑡) := 𝑃0𝑥(𝑡), 𝑤𝑘 := 𝑃0𝑥𝑘, 𝑘 = 𝑚*, . . . , 𝑗0−1, 𝑤𝑇 := 𝑃0𝑥𝑇 and 𝑢0 = 𝑄0𝑢.
Note that equations (3.5) and (3.8) are resolved with respect to the

highest fractional derivative. Consequently, by theorem 2 problem (3.5)–
(3.7) (problem (3.8)–(3.10)) is well-posed if and only if there exists the
operator 𝜒−1

1 ∈ ℒ(𝒳 1;𝒴1) (𝜒−1
0 ∈ ℒ(𝒳 0;𝒴0)), wherein each of these prob-

lems has a unique solution 𝑢1 = 𝜒−1
1 𝜓1 (𝑢0 = 𝜒−1

0 𝜓0). Here

𝜒1 :=

𝑇∫︁
0

𝑑𝜇(𝑡)

𝑡∫︁
0

𝑍1
𝑚−1(𝑡− 𝑠)𝐿−1

1 𝜙(𝑠)𝑑𝑠, 𝜓1 := 𝑣𝑇 −
𝑇∫︁
0

𝑚−1∑︁
𝑝=𝑚*

𝑍1
𝑝(𝑡)𝑣𝑝𝑑𝜇(𝑡),
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𝑍1
𝑝(𝑡) :=

1
2𝜋𝑖

∫︀
Γ1

𝜆−𝛼𝑅1
𝜆

(︃
𝜆𝑚−1−𝑝𝐿1 −

𝑗0∑︀
𝑗=𝑝+1

𝜆𝑗−1−𝑝𝑀𝑗,1

)︃
𝑒𝜆𝑡𝑑𝜆,

𝑅1
𝜆 :=

(︃
𝐿1 −

𝑗0∑︀
𝑗=1

𝜆𝑗−𝑚𝑀𝑗,1 −
𝑛∑︀

𝑙=1

𝜆𝛼𝑙−𝛼𝑁𝑙,1 −
𝑟∑︀

𝑠=1
𝜆−𝛽𝑠−𝛼𝑆𝑠,1

)︃−1

,

𝜒0 :=

𝑇∫︁
0

𝑑𝜇(𝑡)

𝑡∫︁
0

𝑍0
𝑚−1(𝑡−𝑠)𝑀−1

𝑗0,0
𝜙(𝑠)𝑑𝑠, 𝜓0 := 𝑤𝑇−

𝑇∫︁
0

𝑗0−1∑︁
𝑝=𝑚*

𝑍0
𝑝(𝑡)𝑤𝑝𝑑𝜇(𝑡),

𝑍0
𝑝(𝑡) :=

1
2𝜋𝑖

∫︀
Γ0

𝜆−𝛼𝑅0
𝜆 ·

(︃
𝜆𝑚−1−𝑝𝑀𝑗0,0 +

𝑗0−1∑︀
𝑗=𝑝+1

𝜆𝑗−1−𝑝𝑀𝑗,0

)︃
𝑒𝜆𝑡𝑑𝜆,

𝑅0
𝜆 :=

(︃
𝑀𝑗0,0 +

𝑗0−1∑︀
𝑗=1

𝜆𝑗−𝑚𝑀𝑗,0 +
𝑛∑︀

𝑙=1

𝜆𝛼𝑙−𝛼𝑁𝑙,0 +
𝑟∑︀

𝑠=1
𝜆−𝛽𝑠−𝛼𝑆𝑠,0

)︃−1

.

Obvious transformations are used here and contours Γ1 and Γ0 are con-
structed as Γ, taking into account the norms of the operators in the prob-
lem.

Now we introduce strict definitions and formulations.
A solution to problem (3.1), (3.3) is a function 𝑥 : (0, 𝑇 ] → 𝒳 such

that 𝐽𝑚−𝛼
𝑡 𝐿𝑥 ∈ 𝐶𝑚((0, 𝑇 ];𝒴) ∩ 𝐶𝑚−1([0, 𝑇 ];𝒴), 𝐽𝑚−𝛼

𝑡 𝑥 ∈ 𝐶𝑗0((0, 𝑇 ];𝒳 ) ∩
𝐶𝑗0−1([0, 𝑇 ];𝒳 ), 𝐽𝑚𝑙−𝛼𝑙

𝑡 𝑥 ∈ 𝐶𝑚𝑙((0, 𝑇 ];𝒳 ), 𝐽𝛽𝑠
𝑡 𝑥 ∈ 𝐶((0, 𝑇 ];𝒳 ), equality

(3.1) for all 𝑡 ∈ (0, 𝑇 ] and conditions (3.3) are satisfied.
A solution to problem (3.1), (3.3), (3.4) is a pair (𝑥, 𝑢) such that 𝑥 is a

solution of problem (3.1), (3.3) with the corresponding 𝑢 ∈ 𝒴 and satisfies
condition (3.4).

We call problem (3.1), (3.3), (3.4) well-posed if for any 𝑥𝑘 ∈ 𝒳 , 𝑘 =
0, 1, . . . , 𝑗0 − 1, 𝑥𝑘 ∈ 𝒳 1, 𝑘 = 𝑗0, 𝑗0 + 1, . . . ,𝑚 − 1 and 𝑥𝑇 ∈ 𝒳 it has a
unique solution satisfying the estimate ‖𝑢‖𝒴 ≤ 𝐶(‖𝑥𝑚*‖𝒳 + ‖𝑥𝑚*+1‖𝒳 +
· · ·+‖𝑥𝑚−1‖𝒳+‖𝑥𝑇 ‖𝒳 ), where 𝐶 does not depend on 𝑥𝑘, 𝑘 = 𝑚*, . . . ,𝑚−1
and 𝑥𝑇 .

Theorem 1. Let 0 < 𝛼1 < 𝛼2 < · · · < 𝛼𝑛 < 𝛼, 𝑚 := ⌈𝛼⌉, 𝑚𝑙 := ⌈𝛼𝑙⌉,
𝛼𝑙 −𝑚𝑙 ̸= 𝛼 −𝑚, 𝑙 = 1, 2, . . . , 𝑛, 𝛽1 > 𝛽2 > · · · > 𝛽𝑟 ≥ 0, 𝐿,𝑀𝑗 ∈ ℒ(𝒵),
𝑗 = 1, 2, . . . ,𝑚 − 1, 𝑁𝑙 ∈ ℒ(𝒵), 𝑙 = 1, 2, . . . , 𝑛, 𝑆𝑠 ∈ ℒ(𝒵), 𝑠 = 1, 2, . . . , 𝑟,
conditions (3.2) hold, 𝛼𝑛 < 𝛼 − 𝑚 + 𝑗0, operator 𝑀𝑗0 be (𝐿, 0)-bounded,
𝜙 ∈ 𝐶((0, 𝑇 ];R) ∩ 𝐿1(0, 𝑇 ;R), function 𝜇 : [0, 𝑇 ] → R have a bounded
variation, for 𝑚* = 0 there exist 𝜀 ∈ (0, 𝑇 ] such that 𝜇 ∈ 𝐶1([0, 𝜀];R).
Then problem (3.1), (3.3), (3.4) is well-posed if and only if there exist the
operators 𝜒−1

1 ∈ ℒ(𝒳 1;𝒴1), 𝜒−1
0 ∈ ℒ(𝒳 0;𝒴0). In this case the solution has

the form 𝑢 = 𝜒−1
1 𝜓1 + 𝜒−1

0 𝜓0.
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3.2. The second case

Let 𝛼𝑛 > 𝛼−𝑚+ 𝑗0, and let the operator 𝑁𝑛 be (𝐿, 0)-bounded. Then

𝑃 :=
1

2𝜋𝑖

∫︁
𝛾

𝑅𝐿
𝜇(𝑁𝑛)𝑑𝜇 ∈ ℒ(𝒳 ), 𝑄 :=

1

2𝜋𝑖

∫︁
𝛾

𝐿𝐿
𝜇(𝑁𝑛)𝑑𝜇 ∈ ℒ(𝒴)

and under the additional conditions

𝑄𝑀𝑗 =𝑀𝑗𝑃, 𝑗 = 1, 2, . . . , 𝑗0, 𝑄𝑁𝑙 = 𝑁𝑙𝑃, 𝑙 = 1, 2, . . . , 𝑛− 1,
𝑄𝑆𝑠 = 𝑆𝑠𝑃, 𝑠 = 1, 2, . . . , 𝑟,

(3.11)

by analogy with the first case consider two equations on the subspaces 𝒳 1

and 𝒳 0: equation

𝐷𝛼
𝑡 𝑣(𝑡) =

𝑗0∑︀
𝑗=1

𝐿−1
1 𝑀𝑗𝐷

𝛼−𝑚+𝑗
𝑡 𝑣(𝑡) +

𝑛∑︀
𝑙=1

𝐿−1
1 𝑁𝑙𝐷

𝛼𝑙
𝑡 𝑣(𝑡)+

+
𝑟∑︀

𝑠=1
𝐿−1
1 𝑆𝑠𝐽

𝛽𝑠
𝑡 𝑣(𝑡) + 𝜙(𝑡)𝐿−1

1 𝑢1,

(3.12)

endowed with conditions

𝐷𝛼−𝑚+𝑘
𝑡 𝑣(0) = 𝑣𝑘, 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚− 1, (3.13)

𝑇∫︁
0

𝑣(𝑡)𝑑𝜇(𝑡) = 𝑣𝑇 , (3.14)

and equation

𝐷𝛼𝑛
𝑡 𝑤(𝑡) = −

𝑗0∑︀
𝑗=1

𝑁−1
𝑛,0𝑀𝑗𝐷

𝛼−𝑚+𝑗
𝑡 𝑤(𝑡)−

𝑛−1∑︀
𝑙=1

𝑁−1
𝑛,0𝑁𝑙𝐷

𝛼𝑙
𝑡 𝑤(𝑡)−

−
𝑟∑︀

𝑠=1
𝑁−1

𝑛,0𝑆𝑠𝐽
𝛽𝑠
𝑡 𝑤(𝑡)− 𝜙(𝑡)𝑁−1

𝑛,0𝑢
0, 𝑡 ∈ (0, 𝑇 ],

(3.15)

for which determine the parameters

𝑚0 = ⌈𝛼0⌉,𝑚0 = ⌈𝛼0⌉,𝑚*
0 := max{𝑚0 − 1,𝑚0},

where
𝛼0 = max{𝛼−𝑚+ 𝑗0, 𝛼𝑙 : 𝑙 = 1, 2, . . . , 𝑛− 1,
𝛼𝑙 −𝑚𝑙 < 𝛼𝑛 −𝑚𝑛, 𝛼−𝑚 < 𝛼𝑛 −𝑚𝑛},

𝛼0 = max{𝛼−𝑚+ 𝑗0, 𝛼𝑙 : 𝑙 = 1, 2, . . . , 𝑛− 1,
𝛼𝑙 −𝑚𝑙 > 𝛼𝑛 −𝑚𝑛, 𝛼−𝑚 > 𝛼𝑛 −𝑚𝑛}.

Now we can formulate the initial conditions for equation (3.15):

𝐷𝛼𝑛−𝑚𝑛+𝑘
𝑡 𝑤(0) = 𝑤𝑘, 𝑘 = 𝑚*

0,𝑚
*
0 + 1, . . . ,𝑚𝑛 − 1, (3.16)
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and the overdetermination condition

𝑇∫︁
0

𝑤(𝑡)𝑑𝜇(𝑡) = 𝑤𝑇 . (3.17)

As before, 𝑣(𝑡) = 𝑃𝑥(𝑡), 𝑢1 = 𝑄𝑢, 𝑤(𝑡) = 𝑃0𝑥(𝑡), 𝑢
0 = 𝑄0𝑢.

In this case the conditions of the inverse problem for equation (3.1) can
be given in the form

𝐷𝛼−𝑚+𝑘
𝑡 (𝑃𝑥)(0) = 𝑣𝑘, 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚− 1, (3.18)

𝐷𝛼𝑛−𝑚𝑛+𝑘
𝑡 (𝑃0𝑥)(0) = 𝑤𝑘, 𝑘 = 𝑚*

0,𝑚
*
0 + 1, . . . ,𝑚𝑛 − 1, (3.19)

𝑇∫︁
0

𝑥(𝑡)𝑑𝜇(𝑡) = 𝑥𝑇 = 𝑣𝑇 + 𝑤𝑇 . (3.20)

Problem (3.1), (3.18)–(3.20) is called well-posed, if problems (3.12)–
(3.14) and (3.15)–(3.17) are well-posed.

By Theorem 2, as in the first case, we obtain the following result.

Theorem 3. Let 0 < 𝛼1 < 𝛼2 < · · · < 𝛼𝑛 < 𝛼, 𝑚 := ⌈𝛼⌉, 𝑚𝑙 := ⌈𝛼𝑙⌉,
𝛼𝑙 −𝑚𝑙 ̸= 𝛼 −𝑚, 𝑙 = 1, 2, . . . , 𝑛, 𝛽1 > 𝛽2 > · · · > 𝛽𝑟 ≥ 0, 𝐿,𝑀𝑗 ∈ ℒ(𝒵),
𝑗 = 1, 2, . . . ,𝑚 − 1, 𝑁𝑙 ∈ ℒ(𝒵), 𝑙 = 1, 2, . . . , 𝑛, 𝑆𝑠 ∈ ℒ(𝒵), 𝑠 = 1, 2, . . . , 𝑟,
𝛼𝑛 > 𝛼 − 𝑚 + 𝑗0, conditions (3.11) hold, operator 𝑁𝑛 be (𝐿, 0)-bounded,
𝜙 ∈ 𝐶((0, 𝑇 ];R) ∩ 𝐿1(0, 𝑇 ;R), function 𝜇 : [0, 𝑇 ] → R have a bounded
variation, for 𝑚*𝑚*

0 = 0 there exist 𝜀 ∈ (0, 𝑇 ] such that 𝜇 ∈ 𝐶1([0, 𝜀];R).
Then problem (3.1), (3.18)–(3.20) is well-posed if and only if there exist
operators 𝜒−1

1 ∈ ℒ(𝒳 1;𝒴1), 𝜒−1
0 ∈ ℒ(𝒳 0;𝒴0). In this case the solution has

the form 𝑢 = 𝜒−1
1 𝜓1 + 𝜒−1

0 𝜓0.

Here

𝜒1 :=

𝑇∫︁
0

𝑑𝜇(𝑡)

𝑡∫︁
0

𝑍1
𝑚−1(𝑡− 𝑠)𝐿−1

1 𝜙(𝑠)𝑑𝑠, 𝜓1 := 𝑣𝑇 −
𝑇∫︁
0

𝑚−1∑︁
𝑝=𝑚*

𝑍1
𝑝(𝑡)𝑣𝑝𝑑𝜇(𝑡),

𝑍1
𝑝(𝑡) =

1

2𝜋𝑖

∫︁
Γ1

𝜆−𝛼𝑅1
𝜆

⎛⎝𝜆𝑚−1−𝑝𝐿1 −
𝑗0∑︁

𝑗=𝑝+1

𝜆𝑗−1−𝑝𝑀𝑗,1

⎞⎠ 𝑒𝜆𝑡𝑑𝜆,

𝑅1
𝜆 :=

(︃
𝐿1 −

𝑗0∑︀
𝑗=1

𝜆𝑗−𝑚𝑀𝑗,1 −
𝑛∑︀

𝑙=1

𝜆𝛼𝑙−𝛼𝑁𝑙,1 −
𝑟∑︀

𝑠=1
𝜆−𝛽𝑠−𝛼𝑆𝑠,1

)︃−1

,

𝜒0 :=

𝑇∫︁
0

𝑑𝜇(𝑡)

𝑡∫︁
0

𝑍0
𝑚−1(𝑡−𝑠)𝑁−1

𝑛,0𝜙(𝑠)𝑑𝑠, 𝜓0 := 𝑤𝑇 −
𝑇∫︁
0

𝑚𝑛−1∑︁
𝑝=𝑚*

0

𝑍0
𝑝(𝑡)𝑤𝑝𝑑𝜇(𝑡),
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𝑍0
𝑝(𝑡) =

1

2𝜋𝑖

∫︁
Γ0

𝜆−𝛼𝑛𝑅0
𝜆

⎛⎝𝜆𝑚𝑛−1−𝑝𝑁𝑛,0 +

𝑚𝑛−1∑︁
𝑙=𝑝+1

𝜆𝑙−1−𝑝𝑇𝑙

⎞⎠ 𝑒𝜆𝑡𝑑𝜆,

𝑅0
𝜆 :=

(︃
𝑁𝑛,0 +

𝑗0∑︀
𝑗=1

𝜆𝑗−𝑚𝑀𝑗 +
𝑛−1∑︀
𝑙=1

𝜆𝛼𝑙−𝛼𝑁𝑙 +
𝑟∑︀

𝑠=1
𝜆−𝛽𝑠−𝛼𝑆𝑠

)︃−1

,

𝑇𝑙 = 𝑁𝑙 for 𝛼𝑙 −𝑚𝑙 = 𝛼𝑛 −𝑚𝑛, 𝑇𝑙 = 0 for 𝛼𝑙 −𝑚𝑙 ̸= 𝛼𝑛 −𝑚𝑛.

Remark 1. In the considered cases, when the operator at the second high-
est derivative is (𝐿, 0)-bounded, the conditions 𝐷𝛼−𝑚+𝑘

𝑡 (𝑃𝑥)(0) = 𝑥𝑘 are

equivalent to 𝐷𝛼−𝑚+𝑘
𝑡 (𝐿𝑥)(0) = 𝑦𝑘 with 𝑦𝑘 = 𝐿𝑥𝑘, 𝑘 = 𝑚*,𝑚*+1, . . . ,𝑚−

1, since ker𝐿 = ker𝑃 and there exists 𝐿−1
1 ∈ ℒ(𝒴1;𝒳 1).

4. Applications

Let 𝑃1(𝜆) =
𝜈∑︀

𝑝=0
𝑎𝑝𝜆

𝑝, 𝑃 𝑗
2 (𝜆) =

𝜈∑︀
𝑝=0

𝑏𝑗𝑝𝜆𝑝, 𝑃 𝑙
3(𝜆) =

𝜈∑︀
𝑝=0

𝑐𝑙𝑝𝜆
𝑝, 𝑃 𝑠

4 (𝜆) =

𝜈∑︀
𝑝=0

𝑑𝑠𝑝𝜆
𝑝, 𝑎𝑝, 𝑏

𝑗
𝑝, 𝑐𝑙𝑝, 𝑑

𝑠
𝑝 ∈ C, 𝑝 = 0, 1, . . . , 𝜈 ∈ N, 𝑗 = 1, 2, . . . ,𝑚 − 1, 𝑙 =

1, 2, . . . , 𝑛, 𝑠 = 1, 2, . . . , 𝑟, 𝑎𝜈 ̸= 0, where Ω ⊂ R𝑑 is a bounded domain with
a smooth boundary 𝜕Ω,

(𝒜ℎ)(𝜉) =
∑︀

|𝑞|≤2𝜌

𝑎𝑞(𝜉)
𝜕|𝑞|ℎ(𝜉)

𝜕𝜉
𝑞1
1 𝜕𝜉

𝑞2
2 ...𝜕𝜉

𝑞𝑑
𝑑

, 𝑎𝑞 ∈ 𝐶∞(Ω),

(ℬ𝑙ℎ)(𝜉) =
∑︀

|𝑞|≤𝜌𝑙

𝑏𝑙𝑞(𝜉)
𝜕|𝑞|ℎ(𝜉)

𝜕𝜉
𝑞1
1 𝜕𝜉

𝑞2
2 ...𝜕𝜉

𝑞𝑑
𝑑

, 𝑏𝑙𝑞 ∈ 𝐶∞(𝜕Ω), 𝑙 = 1, 2, . . . , 𝜌,

𝑞 = (𝑞1, 𝑞2, . . . , 𝑞𝑑) ∈ N𝑑
0, |𝑞| = 𝑞1 + · · · + 𝑞𝑑, and the operator pencil 𝒜,

ℬ1, ℬ2, . . . , ℬ𝜌 is regularly elliptic [6]. Let the operator 𝒜1 ∈ 𝒞𝑙(𝐿2(Ω))

have the domain 𝐷𝒜1 = 𝐻2𝜌
{ℬ𝑙}(Ω) := {ℎ ∈ 𝐻2𝜌(Ω) : ℬ𝑙ℎ(𝜉) = 0, 𝑙 =

1, 2, . . . , 𝜌, 𝜉 ∈ 𝜕Ω}, 𝒜1ℎ := 𝒜ℎ. Suppose that 𝒜1 is a self-adjoint operator;
then its spectrum 𝜎(𝒜1) is real and discrete [6]. Moreover, assume that the
spectrum 𝜎(𝒜1) is bounded from the right and does not contain zero, {𝜙𝑘 :
𝑘 ∈ N} is an orthonormal system of eigenfunctions of 𝒜1 in 𝐿2(Ω) which is
enumerated in nonincreasing order of the corresponding eigenvalues {𝜆𝑘 :
𝑘 ∈ N}, taking into account their multiplicities.

Let 0 < 𝛼1 < 𝛼2 < · · · < 𝛼𝑛 < 𝛼, 𝑚 − 1 < 𝛼 ≤ 𝑚 ∈ N, 𝑚𝑙 − 1 < 𝛼𝑙 ≤
𝑚𝑙 ∈ N, 𝛼𝑙 −𝑚𝑙 ̸= 𝛼−𝑚, 𝑙 = 1, 2, . . . , 𝑛, 𝛽1 > 𝛽2 > · · · > 𝛽𝑟 ≥ 0. Consider
the equation in Ω× (0, 𝑇 ]

𝐷𝛼
𝑡 𝑃1(𝒜)𝑣(𝜉, 𝑡) =

𝑚−1∑︀
𝑗=1

𝑃 𝑗
2 (𝒜)𝐷𝛼−𝑚+𝑗

𝑡 𝑣(𝜉, 𝑡)+

+
𝑛∑︀

𝑙=1

𝑃 𝑙
3(𝒜)𝐷𝛼𝑙

𝑡 𝑣(𝜉, 𝑡) +
𝑟∑︀

𝑠=1
𝑃 𝑠
4 (𝒜)𝐽𝛽𝑠

𝑡 𝑣(𝜉, 𝑡) + 𝜙(𝑡)𝑤(𝜉),

(4.1)
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with the boundary conditions at (𝜉, 𝑡) ∈ 𝜕Ω× (0, 𝑇 ]

ℬ𝑙𝒜𝑘𝑣(𝜉, 𝑡) = 0, 𝑘 = 0, 1, . . . , 𝜈 − 1, 𝑙 = 1, 2, . . . , 𝜌, (4.2)

and the overdetermination condition

𝑇∫︁
0

𝑣(𝜉, 𝑡)𝑑𝜇(𝑡) = 𝑣𝑇 (𝜉), 𝜉 ∈ Ω. (4.3)

The form of initial conditions depends on situation. Put

𝒳 = {ℎ ∈ 𝐻2𝜌𝜈(Ω) : ℬ𝑙𝒜𝑘ℎ(𝜉) = 0, 𝑘 = 0, 1, . . . , 𝜈 − 1,
𝑙 = 1, 2, . . . , 𝜌, 𝜉 ∈ 𝜕Ω}, 𝒴 = 𝐿2(Ω),

𝐿 = 𝑃1(𝒜) ∈ ℒ(𝒳 ;𝒴), 𝑀𝑗 = 𝑃 𝑗
2 (𝒜) ∈ ℒ(𝒳 ;𝒴), 𝑗 = 1, 2, . . . ,𝑚 − 1, 𝑁𝑙 =

𝑃 𝑙
3(𝒜) ∈ ℒ(𝒳 ;𝒴), 𝑙 = 1, 2, . . . , 𝑛, 𝑆𝑠 = 𝑃 𝑠

4 (𝒜) ∈ ℒ(𝒳 ;𝒴), 𝑠 = 1, 2, . . . , 𝑟.
If 𝑃1(𝜆𝑘) ̸= 0 for all 𝑘 ∈ N, then there exists the inverse operator

𝐿−1 ∈ ℒ(𝒴;𝒳 ). Define the defect 𝑚* for the collection of numbers 𝛼1, 𝛼2,
. . . , 𝛼𝑛, 𝛼 and consider the Cauchy type conditions

𝐷𝛼−𝑚+𝑘
𝑡 𝑣(𝜉, 0) = 𝑣𝑘(𝜉), 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚− 1, 𝜉 ∈ Ω. (4.4)

Then problem (4.1)–(4.4) can be presented in the form of (2.1)–(2.3), where
𝒵 = 𝒳 , 𝐴𝑗 = 𝐿−1𝑀𝑗 ∈ ℒ(𝒵), 𝑗 = 1, 2, . . . ,𝑚 − 1, 𝐵𝑙 = 𝐿−1𝑁𝑙 ∈ ℒ(𝒵),
𝑙 = 1, 2, . . . , 𝑛, 𝐶𝑠 = 𝐿−1𝑆𝑠 ∈ ℒ(𝒵), 𝑠 = 1, 2, . . . , 𝑟, 𝑧𝑘 = 𝑣𝑘(·), 𝑘 =
𝑚*,𝑚* + 1, . . . ,𝑚 − 1, 𝑧𝑇 = 𝑣𝑇 (·), 𝑢 = 𝐿−1𝑤(·). By Theorem 2 problem
(4.1)–(4.4) is well-posed if and only if for all 𝑘 ∈ N⃒⃒⃒⃒

⃒⃒
𝑇∫︁
0

𝑡∫︁
0

∫︁
Γ

𝑅𝜆,𝑘𝑒
𝜆(𝑡−𝑠)𝑑𝜆𝜙(𝑠)𝑑𝑠𝑑𝜇(𝑡)

⃒⃒⃒⃒
⃒⃒ ≥ 𝑐, (4.5)

𝑅𝜆,𝑘 :=

⎛⎝𝜆𝛼𝑃1(𝜆𝑘)−
𝑚−1∑︁
𝑗=1

𝜆𝛼+𝑗−𝑚𝑃 𝑗
2 (𝜆𝑘)−

−
𝑛∑︁

𝑙=1

𝜆𝛼𝑙𝑃 𝑙
3(𝜆𝑘)−

𝑟∑︁
𝑠=1

𝜆−𝛽𝑠𝑃 𝑠
4 (𝜆𝑘)

)︃−1

.

It follows from the equation

𝜒 =
1

2𝜋𝑖

∞∑︁
𝑘=1

⟨·, 𝜙𝑘⟩𝜙𝑘

𝑇∫︁
0

𝑡∫︁
0

∫︁
Γ

𝑅𝜆,𝑘𝑒
𝜆(𝑡−𝑠)𝑑𝜆𝜙(𝑠)𝑑𝑠𝑑𝜇(𝑡),

where ⟨·, ·⟩ is the inner product in 𝐿2(Ω).
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Example 1. Take 𝛼 = 5/2, 𝑚 = 3, 𝑛 = 1, 𝑟 = 1, 𝛼1 = 2/3, 𝛽1 = 1/2,
𝑃1(𝜆) = 𝜆2, 𝑃 1

2 (𝜆) = 𝑏1𝜆 + 𝑏2𝜆
2, 𝑃 2

2 (𝜆) ≡ 0, 𝑃 1
3 (𝜆) = 𝑐0 + 𝑐2𝜆

2, 𝑃 1
4 (𝜆) =

𝑑0 + 𝑑1𝜆, 𝑑 = 1, Ω = (0, 𝜋), 𝜌 = 1, 𝒜ℎ = 𝜕2ℎ
𝜕𝜉2

, ℬ1 = 𝐼, 𝜇 is the single jump

at 𝑡0 ∈ (0, 𝑇 ] function. Then 𝑚 = 0, 𝑚 = 1, 𝑚* = 1, 𝜆𝑘 = −𝑘2 for 𝑘 ∈ N,
and (4.1)–(4.4) has the form

𝐷
5/2
𝑡

𝜕4𝑣
𝜕𝜉4

(𝜉, 𝑡) =
(︁
𝑏1

𝜕2

𝜕𝜉2
+ 𝑏2

𝜕4

𝜕𝜉4

)︁
𝐷

1/2
𝑡 𝑣(𝑠, 𝑡) +

(︁
𝑐0 + 𝑐2

𝜕4

𝜕𝜉4

)︁
𝐷

2/3
𝑡 𝑣(𝑠, 𝑡)+

+
(︁
𝑑0 + 𝑑1

𝜕2

𝜕𝜉2

)︁
𝐽
1/2
𝑡 𝑣(𝜉, 𝑡) + 𝑤(𝜉), (𝜉, 𝑡) ∈ (0, 𝜋)× (0, 𝑇 ],

𝑣(0, 𝑡) = 𝑣(𝜋, 𝑡) = 𝜕2𝑣
𝜕𝑠2

(0, 𝑡) = 𝜕2𝑣
𝜕𝑠2

(𝜋, 𝑡) = 0, 𝑡 ∈ (0, 𝑇 ],

𝐷1/2𝑣(𝜉, 0) = 𝑣1(𝜉), 𝐷3/2𝑣(𝜉, 0) = 𝑣2(𝜉), 𝜉 ∈ (0, 𝜋),
𝑣(𝜉, 𝑡0) = 𝑣𝑇 (𝜉), 𝜉 ∈ (0, 𝜋).

The necessary and sufficient condition (4.5) of its well-posedness has the
form ⃒⃒⃒⃒

⃒⃒∫︁
Γ

(︁
𝑘4𝜆3/2 + (𝑏1𝑘

2 − 𝑏2𝑘
4)𝜆−1/2 − (𝑐0 + 𝑐2𝑘

4)𝜆−1/3−

−(𝑑0 − 𝑑1𝑘
2)𝜆−3/2

)︀−1
(𝑒𝜆𝑇 − 1)𝑑𝜆

⃒⃒⃒
≥ 𝑐 ∀𝑘 ∈ N.

Consider the degenerate case. Suppose that 𝑃1(𝜆𝑘) = 0 for some 𝑘 ∈ N,

while 𝑃 𝑗0
2 ̸≡ 0, 𝑃 𝑗

2 ≡ 0, 𝑗 = 𝑗0 + 1, 𝑗0 + 2, . . . ,𝑚 − 1, for some 𝑗0 ∈
{0, 1, . . . ,𝑚−1}, and 𝛼𝑛 > 𝛼−𝑚+𝑗0. Then provided that the polynomials
𝑃1 and 𝑃𝑛

3 do not have common roots on the set {𝜆𝑘}, the operator 𝑁𝑛

(𝐿, 0)-bounded (see [22]), while the projections have the form

𝑃 =
∑︁

𝑃1(𝜆𝑘) ̸=0

⟨·, 𝜙𝑘⟩𝜙𝑘, 𝑄 =
∑︁

𝑃1(𝜆𝑘) ̸=0

⟨·, 𝜙𝑘⟩𝜙𝑘.

By Remark 1, we take the initial conditions in the form

𝐷𝛼−𝑚+𝑘
𝑡 𝑃1(𝒜)𝑢(𝜉, 0) = 𝑦𝑘(𝜉), 𝑘 = 𝑚*,𝑚* + 1, . . . ,𝑚− 1, 𝜉 ∈ Ω, (4.6)

⟨𝐷𝛼𝑛−𝑚𝑛+𝑘
𝑡 𝑢(·, 0), 𝜙𝑗⟩ = 𝑐𝑘𝑗 , 𝑃1(𝜆𝑗) = 0, 𝑘 = 𝑚*

0,𝑚
*
0+1, . . . ,𝑚𝑛−1. (4.7)

Here conditions (4.7) are given for 𝑗 ∈ N such that 𝑃1(𝜆𝑗) = 0; this set
is finite, since 𝑃1 is a polynomial. The finite set of n numbers 𝑐𝑘𝑗 defines

the projection 𝐷𝛼𝑛−𝑚𝑛+𝑘
𝑡 𝑢(·, 0) to the subspace 𝒳 0 := ker𝑃 , 𝑘 = 𝑚*

0,𝑚
*
0+

1, . . . ,𝑚𝑛 − 1. The defects 𝑚*, 𝑚*
0 are determined as above. Now, (4.1)–

(4.3), (4.6), (4.7) is representable in the form (3.1), (3.18)–(3.20) with the
spaces 𝒳 and 𝒴 and the operators 𝐿,𝑀𝑗 , 𝑁𝑙, 𝑆𝑠, 𝑗 = 1, 2, . . . ,𝑚 − 1, 𝑙 =
1, 2, . . . , 𝑛, 𝑠 = 1, 2, . . . , 𝑟, which are chosen above.

Theorem 3 implies that problem (4.1)–(4.3), (4.6), (4.7) is well-posed if
and only if for all 𝑘 ∈ N such that 𝑃1(𝜆𝑘) ̸= 0,⃒⃒⃒⃒

⃒⃒
𝑇∫︁
0

𝑡∫︁
0

∫︁
Γ1

𝑅𝜆,𝑘𝑒
𝜆(𝑡−𝑠)𝑑𝜆𝜙(𝑠)𝑑𝑠𝑑𝜇(𝑡)

⃒⃒⃒⃒
⃒⃒ ≥ 𝑐, (4.8)
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and for all 𝑘 ∈ N such that 𝑃1(𝜆𝑘) = 0,

𝑇∫︁
0

𝑡∫︁
0

∫︁
Γ0

𝑅0
𝜆,𝑘𝑒

𝜆(𝑡−𝑠)𝑑𝜆𝜙(𝑠)𝑑𝑠𝑑𝜇(𝑡) ̸= 0, (4.9)

𝑅0
𝜆,𝑘 :=

⎛⎝𝑚−1∑︁
𝑗=1

𝜆𝛼+𝑗−𝑚𝑃 𝑗
2 (𝜆𝑘) +

𝑛∑︁
𝑙=1

𝜆𝛼𝑙𝑃 𝑙
3(𝜆𝑘) +

𝑟∑︁
𝑠=1

𝜆−𝛽𝑠𝑃 𝑠
4 (𝜆𝑘)

⎞⎠−1

.

Example 2. Take 𝛼 = 5/2, 𝑚 = 3, 𝑛 = 1, 𝑟 = 1, 𝛼1 = 2/3, 𝛽1 = 1/2,
𝑃1(𝜆) = 𝜆(𝜆 + 9), 𝑃 1

2 (𝜆) = 𝑏1𝜆 + 𝑏2𝜆
2, 𝑃 2

2 (𝜆) ≡ 0, 𝑃 1
3 (𝜆) = 𝑐0 + 𝑐2𝜆

2,

𝑃 1
4 (𝜆) = 𝑑0 + 𝑑1𝜆, 𝑑 = 1, Ω = (0, 𝜋), 𝜌 = 1, 𝒜𝑢 = 𝜕2𝑢

𝜕𝜉2
, ℬ1 = 𝐼, 𝜇 is the

single jump at 𝑡0 ∈ (0, 𝑇 ] function. Then 𝑚 = 0, 𝑚 = 1, 𝑚* = 1, 𝑗0 = 1,
𝛼1 > 𝛼 − 𝑚 + 𝑗0, 𝑚1 = 1, 𝑚0 = 1, 𝑚0 = 0 and 𝑚*

0 = 0, and problem
(4.1)–(4.3), (4.6), (4.7) has the form

𝐷
5/2
𝑡

(︁
𝜕4

𝜕𝜉4
+ 9 𝜕2

𝜕𝜉2

)︁
𝑣(𝜉, 𝑡) =

(︁
𝑏1

𝜕2

𝜕𝜉2
+ 𝑏2

𝜕4

𝜕𝜉4

)︁
𝐷

1/2
𝑡 𝑣(𝜉, 𝑡)+

+
(︁
𝑐0 + 𝑐2

𝜕2

𝜕𝜉2

)︁
𝐷

2/3
𝑡 𝑣(𝜉, 𝑡) +

(︁
𝑑0 + 𝑑1

𝜕2

𝜕𝜉2

)︁
𝐽
1/2
𝑡 𝑣(𝜉, 𝑡) + 𝑤(𝜉),

(𝜉, 𝑡) ∈ (0, 𝜋)× (0, 𝑇 ],

𝑣(0, 𝑡) = 𝑣(𝜋, 𝑡) = 𝜕2𝑣
𝜕𝜉2

(0, 𝑡) = 𝜕2𝑣
𝜕𝜉2

(𝜋, 𝑡) = 0, 𝑡 ∈ (0, 𝑇 ], 𝜉 ∈ (0, 𝜋),

𝐷1/2
(︁

𝜕4

𝜕𝜉4
+ 9 𝜕2

𝜕𝜉2

)︁
𝑣(𝜉, 0) = 𝑦1(𝜉), 𝜉 ∈ (0, 𝜋),

𝐷3/2
(︁

𝜕4

𝜕𝜉4
+ 9 𝜕2

𝜕𝜉2

)︁
𝑣(𝜉, 0) = 𝑦2(𝜉), 𝜉 ∈ (0, 𝜋),

⟨𝐽1/3
𝑡 𝑣(·, 0), sin 3𝜉⟩ = 𝑐,

𝑣(𝜉, 𝑡0) = 𝑣𝑇 (𝜉), 𝜉 ∈ (0, 𝜋).

Here 𝑐 ∈ C, ⟨𝑦𝑘(·), sin 3𝜉⟩ = 0, 𝑘 = 1, 2, since 𝜆𝑘 = −𝑘2, 𝑘 ∈ N, 𝑃1(𝜆3) = 0.
Conditions (4.8), (4.9) have the form⃒⃒⃒⃒

⃒⃒ ∫︁
Γ1

(︁
𝑘4𝜆3/2 + (𝑏1𝑘

2 − 𝑏2𝑘
4)𝜆−1/2 − (𝑐0 + 𝑐2𝑘

4)𝜆−1/3−

−(𝑑0 − 𝑑1𝑘
2)𝜆−3/2

)︀−1
(𝑒𝜆𝑇 − 1)𝑑𝜆

⃒⃒⃒
≥ 𝑐, 𝑘 ∈ N ∖ {3},∫︁

Γ0

(𝑒𝜆𝑇 − 1)𝑑𝜆

(−9𝑏1 + 81𝑏2)𝜆−1/2 + (𝑐0 + 81𝑐2)𝜆−1/3 + (𝑑0 − 9𝑑1)𝜆−3/2
̸= 0.
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Линейные обратные задачи для уравнений с несколь-
кими производными Римана – Лиувилля

М. М. Туров1, В. Е. Федоров1,2, Б. Т. Киен3

1 Челябинский государственный университет, Челябинск, Российская Феде-
рация
2 Южно-Уральский государственный университет (национальный исследо-
вательский университет), Челябинск, Российская Федерация
3 Институт математики Вьетнамской академии науки и технологий, Ха-
ной, Вьетнам

Аннотация. Рассматриваются вопросы корректности линейных обратных ко-
эффициентных задач для уравнений в банаховых пространствах с несколькими
дробными производными Римана – Лиувилля и с ограниченными операторами при
них. Получены критерии корректности как для уравнения, разрешенного относи-
тельно старшей дробной производной, так и в случае вырожденного оператора при
старшей производной в уравнении. В вырожденной задаче исследованы два суще-
ственно различных случая: когда дробная часть порядка второй по старшинству
производной равна дробной части порядка старшей дробной производной или отли-
чается от нее. Абстрактные результаты использованы при исследовании обратных
задач для уравнений в частных производных с многочленами от самосопряженного
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эллиптического дифференциального по пространственным переменным оператора
и с производными Римана – Лиувилля по времени.

Ключевые слова: обратная задача, дробная производная Римана – Лиувилля,
вырожденные эволюционные уравнения, начально-краевая задача.
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19. Fedorov V. E., Kostić M. On a class of abstract degenerate multi-term fractional
differential equations in locally convex spaces // Eurasian Mathematical Journal.
2018. Vol. 9, N. 3. P. 33–57. https://doi.org/10.32523/2077-9879-2018-9-3-33-57

20. Orlovsky D. G. Parameter determination in a differential equation of fractional
order with Riemann – Liouville fractional derivative in a Hilbert space // Journal
of Siberian Federal University. Mathematics & Physics. 2015. Vol. 8, N. 1. P. 55–63.

21. Prilepko A. I., Orlovskii D. G., Vasin I. A. Methods for Solving Inverse Problems
in Mathematical Physics. New York ; Basel : Marcel Dekker Inc., 2000. 744 p.

22. Sviridyuk G. A., Fedorov V. E. Linear Sobolev Type Equations and Degenerate
Semigroups of Operators. Utrecht ; Boston : VSP, 2003. 216 p.

Михаил Михайлович Туров, аспирант, кафедра математического
анализа, Челябинский государственный университет, Российская Феде-
рация, 454001,г. Челябинск, ул. Братьев Кашириных, 129,
тел.: (351)7997235, email: turov_m_m@mail.ru
ORCID iD https://orcid.org/0000-0003-4075-5099

Владимир Евгеньевич Фёдоров, доктор физико-математических
наук, профессор, кафедра математического анализа, Челябинский госу-
дарственный университет, Российская Федерация, 454001, г. Челябинск,
ул. Братьев Кашириных, 129, тел.: (351)7997235, email: kar@csu.ru
ORCID iD https://orcid.org/0000-0002-0787-3272

Буй Тронг Киен, доктор физико-математических наук, заведую-
щий отделом теории управления и оптимизации, Институт математики
Вьетнамской академии науки и технологий, Вьетнам, район Кау Гиай,
ул. Хоанг Куок Вьет, 18, тел.: 84 024 37563474, email: btkien@math.ac.vn

Поступила в редакцию 29.10.2021


