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Abstract. In this paper, it is derived a rich hierarchy for the Toda lattice with a self-
consistent source in the class of periodic functions. We discuss the complete integrability
of the constructed systems that is based on the transformation to the spectral data of
an associated discrete Hill‘s equation with periodic coefficients. In particular, Dubrovin-
type equations are derived for the time-evolution of the spectral data corresponding to
the solutions of any system in the hierarchy. At the end of the paper, we illustrate our
theory on concrete example with analytical and numerical results.
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1. Introduction

Our goal is to construct a hierarchy for the periodic Toda lattice with
a self-consistent source in the class of periodic functions that can be inte-
grated via the inverse spectral method. Toda lattice [29] is the model of a
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nonlinear one-dimensional crystal. It describes how the chain of particles
with exponential interactions of the nearest neighbors move. It is widely
known that, by means of the Flaschka variables [12], the Toda lattice has
the form {︂

�̇�𝑛 = 𝑎𝑛(𝑏𝑛+1 − 𝑏𝑛) ,

�̇�𝑛 = 2(𝑎2𝑛 − 𝑎2𝑛−1), 𝑛 ∈ 𝑍.

The Toda lattice has several applications. For instance, the Toda lattice
model of Deoxyribonucleic acid (DNA) in biology [26]. In addition, another
significant property of the Toda lattice type equations is the existence
of so-called soliton solutions. The presence of soliton solutions and the
integrability of equations have tight connections. The research results
present that all the integrable systems have soliton solutions [22]. For
further development of the periodic Toda lattice we refer to [9; 11;17;18].

Over the last few years, the interest has been growing in the soliton
equations with self-consistent source [1–4; 8; 20; 23; 27; 28; 32]. These equa-
tions have essential applications in plasma physics, hydrodynamics, solid
state physics, etc. [7; 13;14;19;24;25].

The fisrt investigation of the discrete soliton equations with a self-consis-
tent sources has been considered in [21]. In this work the Toda lattice
with a self-consistent sources are formulated and calculated by using the
Darboux transformation. In [6; 30; 31], a scattering method was developed
for integrating the Toda lattice with a self-consistent source.

In [5], it is obtained algebro-geometric quasi-periodic finite-gap solutions
of the sourceless Toda lattice hierarchy. In [1], the authors demonstrated
integrability of the periodic Toda lattice hierarchy with an integral-type
source which comes from the eigenfunctions of the continuous spectrum of
the discrete Hill‘s equation.

In this work, we consider the N- periodic Toda lattice hierarchy with
a self-consistent source where source is developed by the eigenfunctions of
the discrete spectrum of the discrete Hill‘s equation.

The goal of this work is to obtain formulations for the solutions of the
constructed new system in the framework of the inverse spectral problem for
discrete Hill‘s equation. In the one-gap case, we write the explicit formulas
for the solutions of under consideration problem, expressed in terms of
Jacobi elliptic functions.

The new system, similarly to [13], [10] can be applied to some models of
special types of electric transmission line.

2. Formulation of the problem

In the present paper, we consider the N -periodic Toda lattice hierarchy
with self-consistent source
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̇�𝑛 = 𝑃𝑚(𝑎𝑛, 𝑏𝑛) + 𝑎𝑛

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)
[︀
(𝑓 𝑖𝑛+1)

2 − (𝑓 𝑖𝑛)
2
]︀
,

�̇�𝑛 = 𝑄𝑚(𝑎𝑛, 𝑏𝑛) + 2

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)𝑓
𝑖
𝑛(𝑎𝑛𝑓

𝑖
𝑛+1 − 𝑎𝑛−1𝑓

𝑖
𝑛−1),

𝑎𝑛−1𝑓
𝑖
𝑛−1 + 𝑏𝑛𝑓

𝑖
𝑛 + 𝑎𝑛𝑓

𝑖
𝑛+1 = 𝜆𝑖𝑓

𝑖
𝑛, 𝑖 = 1, 2, ..., 2𝑁,

𝑎𝑛+𝑁 = 𝑎𝑛, 𝑏𝑛+𝑁 = 𝑏𝑛, 𝑎𝑛 > 0, (𝑓 𝑖𝑛+𝑁 )2 = (𝑓 𝑖𝑛)
2, 𝑛 ∈ 𝑍, 𝑡 ∈ 𝑅,

(2.1)

and the initial conditions

𝑎𝑛(0) = 𝑎0𝑛, 𝑏𝑛(0) = 𝑏0𝑛, 𝑛 ∈ 𝑍, (2.2)

with the given 𝑁 -periodic sequences 𝑎0𝑛 and 𝑏0𝑛, 𝑛 ∈ 𝑍. Where

𝑃𝑚(𝑎𝑛, 𝑏𝑛) = 𝑎𝑛[−𝛽𝑛,𝑚 − 𝛽𝑛+1,𝑚 + 𝑏𝑛+1𝛼𝑛+1,𝑚],

𝑄𝑚(𝑎𝑛, 𝑏𝑛) = 𝑎2𝑛𝛼𝑛+1,𝑚 − 𝑎2𝑛−1𝛼𝑛−1,𝑚 − 2𝑏𝑛𝛽𝑛,𝑚 + 𝑏2𝑛𝛼𝑛,𝑚, 𝑚 ∈ 𝑁, 𝑡 ∈ 𝑅,

and {𝛼𝑛,𝑠(𝑡)}0≤𝑠≤𝑚, {𝛽𝑛,𝑠(𝑡) }0≤𝑠≤𝑚 satisfy the recursion relations

𝛼𝑛,0 = 0, 𝛽𝑛,0 = 𝑐0, 𝛼𝑛,1 = 2𝑐0, 𝑐0 = 𝑐𝑜𝑛𝑠𝑡,

𝛽𝑛,𝑠−1 − 𝛽𝑛−1,𝑠−1 = 𝑏𝑛(𝛽𝑛,𝑠−2 − 𝛽𝑛−1,𝑠−2)− 𝑎2𝑛𝛼𝑛+1,𝑠−2 + 𝑎2𝑛−1𝛼𝑛−1,𝑠−2,

𝛼𝑛,𝑠 = 𝑏𝑛𝛼𝑛,𝑠−1 − 𝛽𝑛−1,𝑠−1 − 𝛽𝑛,𝑠−1, 2 ≤ 𝑠 ≤ 𝑚,

𝛽𝑛,𝑚 =
𝑎2𝑛−1

2
𝛼𝑛−1,𝑚−1 −

𝑎2𝑛
2
𝛼𝑛+1,𝑚−1 +

𝑏2𝑛
2
𝛼𝑛,𝑚−1 − 𝑏𝑛𝛽𝑛−1,𝑚−1.

Varying 𝑚 ∈ 𝑁 yields Toda lattice hierarchy with self-consistent source
(2.1). The function sequences

{𝑎𝑛(𝑡)}∞−∞, {𝑏𝑛(𝑡)}∞−∞, {𝑓1𝑛(𝑡)}∞−∞, {𝑓2𝑛(𝑡)}∞−∞, . . . , {𝑓2𝑁𝑛 (𝑡)}∞−∞

– are unknown vector-functions, besides {𝑓 𝑖𝑛(𝑡)}∞−∞ are the Floquet-Bloch
solutions for the discrete Hill’s equation and

(𝐿(𝑡)𝑦)𝑛 ≡ 𝑎𝑛−1𝑦𝑛−1 + 𝑏𝑛𝑦𝑛 + 𝑎𝑛𝑦𝑛+1 = 𝜆𝑦𝑛 (2.3)

normalized by conditions

𝑓 𝑖1(𝑡) = 1, 𝑖 = 1, 2, ..., 2𝑁. (2.4)

The eigenvalues 𝜆𝑖 of (2.3) are solutions of equation Δ2(𝜆)− 4 = 0, where
Δ(𝜆) = 𝜃𝑁 (𝜆, 𝑡) + 𝜙𝑁+1(𝜆, 𝑡), and 𝜃𝑛(𝜆, 𝑡), 𝑛 ∈ 𝑍 and 𝜙𝑛(𝜆, 𝑡), 𝑛 ∈ 𝑍 are
solutions of equation (2.3) under the initial conditions

𝜃0(𝜆, 𝑡) = 1, 𝜃1(𝜆, 𝑡) = 0, 𝜙0(𝜆, 𝑡) = 0, 𝜙1(𝜆, 𝑡) = 1.



6 B.A.BABAJANOV, M.M.RUZMETOV

The factor 𝜃𝑁+1(𝜆, 𝑡) in system (2.1) is defined from the equality

𝜃𝑁+1(𝜆, 𝑡) =
𝑁−1∏︁
𝑗=1

(𝜆− 𝜇𝑗(𝑡)),

where 𝜇1(𝑡), 𝜇2(𝑡), ..., 𝜇𝑁−1(𝑡) are roots of the equation 𝜃𝑁+1(𝜆, 𝑡) = 0.
The main aim of this work is to construct the 𝑁 - periodic Toda lattice

hierarchy with integral-type self-consistent sources and derive representa-
tions for the solutions {𝑎𝑛(𝑡)}∞−∞, {𝑏𝑛(𝑡)}∞−∞, {𝑓1𝑛(𝑡)}∞−∞, {𝑓2𝑛(𝑡)}∞−∞, . . . ,
{𝑓2𝑁𝑛 (𝑡)}∞−∞ of the𝑁 -periodic Toda lattice hierarchy with an integral source
under the initial conditions (2.2) by means of the inverse spectral problem
for discrete Hill equation.

3. The basic information about the theory of Direct and
Inverse Spectral Problem for the discrete Hill’s equation

In this section we give basic information about the theory of direct and
inverse spectral problem for the discrete Hill’s equation [2; 29].

We start with the following discrete Hill’s equation

(𝐿𝑦)𝑛 ≡ 𝑎𝑛−1𝑦𝑛−1 + 𝑏𝑛𝑦𝑛 + 𝑎𝑛𝑦𝑛+1 = 𝜆𝑦𝑛 (3.1)

𝑎𝑛+𝑁 = 𝑎𝑛, 𝑏𝑛+𝑁 = 𝑏𝑛, 𝑛 ∈ 𝑍 ,

with spectral parameter 𝜆, and with period 𝑁 > 0. Let’s 𝜃𝑛(𝜆), 𝑛 ∈ 𝑍 and
𝜙𝑛(𝜆), 𝑛 ∈ 𝑍 be the solutions of equation (3.1) under the initial conditions
𝜃0(𝜆) = 1, 𝜃1(𝜆) = 0, 𝜙0(𝜆) = 0, 𝜙1(𝜆) = 1.

Let 𝜆1, 𝜆2, ..., 𝜆2𝑁 be the roots of equation Δ2(𝜆)−4 = 0.We define the
auxiliary spectrum 𝜇1, 𝜇2, ..., 𝜇𝑁−1 as the roots of equation 𝜃𝑁+1(𝜆) = 0.
As it is known [29], all 𝜆𝑖, 𝑖 = 1, 2, ..., 2𝑁 and 𝜇𝑗 , 𝑗 = 1, 2, ..., 𝑁 − 1
are real, the roots 𝜇𝑗 are simple, but among the roots 𝜆𝑖 may occur the
roots of multiplicity two. It is easy to show, that

Δ2(𝜆)− 4 =

⎛⎝ 𝑁∏︁
𝑗=1

𝑎𝑗

⎞⎠−2
2𝑁∏︁
𝑗=1

(𝜆− 𝜆𝑗) (3.2)

𝜃𝑁+1(𝜆) = −𝑎0

⎛⎝ 𝑁∏︁
𝑗=1

𝑎𝑗

⎞⎠−1
𝑁−1∏︁
𝑗=1

(𝜆− 𝜇𝑗) (3.3)

We shall introduce

𝜎𝑗 = 𝑠𝑖𝑔𝑛

[︂
𝜃𝑁 (𝜇𝑗)−

1

𝜃𝑁 (𝜇𝑗)

]︂
, 𝑗 = 1, 2, ..., 𝑁 − 1.

Известия Иркутского государственного университета.
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Definition 1. The set of the numbers 𝜇𝑗, 𝑗 = 1, 2, ..., 𝑁 − 1 and
sequences of signs 𝜎𝑗, 𝑗 = 1, 2, ..., 𝑁 − 1 is called spectral parameters of
the discrete Hill’s equation (3.1).

Definition 2. System of spectral parameters {𝜇𝑗 , 𝜎𝑗}𝑁−1
𝑗=1 and numbers 𝜆𝑖,

𝑖 = 1, 2, ..., 2𝑁 is called spectral data of the discrete Hill’s equation (3.1).

To find the coefficients 𝑎𝑛, 𝑏𝑛, 𝑛 ∈ 𝑍 by the spectral data, we shift all
the suffixes 𝑛 by a constant 𝑘 in (3.1) to get

𝑎𝑛+𝑘−1𝑦𝑛−1 + 𝑏𝑛+𝑘𝑦𝑛 + 𝑎𝑛+𝑘𝑦𝑛+1 = 𝜆𝑦𝑛, 𝑛 ∈ 𝑍 (3.4)

then we get the following trace formulas [2]

𝑏𝑘+1 =
𝜆1 + 𝜆2𝑁

2
+

1

2

𝑁−1∑︁
𝑗=1

(𝜆2𝑗 + 𝜆2𝑗+1 − 2𝜇𝑗,𝑘) , (3.5)

𝑎2𝑘 =
𝜆21 + 𝜆22𝑁

8
+

1

8

𝑁−1∑︁
𝑗=1

(︀
𝜆22𝑗 + 𝜆22𝑗+1 − 2𝜇2𝑗,𝑘

)︀
−

−1

4

⎡⎣𝜆1 + 𝜆2𝑁
2

+
1

2

𝑁−1∑︁
𝑗=1

(𝜆2𝑗 + 𝜆2𝑗+1 − 2𝜇𝑗,𝑘)

⎤⎦2

− 1

2

𝑁−1∑︁
𝑗=1

𝜎𝑗,𝑘

√︁∏︀2𝑁
𝑖=1(𝜇𝑗,𝑘 − 𝜆𝑖)∏︀𝑁−1

𝑖=1
�̸�=𝑗

(𝜇𝑗,𝑘 − 𝜇𝑖,𝑘)

(3.6)

where 𝜇𝑗,𝑘, 𝑗 = 1, 2, ..., 𝑁 − 1 are the roots of equation 𝜃𝑁+1,𝑘(𝜆) = 0.
Here 𝜃𝑛,𝑘(𝜆), 𝑛 ∈ 𝑍 is the solution of (3.4), under the initial conditions
𝜃0,𝑘(𝜆) = 1, 𝜃1,𝑘(𝜆) = 0.

4. Constructing a hierarchy for the periodic Toda lattice with a
self-consistent source

In this section, we present our method for constructing a hierarchy of the
periodic Toda lattice with a self-consistent source by using spectral theory
of the discrete Hill‘s equation. We consider the system

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̇�𝑛 = 𝑃𝑚(𝑎𝑛, 𝑏𝑛) + 𝑎𝑛

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)
[︀
(𝑓 𝑖𝑛+1)

2 − (𝑓 𝑖𝑛)
2
]︀
,

�̇�𝑛 = 𝑄𝑚(𝑎𝑛, 𝑏𝑛) + 2

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)𝑓
𝑖
𝑛(𝑎𝑛𝑓

𝑖
𝑛+1 − 𝑎𝑛−1𝑓

𝑖
𝑛−1),

𝑎𝑛−1𝑓
𝑖
𝑛−1 + 𝑏𝑛𝑓

𝑖
𝑛 + 𝑎𝑛𝑓

𝑖
𝑛+1 = 𝜆𝑖𝑓

𝑖
𝑛, 𝑖 = 1, 2, ..., 2𝑁,

𝑎𝑛+𝑁 = 𝑎𝑛, 𝑏𝑛+𝑁 = 𝑏𝑛, 𝑎𝑛 > 0, (𝑓 𝑖𝑛+𝑁 )2 = (𝑓 𝑖𝑛)
2, 𝑛 ∈ 𝑍, 𝑡 ∈ 𝑅,

(4.1)
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and initial conditions

𝑎𝑛(0) = 𝑎0𝑛, 𝑏𝑛(0) = 𝑏0𝑛, 𝑛 ∈ 𝑍, (4.2)

with the given 𝑁 - periodic sequences 𝑎0𝑛 and 𝑏0𝑛, 𝑛 ∈ 𝑍. Where 𝑃𝑚 and
𝑄𝑚 are unknown functions of 𝑎𝑛 and 𝑏𝑛. The aim is to find all functions
𝑃𝑚 and 𝑄𝑚, 𝑚 ∈ 𝑁 so that the Cauchy problem (4.1)-(4.2) should be
completely integrable in the framework of the inverse spectral problem of
discrete Hill‘s equation

(𝐿(𝑡)𝑦)𝑛 ≡ 𝑎𝑛−1𝑦𝑛−1 + 𝑏𝑛𝑦𝑛 + 𝑎𝑛𝑦𝑛+1 = 𝜆𝑦𝑛, 𝑛 ∈ 𝑍. (4.3)

Let 𝑦𝑗(𝑡) = (𝑦𝑗0(𝑡), 𝑦
𝑗
1(𝑡), ..., 𝑦

𝑗
𝑁 (𝑡))𝑇 , 𝑗 = 1, 2, ..., 𝑁 − 1 be the

normalized eigenvectors for the corresponding eigenvalues 𝜆 = 𝜇𝑗(𝑡), 𝑗 =
1, 2, ..., 𝑁 − 1, associated with the following boundary problem

{︂
(𝐿(𝑡)𝑦)𝑛 ≡ 𝑎𝑛−1𝑦𝑛−1 + 𝑏𝑛𝑦𝑛 + 𝑎𝑛𝑦𝑛+1 = 𝜆𝑦𝑛, 1 ≤ 𝑛 ≤ 𝑁

𝑦1 = 0, 𝑦𝑁+1 = 0.

Using (4.1), we obtain the following equality

�̇�𝑗(𝑡) =

𝑁∑︁
𝑛=1

[2𝑃𝑚(𝑎𝑛, 𝑏𝑛)𝑦
𝑗
𝑛𝑦

𝑗
𝑛+1 +𝑄𝑚(𝑎𝑛, 𝑏𝑛)(𝑦

𝑗
𝑛)

2] +

2𝑁∑︁
𝑖=1

𝐹 𝑗
𝑖 (𝑡), (4.4)

where

𝐹 𝑗
𝑖 (𝑡) = 𝜃𝑁+1(𝜆𝑖, 𝑡)

𝑁∑︁
𝑛=1

{︁
2𝑎𝑛[(𝑓

𝑖
𝑛+1)

2 − (𝑓 𝑖𝑛)
2]𝑦𝑗𝑛𝑦

𝑗
𝑛+1+

+2𝑎𝑛(𝑓
𝑖
𝑛𝑓

𝑖
𝑛+1)(𝑦

𝑗
𝑛)

2 − 2𝑎𝑛−1(𝑓
𝑖
𝑛−1𝑓

𝑖
𝑛)(𝑦

𝑗
𝑛)

2
}︀
.

For convenience, let us put

𝐻𝑛 = 2𝑃𝑚(𝑎𝑛, 𝑏𝑛)𝑦
𝑗
𝑛𝑦

𝑗
𝑛+1 +𝑄𝑚(𝑎𝑛, 𝑏𝑛)(𝑦

𝑗
𝑛)

2. (4.5)

We will find sequences 𝑢𝑛, that

𝑢𝑛+1 − 𝑢𝑛 = 𝐻𝑛. (4.6)

We seek for 𝑢𝑛 as following

𝑢𝑛 = 𝐴𝑛(𝑦
𝑗
𝑛)

2 + 2𝑎𝑛(𝑡)𝐵𝑛𝑦
𝑗
𝑛𝑦

𝑗
𝑛+1 + 𝑎2𝑛(𝑡)𝐶𝑛(𝑦

𝑗
𝑛+1)

2, (4.7)

where 𝐴𝑛 = 𝐴𝑛(𝜇𝑗(𝑡)), 𝐵𝑛 = 𝐵𝑛(𝜇𝑗(𝑡)) and 𝐶𝑛 = 𝐶𝑛(𝜇𝑗(𝑡)) are unknown
coefficients yet. Substituting (4.7) in (4.6) we get

−𝐴𝑛 + 𝑎2𝑛𝐶𝑛+1 = 𝑄𝑚,

Известия Иркутского государственного университета.
Серия «Математика». 2021. Т. 38. С. 3–18
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𝐴𝑛+1 − 𝑎2𝑛𝐶𝑛 + 2𝐵𝑛+1(𝜇𝑗 − 𝑏𝑛+1) + 𝐶𝑛+1(𝜇𝑗 − 𝑏𝑛+1)
2 = 0,

−𝑎𝑛𝐵𝑛 − 𝑎𝑛𝐵𝑛+1 − 𝑎𝑛𝐶𝑛+1(𝜇𝑗 − 𝑏𝑛+1) = 𝑃𝑚.

Consiquently,

𝑃𝑚 = −𝑎𝑛𝐵𝑛 − 𝑎𝑛𝐵𝑛+1 − 𝑎𝑛𝐶𝑛+1(𝜇𝑗 − 𝑏𝑛+1), (4.8)

𝑄𝑚 = 𝑎2𝑛𝐶𝑛+1 − 𝑎2𝑛−1𝐶𝑛−1 + 2𝐵𝑛(𝜇𝑗 − 𝑏𝑛) + 𝐶𝑛(𝜇𝑗 − 𝑏𝑛)
2. (4.9)

The left side of (4.8) and (4.9) independent of 𝜇𝑗 , according to this we seek
for 𝐵𝑛 and 𝐶𝑛 in the form

𝐵𝑛 =
𝑚∑︁
𝑘=0

𝛽𝑛,𝑘𝜇
𝑚−𝑘
𝑗 , 𝐶𝑛 =

𝑚∑︁
𝑘=0

𝛼𝑛,𝑘𝜇
𝑚−𝑘
𝑗 . (4.10)

Putting (4.10) into (4.8)-(4.9) and comparing left and right sides of the last
equality we find

𝛼𝑛,0 = 0, 𝛽𝑛,0 = 𝑐0 = 𝑐𝑜𝑛𝑠𝑡, 𝛼𝑛,1 = 2𝑐0, (4.11)

𝛽𝑛,𝑘−1 − 𝛽𝑛−1,𝑘−1 =𝑏𝑛(𝛽𝑛,𝑘−2 − 𝛽𝑛−1,𝑘−2)− 𝑎2𝑛𝛼𝑛+1,𝑘−2+

+ 𝑎2𝑛−1𝛼𝑛−1,𝑘−2, 2 ≤ 𝑘 ≤ 𝑚,
(4.12)

𝛼𝑛,𝑘 = 𝑏𝑛𝛼𝑛,𝑘−1 − 𝛽𝑛−1,𝑘−1 − 𝛽𝑛,𝑘−1, 2 ≤ 𝑘 ≤ 𝑚, (4.13)

𝛽𝑛,𝑚 =
𝑎2𝑛−1

2
𝛼𝑛−1,𝑚−1 −

𝑎2𝑛
2
𝛼𝑛+1,𝑚−1 +

𝑏2𝑛
2
𝛼𝑛,𝑚−1 − 𝑏𝑛𝛽𝑛−1,𝑚−1, (4.14)

and so{︃
𝑃𝑚(𝑎𝑛, 𝑏𝑛) =𝑎𝑛(−𝛽𝑛,𝑚 − 𝛽𝑛+1,𝑚 + 𝑏𝑛+1𝛼𝑛+1,𝑚),

𝑄𝑚(𝑎𝑛, 𝑏𝑛) =𝑎
2
𝑛𝛼𝑛+1,𝑚 − 𝑎2𝑛−1𝛼𝑛−1,𝑚 − 2𝑏𝑛𝛽𝑛,𝑚 + 𝑏2𝑛𝛼𝑛,𝑚,𝑚 ∈ 𝑁.

(4.15)
Then, varying 𝑚 ∈ 𝑁 yields the Toda lattice hierarchy with a self-consis-
tent source⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̇�𝑛=𝑎𝑛(−𝛽𝑛,𝑚 − 𝛽𝑛+1,𝑚 + 𝑏𝑛+1𝛼𝑛+1,𝑚) + 𝑎𝑛

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)
[︀
(𝑓 𝑖𝑛+1)

2 − (𝑓 𝑖𝑛)
2
]︀
,

�̇�𝑛=𝑎
2
𝑛𝛼𝑛+1,𝑚 − 𝑎2𝑛−1𝛼𝑛−1,𝑚 − 2𝑏𝑛𝛽𝑛,𝑚 + 𝑏2𝑛𝛼𝑛,𝑚+

+ 2

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)𝑓
𝑖
𝑛(𝑎𝑛𝑓

𝑖
𝑛+1 − 𝑎𝑛−1𝑓

𝑖
𝑛−1), 𝑚 ∈ 𝑁.

(4.16)

Explicitly, one obtains from (4.11)-(4.16) few equations of the periodic
Toda lattice hierarchy with a self-consistent source, 𝑚 = 1, 𝑐0 = −1,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

�̇�𝑛 =𝑎𝑛(𝑏𝑛+1 − 𝑏𝑛) + 𝑎𝑛

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)
[︀
(𝑓 𝑖𝑛+1)

2 − (𝑓 𝑖𝑛)
2
]︀
,

�̇�𝑛 =2(𝑎2𝑛 − 𝑎2𝑛−1) + 2

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)𝑓
𝑖
𝑛(𝑎𝑛𝑓

𝑖
𝑛+1 − 𝑎𝑛−1𝑓

𝑖
𝑛−1),
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𝑚 = 2,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̇�𝑛 =𝑐1𝑎𝑛(𝑏𝑛 − 𝑏𝑛+1) + 𝑎𝑛(𝑎
2
𝑛+1 − 𝑎2𝑛−1) + 𝑎𝑛(𝑏

2
𝑛+1 − 𝑏2𝑛)+

+ 𝑎𝑛

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)
[︀
(𝑓 𝑖𝑛+1)

2 − (𝑓 𝑖𝑛)
2
]︀
,

�̇�𝑛 =2𝑐1(𝑎
2
𝑛−1 − 𝑎2𝑛)− 2𝑎2𝑛−1(𝑏𝑛 + 𝑏𝑛−1) + 2𝑎2𝑛(𝑏𝑛 + 𝑏𝑛+1)+

+ 2

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)𝑓
𝑖
𝑛(𝑎𝑛𝑓

𝑖
𝑛+1 − 𝑎𝑛−1𝑓

𝑖
𝑛−1),

(4.17)

𝑚 = 3,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̇�𝑛 =𝑐2𝑎𝑛(𝑏𝑛 − 𝑏𝑛+1)− 𝑐1𝑎𝑛(𝑎
2
𝑛+1 − 𝑎2𝑛−1 + 𝑏2𝑛+1 − 𝑏2𝑛) + 𝑎𝑛(𝑏

3
𝑛+1 − 𝑏3𝑛)+

+ 𝑎𝑛[𝑎
2
𝑛+1(𝑏𝑛+2 + 2𝑏𝑛+1) + 𝑎2𝑛(𝑏𝑛+1 − 𝑏𝑛)− 𝑎2𝑛−1(𝑏𝑛−1 + 2𝑏𝑛)+

+ 𝑎𝑛

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)
[︀
(𝑓 𝑖𝑛+1)

2 − (𝑓 𝑖𝑛)
2
]︀
,

�̇�𝑛 =2𝑐2(𝑎
2
𝑛−1 − 𝑎2𝑛) + 2𝑐1[𝑎

2
𝑛−1(𝑏𝑛 + 𝑏𝑛−1)− 𝑎2𝑛(𝑏𝑛 + 𝑏𝑛+1)] + 2𝑎2𝑛(𝑎

2
𝑛+

+ 𝑎2𝑛+1) + 2𝑎2𝑛(𝑏
2
𝑛 + 𝑏𝑛𝑏𝑛+1 + 𝑏2𝑛+1)− 2𝑎2𝑛−1(𝑏

2
𝑛 + 𝑏𝑛𝑏𝑛−1 + 𝑏2𝑛−1)−

− 2𝑎2𝑛−1𝑎
2
𝑛−2 − 2𝑎4𝑛−1 + 2

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)𝑓
𝑖
𝑛(𝑎𝑛𝑓

𝑖
𝑛+1 − 𝑎𝑛−1𝑓

𝑖
𝑛−1),

etc.

5. Evolution of spectral parameters

In this section, we prove the basic result of this paper.

Theorem 1. If the functions 𝑎𝑛(𝑡), 𝑏𝑛(𝑡), 𝑓
𝑘
𝑛(𝑡), 𝑛 ∈ 𝑍, 𝑘 = 1, 2, ..., 2𝑁

are solutions of the problem (2.1)-(2.4), then the spectrum of discrete Hill
operator (2.3) is independent of 𝑡, and the spectral parametrs 𝜇𝑗(𝑡), 𝑗 =
1, 2, ..., 𝑁 − 1, satisfy the system of equations

�̇�𝑗(𝑡) =2
𝜎𝑗(𝑡) ·

√︁∏︀2𝑁
𝑘=1 (𝜇𝑗(𝑡)− 𝜆𝑘)∏︀𝑁−1

𝑘=1,𝑘 ̸=𝑗(𝜇𝑗(𝑡)− 𝜇𝑘(𝑡))

{︃
𝐶1(𝜇𝑗(𝑡))−

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)

𝜆𝑖 − 𝜇𝑗(𝑡)

}︃
(5.1)

where

𝐶1(𝜇𝑗(𝑡)) =
𝑚∑︁
𝑘=0

𝛼1,𝑘𝜇
𝑚−𝑘
𝑗 (𝑡).

Известия Иркутского государственного университета.
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Proof. Putting (4.7) into (4.6) and summing over 𝑛, we get

𝑁∑︁
𝑛=1

𝐻𝑛 = 𝑢𝑁+1 − 𝑢1 = 𝐴𝑁+1(𝑦
𝑗
𝑁+1)

2 + 2𝑎𝑁+1(𝑡)𝐵𝑁+1𝑦
𝑗
𝑁+1𝑦

𝑗
𝑁+2+

+ 𝑎2𝑁 (𝑡)𝐶𝑁 (𝑦𝑗𝑁+2)
2 −𝐴1(𝑦

𝑗
1)

2 − 2𝑎1(𝑡)𝐵1𝑦
𝑗
1𝑦

𝑗
2 − 𝑎21(𝑡)𝐶1(𝑦

𝑗
2)

2.

(5.2)

Due to

𝑎𝑁+1(𝑡)𝑦
𝑗
𝑁+2 = (𝜇𝑗(𝑡)− 𝑏𝑁+1(𝑡))𝑦

𝑗
𝑁+1 − 𝑎𝑁 (𝑡)𝑦𝑗𝑁 ,

and 𝑦𝑗1 = 0, 𝑦𝑗𝑁+1 = 0, from (5.2) we find

𝑁∑︁
𝑛=1

𝐻𝑛 = 𝑎20(𝑡)𝐶1(𝑦
𝑗
0)

2 − 𝑎2𝑁 (𝑡)𝐶𝑁+1(𝑦
𝑗
𝑁 )2 = 𝑎20(𝑡)𝐶1[(𝑦

𝑗
0)

2 − (𝑦𝑗𝑁 )2] (5.3)

Substituting (5.3) in (4.4) we obtain

�̇�𝑗(𝑡) = 𝑎20(𝑡)𝐶1(𝜇𝑗(𝑡))[(𝑦
𝑗
0)

2 − (𝑦𝑗𝑁 )2] +

2𝑁∑︁
𝑖=1

𝐹 𝑗
𝑖 (𝑡). (5.4)

Now, we will calculate second term of right-hand side of (5.4).

𝐹 𝑗
𝑖 (𝑡) = 𝜃𝑁+1(𝜆𝑖, 𝑡)

𝑁∑︁
𝑛=1

[2𝑎𝑛𝑓
𝑖
𝑛+1𝑦

𝑗
𝑛+1(𝑦

𝑗
𝑛𝑓

𝑖
𝑛+1 − 𝑦𝑗𝑛+1𝑓

𝑖
𝑛)+

+ 2𝑎𝑛𝑓
𝑖
𝑛𝑦

𝑗
𝑛(𝑦

𝑗
𝑛𝑓

𝑖
𝑛+1 − 𝑓 𝑖𝑛𝑦

𝑗
𝑛+1)] = 2𝜃𝑁+1(𝜆𝑖, 𝑡)

𝑁∑︁
𝑛=1

𝑓 𝑖𝑛+1𝑦
𝑗
𝑛+1𝑇𝑛+

2𝜃𝑁+1(𝜆𝑖, 𝑡)
𝑁∑︁

𝑛=1

𝑓 𝑖𝑛+1𝑦
𝑗
𝑛+1𝑇𝑛+1 = 2𝜃𝑁+1(𝜆𝑖, 𝑡)

𝑁∑︁
𝑛=1

𝑓 𝑖𝑛+1𝑦
𝑗
𝑛+1(𝑇𝑛 + 𝑇𝑛+1) =

𝑁∑︁
𝑛=1

2𝜃𝑁+1(𝜆𝑖, 𝑡)

𝜆𝑖 − 𝜇𝑗(𝑡)
(𝑇𝑛+1 − 𝑇𝑛)(𝑇𝑛+1 + 𝑇𝑛) =

2𝜃𝑁+1(𝜆𝑖, 𝑡)

𝜆𝑖 − 𝜇𝑗(𝑡)
(𝑇 2

𝑁+1 − 𝑇 2
1 ),

(5.5)

where 𝑇𝑛 = 𝑎𝑛(𝑦
𝑗
𝑛𝑓 𝑖𝑛+1 − 𝑦𝑗𝑛+1𝑓

𝑖
𝑛). It is easy to see that

𝐹 𝑗
𝑖 =

2𝜃𝑁+1(𝜆𝑖, 𝑡)𝑎
2
0(𝑓

𝑖
1)

2

𝜆𝑖 − 𝜇𝑗(𝑡)
[(𝑦𝑗𝑁 )2 − (𝑦𝑗0)

2] (5.6)

Therefore, according to (5.5), we have

2𝑁∑︁
𝑖=1

𝐹 𝑗
𝑖 (𝑡) =

2𝑁∑︁
𝑖=1

2𝜃𝑁+1(𝜆𝑖, 𝑡)𝑎
2
0(𝑓

𝑖
1)

2

𝜆𝑖 − 𝜇𝑗(𝑡)
[(𝑦𝑗𝑁 )2 − (𝑦𝑗0)

2] (5.7)
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Substituting (5.7) in (5.4) we obtain

�̇�𝑗(𝑡) = −2𝑎20[(𝑦
𝑗
𝑁 )2 − (𝑦𝑗0)

2]

{︃
𝐶1(𝜇𝑗(𝑡))−

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)

𝜆𝑖 − 𝜇𝑗(𝑡)

}︃
, (5.8)

where 𝐶1(𝜇𝑗(𝑡)) =
∑︀𝑚

𝑘=0 𝛼1,𝑘𝜇
𝑚−𝑘
𝑗 (𝑡). The factors 𝛼1,𝑘, 𝑘 = 0, 1, ...,𝑚 are

defined from recursion relations (4.11)-(4.14).
By virtue of the equalities

⃦⃦
𝜃𝑗
⃦⃦2

= 𝑎𝑁𝜃
𝑗
𝑁

(︃
𝑑𝜃𝑗𝑁+1

𝑑𝜆

)︃ ⃒⃒
𝜆=𝜇𝑗

, (𝑦𝑗0)
2 =

(𝜃𝑗0)
2

‖𝜃𝑗‖2
, (𝑦𝑗𝑁 )2 =

(𝜃𝑗𝑁 )2

‖𝜃𝑗‖2
(5.9)

we can write (5.8) in the form

�̇�𝑗(𝑡) =−
2𝑎0

(︁
𝜃𝑗𝑁 (𝜇𝑗(𝑡), 𝑡)− 1

𝜃𝑗
𝑁 (𝜇𝑗(𝑡),𝑡)

)︁
(𝜃𝑗𝑁+1)

′
⃒⃒⃒
𝜆=𝜇𝑗(𝑡)

{︃
𝐶1(𝜇𝑗(𝑡))−

2𝑁∑︁
𝑖=1

𝜃𝑁+1(𝜆𝑖, 𝑡)

𝜆𝑖 − 𝜇𝑗(𝑡)

}︃
.

(5.10)

Using the equality

𝜃𝑁 (𝜆, 𝑡)𝜙𝑁+1(𝜆, 𝑡)− 𝜃𝑁+1(𝜆, 𝑡)𝜙𝑁 (𝜆, 𝑡) = 1,

we obtain

𝜃𝑗𝑁 (𝜇𝑗(𝑡), 𝑡)−
1

𝜃𝑗𝑁 (𝜇𝑗(𝑡), 𝑡)
= 𝜎𝑗(𝑡)

√︁
Δ2(𝜇𝑗(𝑡))− 4 (5.11)

where

𝜎𝑗(𝑡) = 𝑠𝑖𝑔𝑛

(︃
𝜃𝑗𝑁 (𝜇𝑗(𝑡), 𝑡)−

1

𝜃𝑗𝑁 (𝜇𝑗(𝑡), 𝑡)

)︃
, 𝑗 = 1, 2, ..., 𝑁 − 1.

It follows from expansion (3.3) that

𝜃𝑁+1(𝜆, 𝑡) = −𝑎0

⎛⎝ 𝑁∏︁
𝑗=1

𝑎𝑗

⎞⎠−1
𝑁−1∏︁
𝑘=1

(𝜆− 𝜇𝑘(𝑡)). (5.12)

Differentiating expansion (5.12) with respect to 𝜆 and assuming that
𝜆 = 𝜇𝑗(𝑡), we find

𝜃′𝑁+1(𝜆)
⃒⃒
𝜆=𝜇𝑗(𝑡)

= −𝑎0

(︃
𝑁∏︁
𝑘=1

𝑎𝑘

)︃−1 𝑁−1∏︁
𝑘 = 1
𝑘 ̸= 𝑗

(𝜇𝑗(𝑡)− 𝜇𝑘(𝑡)) (5.13)

Известия Иркутского государственного университета.
Серия «Математика». 2021. Т. 38. С. 3–18



ON THE CONSTRUCTION AND INTEGRATION 13

Substituting (5.11), (3.2) and (5.13) in (5.10) we obtain equality (5.1).
We now show that 𝜆𝑘(𝑡) independent of 𝑡. Let

{︀
𝑔𝑘𝑛(𝑡)

}︀
be the normalized

eigenfunction of the operator 𝐿(𝑡) corresponding to the eigenvalue- 𝜆𝑘(𝑡),
𝑘 = 1, 2, ..., 2𝑁 , i.e.

𝑎𝑛−1𝑔
𝑘
𝑛−1 + 𝑏𝑛𝑔

𝑘
𝑛 + 𝑎𝑛𝑔

𝑘
𝑛+1 = 𝜆𝑘𝑔

𝑘
𝑛.

By differentiating the last identity with respect to 𝑡, multiplying by 𝑔𝑘𝑛 and
summing over 𝑛 we get

𝑑𝜆𝑘
𝑑𝑡

=

𝑁∑︁
𝑛= 1

(︂
2�̇�𝑛(𝑡)𝑔

𝑘
𝑛𝑔

𝑘
𝑛+1 + �̇�𝑛(𝑡)

(︁
𝑔𝑘𝑛

)︁2)︂
. (5.14)

Usining (2.1) we can write equality (5.14) in the following form

𝑑𝜆𝑘
𝑑𝑡

=
𝑁∑︁

𝑛=1

[2𝑃𝑚(𝑎𝑛, 𝑏𝑛)𝑔
𝑘
𝑛𝑔

𝑘
𝑛+1 +𝑄𝑚(𝑎𝑛, 𝑏𝑛)(𝑔

𝑘
𝑛)

2] +
2𝑁∑︁
𝑖=1

𝐹 𝑘
𝑖 (𝑡), (5.15)

where

𝐹 𝑘
𝑖 (𝑡) = 𝜃𝑁+1(𝜆𝑖, 𝑡)

𝑁∑︁
𝑛=1

{︁
2𝑎𝑛[(𝑓

𝑖
𝑛+1)

2 − (𝑓 𝑖𝑛)
2]𝑔𝑘𝑛𝑔

𝑘
𝑛+1+

+2𝑎𝑛(𝑓
𝑖
𝑛𝑓

𝑖
𝑛+1)(𝑔

𝑘
𝑛)

2 − 2𝑎𝑛−1(𝑓
𝑖
𝑛−1𝑓

𝑖
𝑛)(𝑔

𝑘
𝑛)

2
}︁
.

As (5.8), taking into account the periodicity of 𝑔𝑘𝑛, we can easily see that
�̇�𝑘(𝑡) = 0.

Remark 1. The factors 𝛼1,𝑘, 𝑘 = 0, 1, ...,𝑚 are defined from recursion
relations (4.11)–(4.14) and they depend on 𝑎𝑛(𝑡), 𝑏𝑛(𝑡). It is easy to see
that 𝑎𝑛(𝑡), 𝑏𝑛(𝑡) are formulated by 𝜆𝑘 and 𝜇𝑗(𝑡) via trace formulas (3.5)
and (3.6).

Remark 2. Theorem 1 provides the method for solving problem (2.1)-
(2.4).

1. Solving the direct spectral problem for the discrete Hill’s equation
with {𝑎0𝑛} and {𝑏0𝑛} the spectral data 𝜆𝑖, 𝑖 = 1, 2, ..., 2𝑁 and 𝜇𝑗(0), 𝜎𝑗(0),
𝑗 = 1, 2, ..., 𝑁 − 1 are obtained.

2. Using the result of Theorem 1, we find the 𝜇𝑗(𝑡), 𝜎𝑗(𝑡) , 𝑗 = 1, ...,N-1.
3. Using the trace formulas (3.5) and (3.6), we calculate 𝑎𝑛(𝑡), 𝑏𝑛(𝑡) and

hence 𝑓𝑘𝑛(𝑡), 𝑛 ∈ 𝑍, 𝑘 = 1, 2, ..., 2𝑁 .

Corollary 1. If 𝑁 = 2𝑝 and the number 𝑝 is the period of the initial
sequences {𝑎0𝑛} and {𝑏0𝑛}, then all roots of the equation Δ(𝜆) + 2 = 0 are
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double roots. Because the Lyapunov function corresponding to the coeffi-
cients 𝑎𝑛(𝑡) and 𝑏𝑛(𝑡) coincides with Δ(𝜆), according to the analogue of the
Borg inverse theorem for the discrete Hill equation (see [15]), the number 𝑝
is also the period of the solution 𝑎𝑛(𝑡), 𝑏𝑛(𝑡) with respect to the variable 𝑛.

We now illustrate the use of Theorem 1 to solve the problem (2.1), (2.2)
when 𝑚 = 2 and 𝑚 = 3.

Let us consider the following periodic initial value conditions

(𝑎0𝑛)
2 =

5

2
− (−1)𝑛

3

2
, 𝑏0𝑛 = 0, 𝑛 ∈ 𝑍,

for the periodic Toda lattice hierarchy with a self-consistent source (4.17)
(𝑚 = 2). In this case,

𝑁 = 2, 𝜆1 = −3, 𝜆2 = −1, 𝜆3 = 1, 𝜆4 = 3, 𝜇1(0) = 0, 𝜎1(0) = 1.

Using remark 2, we obtain

𝑎𝑛(𝑡) =

√︃
5

2
− 1

2
𝑠𝑛2

(︂
30𝑡,

1

3

)︂
− (−1)𝑛

3

2
𝑐𝑛

(︂
30𝑡,

1

3

)︂
𝑑𝑛

(︂
30𝑡,

1

3

)︂
,

𝑏𝑛(𝑡) = (−1)𝑛𝑠𝑛

(︂
30𝑡,

1

3

)︂
,

𝑓𝑘0 (𝑡) =
𝜆2𝑘 − 𝑠𝑛2

(︀
30𝑡, 13

)︀
− 3𝑐𝑛

(︀
30𝑡, 13

)︀
𝑑𝑛
(︀
30𝑡, 13

)︀
2𝑎0(𝑡)

[︀
𝜆𝑘 − 𝑠𝑛

(︀
30𝑡, 13

)︀]︀ ,

𝑓𝑘1 (𝑡) = 1, 𝑘 = 1, 2, 3, 4,

where 𝑠𝑛, 𝑐𝑛 and 𝑑𝑛 are the Jacobi elliptic functions. The graphs of these
functions are listed below.

The graph of 𝑎0(𝑡) and 𝑎1(𝑡) on [0, 2]. The graph of 𝑏0(𝑡) and 𝑏1(𝑡) on [0, 2].
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We now illustrate the use of Theorem 1 to solve the problem when
𝑚 = 3. In this case the solution of the problem (2.1), (2.2) has the form

𝑎𝑛(𝑡) =

√︃
5

2
− 1

2
𝑠𝑛2

(︂
−30𝑡,

1

3

)︂
− (−1)𝑛

3

2
𝑐𝑛

(︂
−30𝑡,

1

3

)︂
𝑑𝑛

(︂
−30𝑡,

1

3

)︂
,

𝑏𝑛(𝑡) = (−1)𝑛𝑠𝑛

(︂
−30𝑡,

1

3

)︂
,

𝑓𝑘0 (𝑡) =
𝜆2𝑘 − 𝑠𝑛2

(︀
−30𝑡, 13

)︀
− 3𝑐𝑛

(︀
−30𝑡, 13

)︀
𝑑𝑛
(︀
−30𝑡, 13

)︀
2𝑎0(𝑡)

[︀
𝜆𝑘 − 𝑠𝑛

(︀
−30𝑡, 13

)︀]︀ ,

𝑓𝑘1 (𝑡) =1, 𝑘 = 1, 2, 3, 4.

The graph of 𝑎0(𝑡) and 𝑎1(𝑡) on [0, 2]. The graph of 𝑏0(𝑡) and 𝑏1(𝑡) on [0, 2].

6. Conclusion

In this paper, we have investigated the hierarchy of the periodic Toda
equations with self-consistent sources, where the source is formed by eigen-
functions belonging to the discrete spectrum of the discrete Hill equation.
We also presented a new method for constructing a hierarchy for the pe-
riodic Toda equations with a self-consistent source. Then the integrable
a rich hierarchy for the periodic Toda lattice with a self-consistent source
are obtained. We also presented an efficient method for solving the inverse
spectral problem for the discrete Hill’s equation which is very comfortable
for numerical calculation. At the end of the paper, we have illustrated our
theory on concrete examples with analytical and numerical results which
can be used in some models of special types of electric transmission line.
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Построение и интегрирование иерархической цепочки
Тоды с самосогласованным источником

Б.А.Бабаджанов1, М.М.Рузметов1

1 Ургенчский государственный университет, Ургенч, Республика Узбеки-
стан

Аннотация. В статье выведена иерархия для цепочки Тоды с самосогласован-
ным источником в классе периодических функций. Обсуждается полная интегриру-
емость построенных систем, основанная на преобразовании в спектральные данные
связанного дискретного уравнения Хилла с периодическими коэффициентами. В
частности, уравнения типа Дубровина выводятся для временной эволюции спек-
тральных данных, соответствующих решениям любой системы в иерархии. Данная
теория проиллюстрирована на конкретном примере с аналитическими и численными
результатами.

Ключевые слова: периодическая цепочка Тоды, уравнение Хилла, самосогла-
сованный источник, обратная спектральная задача, формулы следов.
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