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Abstract. A comparative analysis of two approaches to the decomposition of quality
criterion of decision functions is carried out.
The first approach is the bias-variance decomposition. This is the most well-known
decomposition that is used in analyzing the quality of decision function construction
methods, in particular for justifying some ensemble methods. This usually assumes a
monotonous dependence of the bias and variance on the complexity. Recent studies show
that this is not always true.
The second approach (G.S. Lbov, N.G. Startseva, 1989) is a decomposition into a
measure of adequacy and a measure of statistical stability (robustness). The idea of the
approach is to decompose the prediction error into approximation error and statistical
error.
In this paper we propose a method of statistical estimation of the components of both
decompositions on real data. We compare the dependencies of these components on the
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complexity of the decision function. Non-normalized margin is used as a general measure
of complexity.
The results of the study and the experiments on UCI data show significant qualitative
similarities in behavior of the bias and the adequacy measure and between the variance
and the statistical stability measure. At the same time, there is a fundamental difference
between the considered decompositions, in particular, with increasing complexity, the
measure of adequacy cannot increase, while the bias first decreases, but at high enough
values of complexity usually starts to grow.
Keywords: machine learning, bias-variance decomposition, decision function complexity.

1. Introduction

In the field of machine learning, it quickly became clear that the key
parameter on which the quality of a solution depends is complexity of class
of decision functions [11] (it is more correct to speak of the complexity of
the method for constructing decision functions) and dependence of quality
on complexity has a specific form: first the error decreases, and then begins to grow [13]. To explain this phenomenon, error decompositions into
components have been proposed.
The best known one is the bias-variance decomposition [20].
In the classical version of the decomposition, “variance” is understood
as the average variance of predicted values, and the bias decomposition
is the mean square of the difference between the average forecast and the
optimal forecast. Averaging is performed over the features space and over
samples (on which the decision function is constructed).
This decomposition is widely used both to explain the characteristic
shape of the learning curve (the dependence of the quality of the solution
on the method complexity) [9] and to justify ensemble methods [6; 8], such
as a random forest. Basically examples of dependence of the expansion
components on complexity has a typical qualitative form: the bias decreases monotonically, the variance increases monotonically, the sum of
these quantities has a characteristic minimum. However, it was noticed
that in practice, the bias at a sufficiently high complexity can also start to
grow [4].
The decomposition into the measure of adequacy and measure of stability [12] is devoid of this feature. The idea behind the approach is to
decompose the error into an approximation error and a statistical error.
More complex class of decision functions can potentially better approximate the optimal solution, but the actual accuracy may decrease due to
statistical error when the solution is constructing by a sample.
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2. The problem of constructing decision functions
To introduce the basic concepts, consider the general statement [14] of
the problem of constructing decision functions [19; 21].
Let X be the space of values of the variables used for the forecast, and
and Y be space of values of predicted variables, and let on a given σ-algebra
of subsets of the set D = X × Y some probability measure is defined P.
In the future, we need to compute the mathematical expectations from
various functions, so we introduce a notation
Z
ED f (x, y) =
f (x, y) P(dx, dy).
X×Y

Generally X can be an arbitrary set with an arbitrary sigma algebra of
events. However, in practice, we can assume that we are dealing with a
system of random variables. In other words, the joint distribution function
F (x, y) is given, where x – vector composed of values from X. In this case,
expectation of function f (x, y) can be written as
Z
EX,Y f (x, y) =
f (x, y) dF (x, y).
X×Y

The existence of a joint integral implies the existence of repeated integrals. With repeated integrals, you can enter the conditional distribution
and the conditional expectation
Z
Z Z
f (x, y) dFY |x (y) dFX (x) =
EY |x f (x, y) dFX (x).
EX,Y f (x, y) =
X

X

Y

The decision function is the correspondence λ : X → U , i.e. a mapping
from X to space of estimates U , which in a particular case may coincide
with Y , and can, for example, represent estimates of the probabilities of an
object belonging to given classes.
The quality of solution [16] is estimated by given loss function: L :
Y × U → [0, ∞).
By risk we mean average losses:
R(λ, P) = EX,Y L(λ(x), y)
There are quality criteria [17], which are not expressed in terms of the
integral of the loss function, for example, AUC. We do not consider them
in this paper.
Mostly, the decision function is built on the basis of a random independent sample from the distribution P:
VN = ((xi , yi ) , i = 1, ..., N ) ,

xi ∈ X, yi ∈ Y, VN ∈ WN , WN = DN .
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The sample size N will be fixed, so this parameter will be omitted in sample
notation. The expectation of sample function is
Z
f (VN ) (P(dx, dy))N .
EDN f (VN ) =
DN

By the method of constructing decision functions we will call the mapping
∞
[
Q : W → Λ, W =
WN ,
N =1

where Λ is given class of decision functions, and W is set of all samples.
Let λQ,VN ≡ Q(VN ) be solution constructed by the Q method from a
sample VN .
For a solution built on sample risk also becomes a function of sample:
RQ (VN ) = EX,Y L(λQ,VN (x), y).
Here we have introduced an abbreviation RQ (VN ) instead of R(λQ,VN , P)
to emphasize that the criterion is a function of the sample, while the parameters Q and P are fixed. Since the expression is a function of sample,
it is a random variable.
Quality of the method Q is characterized by the average risk
FN (Q) = EWN RQ (VN ).
The problem of constructing decision functions (machine learning) is to
find a method Q that would minimize FN (Q).
Note that in this statement there is no concept of “true dependence”.
The primary concept here is a criterion of quality that through the loss
function reflects the objective losses by an erroneous decision. Moreover,
this target criterion may not coincide with the empirical criterion, which is
optimized for searching a solution [18].
To minimize FN (Q), an understanding of how a given value behaves is
required. To get this, one uses decomposition of FN (Q) into components
whose behavior is easier to analyze and explain.
The purpose of this work is to analyze the qualitative behavior of decompositions components.
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3. Bias and variance
3.1. Decomposition idea
The idea of expansion is based on the following elementary formula,
which is valid for any random variables ξ and ζ
E(ξ − ζ)2 = Dξ + Dζ + (Eξ − Eζ)2 − 2 cov(ξ, ζ).
To get the decomposition for the quadratic loss function, take y as ξ,
and instead of ζ substitute λQ,V (x). Note that these variables are independent. Mathematical expectations will be taken for the joint distribution on
samples of volume N and for the random value y with given x:
We have:
FN (Q) = EWN ,X,Y L(λQ,VN (x), y) = EX EWN ,Y |x (λQ,VN (x) − y)2 =
2
(3.1)
= EX DY |x y + EX DWN λQ,VN (x) + EX EY |x y − EWN λQ,VN (x)
The first term (the average conditional variance of y) is usually called
“noise”, the second term (the average conditional variance of the forecast)
is the “variance”, and the last term is the mean square of the bias.
3.2. Logarithmic loss function
Let us now consider the case of a logarithmic loss function. The corresponding decomposition was proposed in the work [5].
For two classes, the logarithmic loss function looks like
L(y, u1 ) = −y ln u1 − (1 − y) ln(1 − u1 ),
where u1 is solution in the form of an estimate of the probability of y = 1,
i.e. the probability that the object belongs to the first class.
For the case of several classes, when Y = {1, . . . , k}, the solution is a
k
P
vector u = (u1 , ..., uk ),
uω = 1. Then the logarithmic loss function
ω=1

takes the form
L(y, u) = − ln uy ,
where uy is the solution component corresponding to class y.
In this form, the loss function is not suitable for decomposition, because
instead of y, distribution cannot be substituted into it. However, the
logarithmic loss function can be written in the form of the Kullback –
Leibler divergence (we will denote it as K(·, ·)).
Since divergence is only defined for distributions, we need to match the
distribution to the Y variable. Binary vector can be used. We introduce
random variables (v1 , ..., vk ), where vω is an indicator function for y = ω.
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We get
L(y, u) = −

k
X

vω ln uω =

ω=1

k
X
ω=1

vω ln

vω
= K(v, u).
uω

In the last expression, we assume 0 ln 0 = 0, therefore vω ln vω ≡ 0.
Due to independence of v and u we have
Ey,u L(y, u) = −

k
X

Ey vω Eu ln uω = −

ω=1

k
X

pω Eu ln uω = Eu K(p, u) + H(p),

ω=1

P
where pω = Ey vω is the probability that y = ω, and H(p) = − kω=1 pω ln pω .
We introduce the vector ū = (ū1 , ..., ūk ), whose components are computed as
k
X
1 Eu ln uω
, C=
eEu ln uω ,
ūω = e
C
ω=1
P
where C is normalization constant that provides the condition kω=1 ūω =
1. Actually ū is just the normalized geometric mean of u vector .
Taking the logarithm, we get
ln C = Eu ln uω − ln ūω .
We multiply both sides of the equation by ūω and sum up over ω. We
get
k
X
ln C =
ūω (Eu ln uω − ln ūω ) = −Eu K(ū, u).
ω=1

Similarly multiplying by pω and summing up, we have
ln C =

k
X

pω (Eu ln uω − ln ūω ) = K(p, ū) − Eu K(p, u).

ω=1

Equating the obtained expressions for ln C, we obtain the required decomposition
Eu K(p, u) = K(p, ū) + Eu K(ū, u).
Finally
Ey,u L(y, u) = H(p) + K(p, ū) + Eu K(ū, u).
It is decomposition into noise, bias and variance.

(3.2)
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3.3. General decomposition
Notice, that ū = arg min Eu K(v, u). Thus, the decomposition 3.2 fits
v

into the general decomposition scheme [3].
Value ū minimizing variation in [3] called the ”main prediction”.
In fact, this is not a ”prediction”, i.e. not the decision function value,
but the distribution for the target variable at which the predictions made
would have the least error. For a symmetric loss function, this remark is
insignificant, but for an asymmetric one (such as divergence), it is necessary
to correct the order of the arguments in the variance component from the
general decomposition [3].
Note that the decomposition 3.2 would look more elegant with K(ū, p)
instead of K(p, ū). Indeed, the divergence is asymmetric and the first
argument is the “true” distribution, and the second is its estimate.
For the two components of the decomposition, a general definition can
be given that does not depend on a specific loss function.
Noise is the average loss for the optimal decision function.
The variance is the average loss at the ”best” distribution for a given
decision function method.
The bias can also be defined in a general way, if you define it simply as
the remainder in the decomposition.
We will not separate the bias from the noise, since this is only possible
on the model (when the distribution is known), but not on real data. Then
Ey,u L(y, u) = Ey,u L(y, ū) + Eu K(ū, u).

(3.3)

In the last decomposition, all values may be estimated from the test
sample.

4. The theory of statistical stability of decision functions
The best known is the error decomposition into bias and variance. However, probably even earlier, another decomposition was proposed [12]: to
adequacy measure and stability.
The idea behind the approach is to decompose the error into an approximation error and a statistical error.
The more complex class of decision functions, the more accurately it
can potentially approximate optimal solution, but the actual accuracy may
decrease due to statistical error when solution is built on sample.
The basic concept of this decomposition is the asymptotic average risk
or the asymptotic value of the average quality
F∞ (Q) = lim FN (Q).
N →∞

Известия Иркутского государственного университета.
2020. Т. 33. Серия «Математика». С. 64–79

(4.1)

ON DECOMPOSITIONS OF DECISION FUNCTION QUALITY MEASURE

71

The measure of adequacy is the difference between the asymptotic mean
risk and the Bayesian risk. This measure shows how good a solution the
method could give in the case of an unlimited sample (or when constructing
solutions on the distributions themselves).
The measure of statistical stability is the difference between the average
risk and the asymptotic one.
Note that it would be more correct to call the introduced components a
measure of inadequacy and a measure of instability, since they characterize
error rather than accuracy. To avoid terminological inconveniences, we will
also use the terms approximation error and statistical estimation error.
The Bayesian level of error (risk) is exactly what in the expansion 3.1
called noise.
We see that the decompositions are similar: both have three components,
one of which (noise) coincides.
Until now, we understood the method as an arbitrary mapping from
samples to solutions.
With this definition, the method can change the algorithm for constructing the solution depending on the sample size. For example, it is quite
possible to imagine such a method that, with a sample size of 100, builds
a solution in the form of a tree, with a size of more than 100, a linear one,
and with a size of more than 1000, uses a neural network.
In the described situation, the definition of the asymptotic average risk
becomes incorrect. In fact, this definition implies a narrower concept of
the method for constructing decision functions. Note that all actually used
methods fit into this concept.
Almost all existing methods for constructing decision functions are methods that optimize an empirical criterion. Typically, the empirical criterion
is the objective (target) loss function evaluated on sample plus a so-called
regularizer. We assume that the regularizer form does not depend on the
sample size.
Thus, a method is constructed as follows: an empirical quality criterion is set, an optimization problem is posed in a certain class of decision
functions, and an algorithm for solving this problem is constructed.
Generally speaking, it has not been proven that in this case it is necessary to solve [7] optimization problem exactly. It can be assumed that an
algorithm that finds a non-optimal solution from the point of view of an
empirical criterion will find better solutions according the original (target)
criterion. Moreover, the search approximation is a kind of regularization.
Decomposition into the measure of adequacy and stability requires narrowing the concept of the method for constructing decision functions, at
the same time it is applicable to almost any quality criteria, for example,
to AUC.
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5. Bias and variance qualitative behavior
In the following sections, we examine the qualitative behavior of the
decomposition components on real data. However, numerical experiments
based on statistical modeling cannot be considered a rigorous proof of the
assertions, therefore, we first consider synthetic examples in which the
properties of decompositions can be determined analytically.

Example 1. Let the range of values of the target variable be a unit
interval, i.e. Y = [0, 1], and let there be a single variable x with a range
X = [0, 1].
Distribution on the set X × Y assume uniform.
Consider two methods for constructing decision functions. Both methods minimize the sample mean square loss function.
The first method uses decision functions of the form u(x) = a, where
a is a constant selected from a sample, and the second method builds a
solution in the form u(x) = a + bx, where a and b are constants tuned on
(learned from) the sample, and b > 0.
Obviously, the complexity of the second method is higher than the first.

Proposition 3. As the complexity of the method for constructing the
decision function increases, the bias can increase.
Proof. Let’s estimate the biases for the methods from the example 1.
Due to the symmetry of the model, the average solution for the first
method is ū(x) ≡ 0,5, whence we find that the bias is zero.
For the second method ū(x) cannot be constant (due to b > 0, this
function is increasing), so the bias is nonzero (since the optimal solution is
a constant).
The considered example includes a completely unnatural limitation b >
0. Such restrictions are hardly presented in the methods used in practice
for constructing decision functions, however, the example is quite correct
as evidence of the possibility of non-monotonic behavior of displacement.

Example 2. Let now X = [0, 1], and Y = (−∞, +∞).
Distribution on the set X × Y is set as follows: we put the distribution
on X uniform, and the conditional distribution P(dy|x) let it be normal
with parameters x and 1.
The decisive function will be constructed as follows.
Interval X = [0, 1] is splitted into M equal parts, and then we shift all
boundaries by the same value δ, which is chosen randomly
(in accordance

1
with a uniform distribution) from the interval 0, M
.
As a result, we get that X is divided into M + 1 parts, of which the first
and the last have a random length, and the lengths of the rest partsare the
1
same and equal M
.
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On each obtained segments, as a solution u(x), we take the sample
mean on this segment (if no points are included in the segment, then as a
solution we assign the arithmetic mean of the coordinates of the ends of
the segment).
Parameter M is characteristic of the complexity of this method.

Proposition 4. As the complexity of the method for constructing the
decision function increases, the variance can decrease.
Proof. Let us estimate the dependence of the variance on M for the method
from the example 2.
Due to the
of the model, the mean solution ū(x) = x on
 1construction

1
the interval M
,1 − M
, hence the bias on this interval is equal to zero.
On the edge segments, the bias does not exceed M12 . The average bias over
the entire X can be estimated from above by the value M13 .
1
General error (mean square deviation) not less then MM−1 · 12M
2 and not
1
more then 12M 2
1
1
It follows, that the bias has lower estimate MM−1 · 12M
2 − M 3 and upper
1
estimate 12M
2.
By direct substitution, we see that the lower estimate M = 100 is greater
than the upper estimate for M = 1000.

Remark 1. Defining the method for constructing decision functions as
a function of sample, we did not provide possibility of using random parameters. However, this is insignificant, since we can always take a value
composed of the least significant decimal places of the sample values as a
random parameter. Formally, we will remain in the class of deterministic
functions of sample, but in practice we will get a randomized solution.

6. Method of statistical modeling on real-world data set
Statistical modeling involves generating a large number of samples, therefore, as a rule, it is performed using artificial data set.
This paper proposes a statistical modeling method based on real–world
data set. Now the volume of real data is often so large that you can work
with it, in a sense, as with distributions. At the same time, the concept of
“large” sample is obviously relative. You can use a sample as a distribution
if its size is much larger than the size of the subsamples used for training.
The general scheme of modeling is as follows. The entire sample is
divided into two approximately equal parts, which we will call the complete
training sample and the test sample. The complete training sample is
splited into a large number (of the order of tens or hundreds) of training
samples.
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We will use averaging over a large number of training samples as the
mathematical expectation over the samples. We will interpret averaging
over the test sample as the mathematical expectation over the distribution.
To estimate the limit 4.1 when the sample tends to infinity, we take the
value when training on a full training set.
The described techniques are sufficient for estimating all components of
the expansions, except for “noise”, which we will not separate from the bias
or from the measure of adequacy, respectively.
For further research, it is required to introduce a measure of complexity [1] for a method.
Different methods have different parameters that are responsible for the
complexity of the solution. For example, complexity characteristics for tree
ensembles are the number of trees and the depth of the tree. It is necessary
to introduce a single characteristic of complexity.
Let’s take a margin as a measure of complexity.
Recall that the margin can be normalized and non-normalized. [15].
We use non-normalized margin. This is the margin that ensembles
monotonically increase in the process of learning (by construction). This is
a natural measure of learning.
The normalized margin appears in the assessment of generalizing ability [10]. As a rule, this margin begins to decrease in the course of training.
Since not all implementations of algorithms for constructing decision
functions provide the output of the margin value, we will calculate it
through the probability estimates, namely
M (λ, V ) =

N
X
i=1

yi ln

p̃i
.
1 − p̃i

(6.1)

This formula makes sense only for the case of two classes, when Y =
{−1, 1}. Here p̃i denotes an estimate of the probability of an object belonging to class 1.
This expression reflects a real connection [15] between margin and probability estimates for methods that support the concept of margin (logistic
regression, boosting). For the rest of the methods we will consider 6.1 as
the definition of the average (for the sample) margin.
We can only estimate the noise approximately. But we do not need it
at all, since in every task it is a constant.

7. Experimental results
The Adult Data Set (UCI Machine Learning Repository) was taken
as data for experimental research. The number of objects is 50,000; for
simplicity, 8 numeric variables have been selected.
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Figure 1. Dependencies of bias and variance on margin (complexity parameter)
for various classification methods.

Figure 2. Dependencies of the measure of adequacy and measure of stability on
the margin (complexity parameter) for various classification methods.

The following classification methods [2] based on trees were taken: decision tree, random forest and gradient boosting. For the decision tree and for
the random forest, the margin (complexity) was changed by changing the
maximum tree depth. The number of trees in the ensemble of a random
forest has practically no effect on the complexity, so it was assigned at
100. For boosting, the complexity depends on both the depth and the
number of trees, so three curves were built for fixed depth values 1, 2,
and 5 with a varying number of trees. We see (Fig. 1)that the qualitative
form of the dependencies is similar, while the bias does not always decrease
monotonically, but starts to grow from some moment.
In fig. 2 for the same methods, the dependencies for the measure of adequacy and the measure of stability are shown. These components are monotonic due to their properties. Despite the qualitative difference associated
with monotonicity, both decompositions are quite similar.
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8. Conclusion
The paper proposes a statistical modeling scheme that allows us to
estimate the decompositions components on real–world datasets.
A general measure of complexity is proposed: non-normalized margin.
Comparison of two decompositions was carried out: for bias and variance
and for measure of adequacy and stability. It is shown that with increasing
complexity, the bias can increase, and the variance can decrease, while the
decomposition into the measure of adequacy and stability always has a
”canonical” form.
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О разложениях критериев качества решающих функций
В. М. Неделько
Институт математики им. С. Л. Соболева, Новосибирск, Российская
Федерация
Аннотация. Проводится сравнительный анализ двух подходов к разложению
критерия качества решающих функций. Первый подход — разложение на смещение и разброс (bias-variance decomposition). Второй подход — разложение на меру
адекватности и меру статистической устойчивости. Выявлено качественное сходство
получаемых разложений, при этом установлено (как аналитически, так и на основе численного эксперимента), что только второй подход гарантирует монотонность
компонент разложения.
Ключевые слова: построение решающих функций, распознавание образов, bias-variance decomposition, статистическая устойчивость.
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