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Abstract. Automorphisms and endomorphisms are actively used in various theoretical
studies. In particular, the theoretical interest in the study of automorphisms is due to the
possibility of representing elements of a group by automorphisms of a certain algebraic
system. For example, in 1946, G. Birkhoff showed that each group is the group of all
automorphisms of a certain algebra. In 1958, D. Groot published a work in which it was
established that every group is a group of all automorphisms of a certain ring. It was
established by M. M. Glukhov and G. V. Timofeenko: every finite group is isomorphic
to the automorphism group of a suitable finitely defined quasigroup.

In this paper, we study endomorphisms of certain finite groupoids with a generating
set of k elements and order k+k2, which are not quasigroups and semigroups for k > 1. A
description is given of all endomorphisms of these groupoids as mappings of the support,
and some structural properties of the monoid of all endomorphisms are established. It
was previously established that every finite group embeds isomorphically into the group
of all automorphisms of a certain suitable groupoid of order k + k2 and a generating set
of k elements.

It is shown that for any finite monoid G and any positive integer k ≥ |G| there will
be a groupoid S with a generating set of k elements and order k + k2 such that G is
isomorphic to some submonoid of the monoid of all endomorphisms of the groupoid S.
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1. Introduction

Let A be some set and (∗) be a binary algebraic operation defined on
the set A. Then the pair A = (A, ∗) is called a groupoid (so-called magma).
For each groupoid, endomorphisms and automorphisms are defined (see [8]).
The set of all endomorphisms of a groupoid A is denoted as End(A), and the
set of all automorphisms as Aut(A). It is well known that with respect to
the composition of two endomorphisms, the set End(A) generates a monoid
(Aut(A) forms a subgroup in the monoid End(A)).

In [5], groupoids S(k, q) of order k + k2 and a generating set of k
elements were introduced. Automorphisms of these groupoids were also
studied there. In particular, it was established that every finite group G
will be isomorphic to some subgroup of the group of all automorphisms of
a suitable groupoid S(|G|, q).

Similar results were obtained in [6] for groupoids G = (V, ∗) generated
by n elements and order |V | satisfying the inequalities n+1 ≤ |V | < n2 +n.

In connection with the results of the work [5], [6] on studies of finite
groupoids and works on the description of monoids of endomorphisms (for
example, [9]) of some groupoids, interest in studying the problem arose

Problem 1. To obtain an elementwise description of the monoid of
endomorphisms of the groupoid S(k, q).

As an outcome of scientific work of G. Birkhoff (see [2]), D. Groot (see
[12]) and [11] (M.M. Glukhov and G.V. Timofeenko) has been considerable
interest in studying the problem

Problem 2. To find out if every finite monoid is isomorphic to some
submonoid of the monoid of all endomorphisms of a suitable groupoid
S(k, q).

This paper is devoted to the study of problems 1 and 2. The main
results are stated as Theorems 1 and 2. Theorem 1 gives a description of
the endomorphisms of the groupoid S(k, q) and some structural properties
of the monoid End(S(k, q)). The affirmative answer to the question from
Problem 2 follows from Theorem 2.

2. Statement of Theorems 1 and 2

We give the definitions and notation necessary for the statement of
Theorems 1 and 2.

Symbols associated with a symmetric semigroup. By the symbol In we
denote a symmetric semigroup of all mappings of the set {1, ..., n} into
itself. As usual, the symbol Sn denotes the symmetric group permutations
of the set of n elements. The composition of two mappings from In will
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be denoted by (◦). Let x be an arbitrary element from {1, ..., n} and α an
arbitrary map from In. Then α(x) is the image of the element x under
the action of the map α. If α, β ∈ In and x ∈ {1, ..., n}, then we put
(α ◦ β)(x) := α(β(x)).

We give the definition 1 of groupoid S(k, q) from [5].

Definition 1. For each natural number k, we introduce the following sets:

M := {a1, ..., ak}, V := M ∪ {bij | i, j ∈ {1, ..., k}}

Smk := {(ε1, ..., εm) | εi ∈ Sk, i = 1, ...,m}.

Next, fix the tuple q = (β1, ..., βk, β
′
1, ..., β

′
k) ∈ S2k

k . On the set V , we
define a binary algebraic operation (∗) such that the following equalities are
satisfied

ai ∗ aj = bij , as ∗ bij = bβs(i),βs(j), (2.1)

bij ∗ as = bβ′s(i),β′s(j), bmv ∗ bij = bmj (m, v, s, i, j ∈ {1, ..., k}).

Then
S(k, q) = (V, ∗)

we denote the groupoid S with the set support V and the binary algebraic
operation (∗) defined by the equalities (2.1).

Note that for k > 1 the groupoids S(k, q) will be non-associative. In
fact, it suffices to calculate the elements (a1 ∗ a2) ∗ b21 and a1 ∗ (a2 ∗ b21).

We assume that the groupoid S(k, q) is given; therefore, the tuple is
given

q = (β1, ..., βk, β
′
1, ..., β

′
k).

In the set Ik, select a subset of Ae(q) transformations of γ such that for
any s, i ∈ {1, ..., k} the equalities hold

βγ(s)(γ(i)) = γ(βs(i)), β′γ(s)(γ(i)) = γ(β′s(i)). (2.2)

For each γ ∈ Ae(q) we introduce the mapping

φγ : ai → aγ(i), (ai ∈M); bij → bγ(i),γ(j) (bij ∈M ∗M). (2.3)

For each element buv from M ∗M mapping is introduced ζ[buv], maps
all elements of the set–carrier V in buv:

ζ[buv] : ai → buv, (ai ∈M); bij → buv, (bij ∈M ∗M). (2.4)

Let as ∈ M such that βs(s) = β′s(s) = s and M ′ is an arbitrary non-
empty subset of M other than M . Then introduced the mapping

ρ[as,M
′] : ai → as (ai ∈M ′), ar → bss (r ∈M \M ′); (2.5)

Известия Иркутского государственного университета.
2020. Т. 32. Серия «Математика». С. 64–78



ENDOMORPHISMS OF SOME FINITE GROUPOIDS 67

bij → bss, (bij ∈M ∗M).

It is proved (see in this article lemmas 1, 5 and 6), what mappings
φγ , ζ[buv] and ρ[as,M

′] are endomorphisms of a groupoid S(k, q).
In the set End(S(k, q)) select the subsets:
1. E1(S(k, q)), consisting of all kinds of endomorphisms φγ ;
2. E2(S(k, q)), consisting of all kinds of endomorphisms ζ[buv] and

identical endomorphism
3. E3(S(k, q)), consisting of all kinds of endomorphisms ρ[as,M

′] and
identical endomorphism.

By I we denote the identity transformation of the set V . Easy to verify
conditions

Ei(S(k, q)) ∩ Ej(S(k, q)) = {I} (i 6= j, i, j = 1, 2, 3).

Wherein E1(S(k, q)) and E2(S(k, q)) are submonoids in a monoid of all
endomorphisms End(S(k, q)) (proved in the lemma 8), but set E3(S(k, q))
not closed.

Symbols associated with the action of endomorphisms. Let x ∈ V and
φ ∈ End (S(k, q)). Then xφ is the image of an element x under the influ-
ence of endomorphism φ. The composition of two endomorphisms will be
denoted by (·). If φ1, φ2 ∈ End (S(k, q)) and x ∈ V , then xφ1·φ2 := (xφ2)φ1 .

Semigroup definitions. A semigroup A = (A, ?) will be called singular
in the first argument if, for any x, y ∈ A equality holds x ? y = x. If B is
subset of the set A then through 〈B〉 denote the set containing B and all
kinds of products of some finite number of elements from B. If B,D are
some subsets of the set A, then in the standard way we define the set

B ? D := {b ? d | b ∈ B, d ∈ D}.

The main result of this work is

Theorem 1. For any groupoid S(k, q) statements are true
1. the equality is true

End(S(k, q)) = E1(S(k, q)) · E2(S(k, q)) · E3(S(k, q));

2. the inclusion is true

Aut(S(k, q)) ⊆ E1(S(k, q));

3. the set E2(S(k, q)) \ {I} is a singular semigroup relative to the first
argument and a two-sided ideal in the monoid End(S(k, q));

4. the following inclusions are valid

〈E3(S(k, q))〉 ⊆ E3(S(k, q)) · E2(S(k, q)),

E1(S(k, q)) · E3(S(k, q)) ⊆ E3(S(k, q)).
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By |X| we denote the cardinality of the set X.

Theorem 2. For every finite monoid G and any natural number k ≥ |G|
there is a groupoid S(k, q) such that the monoid G isomorphic to some
submonoid of a monoid E1(S(k, q)).

Theorem 2 is proved constructively. In the proof, for each finite monoid,
an infinite series of groupoids is constructed S(k, q), realizing the statement
of the theorem (the tuple q in these groupoids may include non-identical
permutations, in contrast to a similar result for automorphisms from [5]).

3. Proof of Theorems 1 and 2

To prove Theorems 1 and 2, we state and prove Lemmas 1, 2, 3, 4, 5, 6,
7, and 8.

Let A = (A, ∗) is some groupoid. Mapping φ : A → A is an en-
domorphism of a groupoid A if and only if for any x, y ∈ A equality
holds

(x ∗ y)φ = xφ ∗ yφ. (3.1)

Lemma 1. Let γ ∈ Ae(q). Then the mapping φγ, specified by rule (2.3),
is an endomorphism of a groupoid S(k, q).

Proof. The proof is based on the verification of equalities (3.1). The scheme
of the proof coincides with the scheme of the proof of Lemma 3 from [5].

Lemma 2. Let γ is some mapping from Ik and φ is endomorphism of a
groupoid S(k, q) such that the equalities hold

aφi = aγ(i), i = 1, ..., k.

Then γ ∈ Ae(q).

Proof. The proof carries over verbatim from the proof of Lemma 4 from
[5].

Lemma 3. For any endomorphism φ of groupoid S(k, q) the inclusion is
fulfilled (M ∗M)φ ⊆M ∗M.

Proof. Let bij is an arbitrary element of M ∗M . Then the equalities and
inclusion

bφij = (ai ∗ aj)φ = aφi ∗ a
φ
j ∈M ∗M

are true. We took advantage of the fact that elements from M cannot be
obtained, like the products of some elements from V (this follows from the
definition of the operation ∗).

Известия Иркутского государственного университета.
2020. Т. 32. Серия «Математика». С. 64–78



ENDOMORPHISMS OF SOME FINITE GROUPOIDS 69

Lemma 4. Let k > 1. We assume that φ is some transformation of the set
V . If intersection Mφ and M ∗M not empty then φ was an endomorphism
of a groupoid S(k, q), it is necessary that (M ∗M)φ consisted of only one
element.

Proof. Assume that φ is transformation of the set V , satisfying the con-
ditions of the lemma, and (ai)

φ = buv for some suitable buv ∈ M ∗ M .
Suppose that φ is endomorphism of a groupoidS(k, q). By lemma 3 we
have (M ∗M)φ ⊆ M ∗M therefore there are transformations δ1 and δ2 of
the set {1, ..., k} such that for any bsd ∈M ∗M equalities are fulfilled

bφsd = bδ1(s),δ2(d).

For any s, d ∈ {1, ..., k} equality must be fulfilled

(ai ∗ bsd)φ = aφi ∗ b
φ
sd.

We calculate the right and left sides of this equality

aφi ∗ b
φ
sd = buv ∗ bδ1(s),δ2(d) = bu,δ2(d), (ai ∗ bsd)φ =

= (bβi(s),βi(d))
φ = bδ1(βi(s)),δ2(βi(d)).

From here we get
bδ1(βi(s)),δ2(βi(d)) = bu,δ2(d).

The last equality holds for all s, d ∈ {1, ..., k} . Note that βi is permu-
tation, therefore,

{βi(s) | s ∈ {1, ..., k}} = {1, ..., k}.

So δ1(s) = u for any s ∈ {1, ..., k}.
On the other hand, for any s, d ∈ {1, ..., k} equality must be fulfilled

(bsd ∗ ai)φ = bφsd ∗ a
φ
i .

Calculate the right and left sides of the last equality

(bsd ∗ ai)φ = (bβ′i(s),β′i(d))
φ =

= bδ1(β′i(s)),δ2(β′i(d)), b
φ
sd ∗ a

φ
i = bδ1(s),δ2(d) ∗ buv = bδ1(s),v.

Hence, the equality
bδ1(β′i(s)),δ2(β′i(d)) = bδ1(s),v

is true.
The last equality holds for all s, d ∈ {1, ..., k}, hence, δ2(d) = v for any

d ∈ {1, ..., k}.
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So for any s, d ∈ {1, ..., k} equality is fulfield

(bsd)
φ = bδ1(s),δ2(d) = buv,

where buv is some fixed element, therefore

(M ∗M)φ = {buv}.

The lemma is proved.

Lemma 5. Let a groupoid be given S(k, q) = (V, ∗). Then for every
element buv ∈ M ∗ M the mapping ζ[buv], specified by rule (2.4), is an
endomorphism of a groupoid S(k, q).

Proof. Mapping ζ := ζ[buv] converts any element from V in element buv.
We verify that ζ preserves multiplication. Let x, y ∈ V . For any x, y ∈ V
equalities are justified

(x ∗ y)ζ = buv, xζ ∗ yζ = buv ∗ buv = buv.

From here for any x, y ∈ V the equality is true

(x ∗ y)ζ = xζ ∗ yζ .

So ζ is endomorphism of a groupoid S(k, q). The lemma is proved.

Lemma 6. Let a groupoid be given S(k, q) = (V, ∗) and some element
as such that βs(s) = β′s(s) = s. We assume that M ′ is an arbitrary non-
empty subset M other than M . Then the mapping ρ[as,M

′], specified by
rule (2.5), is an endomorphism of a groupoid S(k, q).

Proof. We introduce the notation φ := ρ[as,M
′]. We verify that φ preserves

multiplication (equality holds 3.1).
Let bdf is an arbitrary element from M ∗M and ai ∈ M ′. The relation

are valid
(ai ∗ bdf )φ = aφi ∗ b

φ
df , (bdf ∗ ai)φ = bφdf ∗ a

φ
i .

In fact, these relations follow from the equalities

(ai ∗ bdf )φ = (bβi(d),βi(f))
φ = bss, (bdf ∗ ai)φ = (bβ′i(d),β′i(f))

φ = bss,

aφi ∗ b
φ
df = as ∗ bss = bβs(s),βs(s) = bss,

bφdf ∗ a
φ
i = bss ∗ as = bβ′s(s),β′s(s) = bss.

In the last two chains of equalities, we used the condition

βs(s) = β′s(s) = s.

Verification of the remaining relations is similar. The lemma is proved.
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Lemma 7. Let k > 1 and φ is endomorphism of a groupoid S(k, q) such
that the intersection of sets Mφ and M ∗ M not empty. Then φ is an
endomorphism ζ[buv] either endomorphism ρ[as,M

′].

Proof. 1. Since the intersection Mφ and M ∗M not empty then by lemma
4 set (M ∗M)φ must contain only one element. Denote this element by buv.

2. Since the intersection of sets Mφ and M ∗M not empty then exists
aq such that (aq)

φ = bij . Further, the equalities

(bqq)
φ = buv, (bqq)

φ = (aq ∗ aq)φ = aφq ∗ aφq = bij ∗ bij = bij

show that bij = buv.
Thus, we have shown that if φ is image of the element aq lies in M ∗M ,

then (aq)
φ = buv.

3. Suppose that in the setM there is no empty subsetM ′ := {aq1 , ..., aqd}
such that (M ′)φ ⊆M . Let as is an arbitrary element of M ′ and (as)

φ = as′ .
Then the equalities

buv = (bss)
φ = (as ∗ as)φ = as′ ∗ as′ = bs′s′

show that s′ = u = v. Since u = v, we denote them by the index f . Due
to the arbitrariness of the element as from M ′ we get that for any element
as ∈M ′ equality (as)

φ = af is true.
Equalities

buv = bff = (as ∗ bff )φ = aφs ∗ b
φ
ff = af ∗ bff = bβf (f),βf (f),

buv = bff = (bff ∗ as)φ = bφff ∗ a
φ
s = bff ∗ af = bβ′f (f),β′f (f)

show that βf (f) = β′f (f) = f .
We have shown that if φ is image of the element as lies in M , then

(as)
φ = af , where af is estsblished element independent of s, and equalities

bff = buv, βf (f) = β′f (f) = f

are true.
Given the second task, we obtain that φ is an endomorphism ρ[as,M

′]
of kind (2.5).

4. Supposing that Mφ ⊆ M ∗ M . Then, as proved in the second
paragraph, we obtain that the endomorphism φ is an endomorphism ζ[buv]
of kind (2.4).

5. Since endomorphism φ will satisfy the premises of the third or
fourth paragraph and these premises are mutually exclusive, then φ this
is endomorphism ρ[as,M

′] or ζ[buv]. The lemma is proved.

Lemma 8. The following statements are true:
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1. sets E1(S(k, q)) and E2(S(k, q)) closed relative to the composition of
two endomorphisms;

2. the set E2(S(k, q))\{I} is the singular semigroup relative to the first
argument and a two-sided ideal in the monoid End(S(k, q));

3. the inclusions are true

〈E3(S(k, q))〉 ⊆ E3(S(k, q)) · E2(S(k, q)), (3.2)

E1(S(k, q)) · E3(S(k, q)) ⊆ E3(S(k, q)). (3.3)

Proof. 1. Let us prove the first statement. Let be γ1, γ2 ∈ Ae(q). Direct
calculations show that

φα◦β = φα · φβ.

Next, we show that γ1 ◦ γ2 ∈ Ae(q). Equalities (and similar equalities for
β′s)

βγ1(γ2(s))(γ1(γ2(i))) = γ1(βγ2(s)(γ2(i))) = γ1(γ2(βs(i)))

show that γ1 ◦ γ2 ∈ Ae(q). Thus E1(S(k, q)) is closed under composition.
Let ζ[bab], ζ[buv] are two arbitrary non-identical endomorphisms from

E2(S(k, q)) and x is an arbitrary element of V . Then the equalities

xζ[bab]·ζ[buv ] = (buv)
ζ[bab] = bab

show that endomorphism ζ[bab] · ζ[buv] coincides with endomorphism ζ[bab].
Thus, we showed closure E2(S(k, q)) and showed the singularity in the first
argument of the semigroup E2(S(k, q)) \ {I}.

2. We show that E2(S(k, q)) \ {I} is two-sided ideal in a monoid
End(S(k, q)). Let φ is an arbitrary endomorphism from End(S(k, q)),
ζ[buv] is an arbitrary endomorphism from E2(S(k, q)) \ {I} and x is an
arbitrary element of V . We carry out calculations

xφ·ζ[buv ] = (buv)
φ.

By the lemma 3 we have the inclusion (buv)
φ ∈M ∗M . Since buv indepen-

dent of x, we get that
xφ·ζ[buv ] = bsd

for a suitable element bsd ∈M ∗M independent of x (element bsd is deter-
mined by φ on buv). Thus, the equality φ · ζ[buv] = ζ[bsd]. We have shown
that E2(S(k, q)) \ {I} is left ideal.

Semigroup E2(S(k, q)) \ {I} is a right ideal. In fact, equality

xζ[buv ]·φ = (xφ)ζ[buv ] = buv

show that ζ[buv] · φ = ζ[buv].
3. Let us prove the third statement. Let ρ[ai,M

′] and ρ[aj ,M
′′] are

two arbitrary endomorphisms from E3(S(k, q)), am is an arbitrary element
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from M and buv is an arbitrary element of M ∗ M . We carry out the
calculations

a
ρ[ai,M

′]·ρ[aj ,M
′′]

m = (a
ρ[aj ,M

′′]
m )ρ[ai,M

′] =

{
ai, aj ∈M ′ and am ∈M ′′,
bii, aj /∈M ′ or am /∈M ′′,

b
ρ[ai,M

′]·ρ[aj ,M
′′]

uv = (bjj)
ρ[ai,M

′] = bii.

Hence, the equality

ρ[ai,M
′] · ρ[aj ,M

′′] =

{
ρ[ai,M

′′], aj ∈M ′,
ζ[bii], aj /∈M ′,

which gives inclusion ρ[ai,M
′] · ρ[aj ,M

′′] ∈ E3(S(k, q)) · E2(S(k, q)) is
fulfield. Since E2(S(k, q)) \ {I} is two-sided ideal in End(S(k, q)), then
folows

(E3(S(k, q)) · E2(S(k, q))) · E3(S(k, q)) ⊆ E3(S(k, q)) · E2(S(k, q)),

E3(S(k, q)) · (E3(S(k, q)) · E2(S(k, q))) ⊆ E3(S(k, q)) · E2(S(k, q)),

therefore (3.2) is true.
Next let φγ ∈ E1(S(k, q)) and ρ[ai,M

′] ∈ E3(S(k, q)). Then the
equalities

a
φγ ·ρ[ai,M

′]
m =

{
a
φγ
i , am ∈M ′

b
φγ
ii , am /∈M ′

=

{
aγ(i), am ∈M ′

bγ(i),γ(i), am /∈M ′
, (3.4)

b
φγ ·ρ[ai,M

′]
uv = bγ(i),γ(i)

are fulfield.
Since ρ[ai,M

′] ∈ E3(S(k, q)) and φγ ∈ E1(S(k, q)), then γ ∈ Ae(q) and
βi(i) = βi(i) = i. Then the equalities

βγ(i)(γ(i)) = γ(βi(i)) = γ(i), β′γ(i)(γ(i)) = γ(β′i(i)) = γ(i)

are fulfield. Hence, the inclusion ρ[aγ(i),M
′] ∈ E3(S(k, q)) is fulfield. And

by (3.4) equality φγ · ρ[ai,M
′] = ρ[aγ(i),M

′] is true.
Thus, we have shown that the inclusion (3.3) is fulfield. The lemma is

proved.

Remark 1. In general case, the inclusion

E3(S(k, q)) · E1(S(k, q)) ⊆ E3(S(k, q))

not fulfield. Next, we give a simple example illustrating Remark 1. Let q0

is a tuple of permutations from S2k0
k0

, made up of identical permutations.
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Let M ′ is a subset of the set M and γ is mapping of the set {1, ..., k0}
in element j0, which satisfies the condition aj0 /∈ M ′. Then in the monoid
End(S(k0, q0)) equality will be fulfilled ρ[ai,M

′]·φγ = ζ[bii], for any ai ∈M .
The last equality proves the statement from Remark 1.

Proof of the theorem 1. 1. Let φ is arbitrary endomorphism of
a groupoid S(k, q). Consider the case when k = 1. The monoid of
endomorphisms consists of the identity transformation of the set V and
ζ[b11] endomorphism. The last statement can easily be verified by simply
enumerating the mappings of V into itself.

2. We suppose that k > 1. In this case Mφ ∩ (M ∗M) 6= ∅ or Mφ ∩
(M ∗M) = ∅. By the Lemma 1, 5 and 6, we obtain the inclusion

E1(S(k, q)) ∪ E2(S(k, q)) ∪ E3(S(k, q)) ⊆ End(S(k, q)). (3.5)

We assume that the intersection Mφ and M ∗M empty. So Mφ ⊆ M ,
hence, φ defines some mapping of the set {1, ..., k} into itself. Denote

this mapping by γ. Equality holds aφi = aγ(i). Lemma 2 gives inclusion
γ ∈ Ae(q). Next, restoring the steps φ on whole set V , we get that φ is a
mapping φγ specified by rule (2.3).

We assume that the intersection Mφ and M ∗M not empty. Then by
the lemma 7 we get that φ is an endomorphism ζ[buv] either endomorphism
ρ[as,M

′]. Thus, due to randomness φ we get the inclusion

End(S(k, q)) ⊆ E1(S(k, q)) ∪ E2(S(k, q)) ∪ E3(S(k, q)). (3.6)

Since the sets Ei(S(k, q)), at i = 1, 2, 3, contain the identical endo-
morphism and the inclusions are valid (3.5) and (3.6), then helds the
equality

End(S(k, q)) = E1(S(k, q)) · E2(S(k, q)) · E3(S(k, q)).

3. We prove the second statement of Theorem. In [5] among the permu-
tations from Sk stood out a lot of permutations A(q) (see (1.3) in [5]). It is
not difficult to verify the equality Sk ∩ Ae(q) = A(q). Theorem 2 from [5],
in particular, parametrizes automorphisms Aut(S(k, q)) permutations from
A(q) and gives a general view of automorphism. At γ from A(q) mapping
φγ ∈ E1(S(k, q)) is an automorphism. Thus, we obtain the inclusion

Aut(S(k, q)) ⊆ E1(S(k, q)).

4. The third and fourth points of the theorem follow from the lemma 8.
Theorem 1 is proved. 2

Proof of the theorem 2. 1. Let G is an arbitrary finite monoid,
|G| = m, t ≥ 0 is some integer and k = m + t. Next, for the monoid
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G build a groupoid S(k, q) such that G is isomorphically embedded in a
monoid End(S(k, q)).

Choose a tuple q ∈ S2k
k such that the following conditions are fulfield:

A. for any i ∈ {1, ...,m} equalities are fulfield βi = β′i = I is identity
transformation of the set {1, ..., k};

B. for any i ∈ {m + 1, ..., k} permutations βi and β′i operate on set
{1, ...,m} as the identity permutation, and the set mapping of {m+1, ..., k}
into itself.

2. Let γ is arbitrary mapping from Im and γ′ is mapping from Ik,which
acts on {1, ...,m} like mapping γ, on set {m + 1, ..., k} acts as an identity
map. Note that for each fixed γ mapping γ′ defined uniquely. We show
that φγ′ is endomorphism of a groupoid S(k, q) from monoid E1(S(k, q)).

Let s ∈ {1, ...,m}. Then βs = β′s = I, γ′(s) = γ(s) ∈ {1, ..,m}, therefore
βγ′(s) = β′γ′(s) = I and equalities

βγ′(s)(γ
′(i)) = γ′(i), γ′(βs(i)) = γ′(i), β′γ′(s)(γ

′(i)) = γ′(i), γ′(β′s(i)) = γ′(i)

for any i ∈ {1, ..., k} are true.
Let s ∈ {m+ 1, ..., k}. Then the equalities

βγ′(s)(γ
′(i)) = βs(γ

′(i)) =

{
γ(i), i ∈ {1, ...,m}
βs(i), i ∈ {m+ 1, ..., k},

γ′(βs(i)) =

{
γ(i), i ∈ {1, ...,m}
βs(i), i ∈ {m+ 1, ..., k}

are true. Hence and from similar equalities for β′s we get that γ′ satisfies
the conditions (2.2), hence, φγ′ ∈ E1(S(k, q)).

3. Theorem 1′ from [4, p. 419] states: every finite semigroup with unity
G embeds isomorphically into a symmetric semigroup on the set G.

By this theorem G ∼= H, where H is a submonoid of a symmetric
semigroup Im (a-priory |G| = m). As proved in paragraph 2, any mapping
γ ∈ Im endomorphism will correspond φγ′ ∈ E1(S(k, q)). Denote by E(H)
- a set of all kinds of endomorphisms φγ′ , where γ ∈ H.

It can be shown that for any mappings γ1, γ2 ∈ Im equalities

φ(γ1◦γ2)′ = φγ′1◦γ′2 , φγ′1◦γ′2 = φγ′1 · φγ′2 (3.7)

are fulfield. In fact, the first equality (3.7) follows from equality of permu-
tations (γ1 ◦ γ2)′ = γ′1 ◦ γ′2, which give equality

(γ1 ◦ γ2)′(s1) = (γ1 ◦ γ2)(s1) = γ1(γ2(s1)) = γ′1(γ′2(s1)) = (γ′1 ◦ γ′2)(s1);

(γ1 ◦ γ2)′(s2) = s2 = γ′1(γ′2(s2)) = (γ′1 ◦ γ′2)(s2) (s1 ≤ m; m+ 1 ≤ s2).
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Second equality from (3.7) follows from the equalities

(as)
φγ′1◦γ

′
2 = a(γ′1◦γ′2)(s) = aγ′1(γ′2(s)) = (aγ′2(s))

φγ′1 = ((as)
φγ′2 )

φγ′1 = a
φγ′1
·φγ′2

s

(s ∈ {1, ..., k}).

So E(H) is closed relative to the composition of endomorphisms and
G ∼= H ∼= E(H), E(H) ⊆ E1(S(k, q)). Theorem 2 is proved. 2

4. Conclusion

It is important to study the automorphisms of groupoids that are not
semigroups and quasigroups because of potential applications in the cryp-
tography. Problems of application of some non-associative groupoids in
cryptography were considered in [3] and other publications.

The results of this paper (Theorem 2) allow us to represent arbitrary
finite monoids as some submonoids of a monoid of endomorphisms of a
groupoid S(k, q). In addition, the solution of Problem 1, formulated as
Theorem 1, gives an example of the study of the monoid of endomorphisms
of a groupoid, which is not a semigroup or quasigroup.

Moreover, it should be noted that studies of endomorphisms of semi-
groups and quasigroups are of interest to modern researchers. The Gn(K)
semigroups’ endomorphisms of invertible non-negative matrices over or-
dered rings with invertible 2 were studied in [9]. Earlier, in [1; 7] automor-
phisms Gn(K) over various ordered rings were studied. An example of the
study of endomorphisms of linear and alinear quasigroups can be found
in [10].
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Эндоморфизмы некоторых группоидов порядка k + k2

А. В. Литаврин

Сибирский федеральный университет, Красноярск, Российская Федерация

Аннотация. Автоморфизмы и эндоморфизмы активно используются в различ-
ных теоретических исследованиях. В частности, теоретический интерес к изучению
автоморфизмов обусловлен возможностью представления элементов фиксированной
группы автоморфизмами некоторой подходящей алгебраической системы. Напри-
мер, в 1946 году Г. Биркгоф показал, что каждая группа является группой всех
автоморфизмов некоторой алгебры. В 1958 году Д. Гроот опубликовал работу, в
которой было установлено, что всякая группа есть группа всех автоморфизмов неко-
торого кольца. М. М. Глуховым и Г. В. Тимофеенко было установлено: всякая конеч-
ная группа изоморфна группе автоморфизмов подходящей конечно-определенной
квазигруппы.

Исследуются эндоморфизмы некоторых конечных группоидов с порождающим
множеством из k элементов и порядком k + k2, не являющихся квазигруппами и
полугруппами при k > 1. Приводится описание всех эндоморфизмов этих группои-
дов как отображений носителя и устанавливаются некоторые структурные свойства
моноида всех эндоморфизмов. Ранее было установлено, что всякая конечная группа
изоморфно вкладывается в группу всех автоморфизмов некоторого подходящего
группоида порядка k + k2 и порождающим множеством из k элементов.

Показано, что для любого конечного моноида G и любого натурального числа
k ≥ |G| будет существовать группоид S с порождающим множеством из k элементов
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и порядком k + k2 такой, что G изоморфен некоторому подмоноиду моноида всех
эндоморфизмов группоида S.

Ключевые слова: эндоморфизм группоида, эндоморфизмы, группоиды, маг-
мы, моноиды.
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