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Abstract. Multioperations are operations from a finite set A to set of all subsets
of A. The usual composition operator leads to a continuum of closed sets. Therefore, the
research of closure operators, which contain composition and other operations becomes
necessary. In the paper, the closure of multioperations that can be obtained using the
operations of adding dummy variables, identifying variables, composition operator, and
operator with the equality predicate branching is studied. We obtain eleven precomplete
closed classes of multioperations of rank 2 and prove the completeness criterion. The
diagram of inclusions for one of the precomplete class is presented.
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1. Introduction

Discrete functions defined on a finite set A and taking values in the set of
subsets of A are widely considered as a generalization of classical functional
systems of k-valued logic. Partial Boolean functions, hyperfunctions, and
multifunctions with respect to the composition operator were studied in [2–
6;12;13;15].

The superposition operator leads, as a rule, to a countable or continuous
classification; therefore, closure operators that generate finite classifica-
tions of functions are of interest. Such operators, in particular, include
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the parametric and positive closure operators [7], the operator with the
equality predicate branching (E-closure operator) [8]. An investigation of
the last operator on the set of Boolean functions, partial Boolean functions
and on the set of functions of k-valued logic can be found in [8–10]. All
E-closed classes for the set of partial Boolean functions were obtained
in [11]. The completeness criterion for the E-closing operator on the set of
hyperfunctions of rank two was proved in [14].

Suppose E2 = {0, 1} and αi ∈ E2, i ∈ {1, . . . , n}; then (α1, α2, . . . , αn)
is called a binary set or just a set and is denoted by α̃. Let n be a length
of α̃. If the length of the binary set α̃ is not indicated, it is determined by
context.

By M2 denote a set of all rank two multioperations, and it defines as
follows

M2,n =
{
f | f : En

2 → 2E2
}
, M2 =

⋃

n

M2,n.

In what follows, we will not distinguish between a set of one element and
an element of this set. For the set E2, we will use the notation ”−” (dash)
and empty set we will denote as ”∗”. Instead of term the ”multioperation”,
sometimes, we will use the word ”operation” if this does not confuse.

The set M2 contains the set of hyperfunctions (H2), the set of partial
Boolean functions (O∗

2), and all Boolean functions (O2):

H2,n =
{
f | f : En

2 → 2E2 \ {∅}
}
, H2 =

⋃

n

H2,n;

O∗
2,n = {f | f : En

2 → E2 ∪ {∅}} , O∗
2 =

⋃

n

O∗
2,n;

O2,n = {f | f : En
2 → E2} , O2 =

⋃

n

O2,n.

The n-variable multioperation f will be represented as a vector
(τ0̃, . . . , τ1̃), where τσ̃ equals to f(σ̃). Such vectors have the form

(
f(0) f(1)

)

and
(
f(0, 0) f(0, 1) f(1, 0) f(1, 1)

)
for unary and binary multioperations

respectively.
Suppose f(x1, . . . , xn), f1(x1, . . . , xm), . . . , fn(x1, . . . , xm) are multiop-

erations.
The g(x1, . . . , xm) is said to be SU -composition of

f
(
f1(x1, . . . , xm), . . . , fn(x1, . . . , xm)

)

if

g(α1, . . . , αm) =
⋃

βi∈fi(α1,...,αm)

f(β1, . . . , βn),

where (α1, . . . , αm) ∈ Em
2 .
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The composition operator defined in that way allows us to find multi-
operation values on the subsets of 2E2 . Moreover, we consider the element
of such sets as a constant function.

Example 1. f(0,−, 1) = f(0, 0, 1) ∪ f(0, 1, 1) and f(0, ∗, 1) = ∗.

We say that the multioperation g(x1, . . . , xn) is obtained from the func-
tions f1(x1, . . . , xn), f2(x1, . . . , xn) using the operator with the equality
predicate branching (E-operator) if for some i, j ∈ {1, . . . , n} the following
relation holds:

g(x1, . . . , xn) =

{
f1(x1, . . . , xn), if xi = xj;

f2(x1, . . . , xn), otherwise.

The set of all multioperations that can be obtained from the set Q ⊆M2

using the operations of adding dummy variables, identifying variables, SU -
composition and E-operator is called ESU -closure of set Q and is denoted
by [Q].

The function obtained by adding dummy variables will be denoted by
the same symbol as the original one. Thus, if g(x) is some multioperation,
then g(x, y) is the operation obtained by adding the dummy variable y. In
the future, we will not discuss this separately.

A set of multioperations that coincides with its closure is called an ESU -
closed class. We say that the set P ⊆ Q generates an ESU -closed class Q
if [P ] = Q. Therefore P is ESU -complete in Q.

The P ⊂ M2 is said to be the precomplete set in M2 if [P ] ⊂ M2, but
[P ∪ f ] =M2 for any f /∈ P .

Let Rm be an m-place predicate on 2E2 of the form

Rm = {(α11, . . . , α1m), (α21, . . . , α2m), . . . (αp1, . . . , αpm)} .

The multioperation f(x1, ..., xn) preserves predicate R
m if for any n sets

(β11, . . . , β1m), . . . , (βn1, . . . , βnm)

from the predicate Rm, the set

(
f(β11, . . . , β1m), . . . , f(βn1, . . . , βnm)

)

belongs to Rm.
Pol R denotes the set of multioperations preserving R. Moreover, m-

place predicate containing n sets will be set by a m × n matrix, in which
the columns are sets from the predicate.

In the general case, the set of multioperations preserving a particular
predicate is not necessarily closed with respect to composition. But the
following lemma holds.
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Lemma 1. If the operation f is obtained by a composition of operations
g, g1, . . ., gm that preserve some predicate R, then operation f on binary
sets from R will necessarily return a set (not necessarily binary) from the
predicate.

2. ESU -closed classes

Consider the following 11 sets of multioperations:
K1 = {f | f(0, . . . , 0) ∈ {0,−}}; K2 = {f | f(1, . . . , 1) ∈ {1,−}};
K3 = {f | f(0, . . . , 0) ∈ {0, ∗}}; K4 = {f | f(1, . . . , 1) ∈ {1, ∗}};
K5 = O∗

2; K6 = H2; K7 = {f | f(α̃) ∈ {∗, 1,−}};

K8 = {f | f(α̃) ∈ {∗, 0,−}}; K9 = PolR9; R9 =

(
0 1 ∗ −
1 0 ∗ −

)
;

K10 = PolR10; R10 =

(
0 1 ∗ ∗ ∗ ∗ 0 1 −
1 0 0 1 − ∗ ∗ ∗ ∗

)
;

K11={f | ∗∈f(0, . . . , 0)∪f(1, . . . , 1) or f(0, . . . , 0)=0 and f(1, . . . , 1)=1}.

Theorem 1. The sets K1 −K11 are ESU -closed.

Proof. It is easily proved that the sets K1 −K8 are ESU -closed.
Consider the set K9. Let multioperations f, f1, . . . , fm preserve R9 and

multioperation

g(x1, . . . , xm) = f(f1(x1, . . . , xn), . . . , fm(x1, . . . , xn))

does not preserve the predicate R9. Then

g

(
0 1 −
1 0 −

)
∩

{
0 1 ∗ ∗ ∗ − − 0 1 − 0 1
0 1 0 1 − 0 1 ∗ ∗ ∗ − −

}
6= ∅.

Therefore

g

(
0 1
1 0

)
∩

{
0 1 ∗ ∗ ∗ − − 0 1 − 0 1
0 1 0 1 − 0 1 ∗ ∗ ∗ − −

}
6= ∅.

But this contradicts Lemma 1.
Consider the operator of equality predicate branching for K9.
Let

g(x1, . . . , xm) =

{
f1(x1, . . . , xm), if xi = xj ;

f2(x1, . . . , xm), otherwise.

Suppose that g does not preserve the predicate R9, so

g

(
0 1
1 0

)
∩

{
0 1 ∗ ∗ ∗ − − 0 1 − 0 1
0 1 0 1 − 0 1 ∗ ∗ ∗ − −

}
6= ∅.
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We see that in 2 × 12 matrix the elements in (1, i) and (1, j) positions
coincide if and only if they coincide in (2, i) and (2, j) positions.

Thus, g

(
0 1
1 0

)
coincides with f1

(
0 1
1 0

)
or coincides with f2

(
0 1
1 0

)
.

It contradicts the fact that f1 and f2 preserve R9.
The ESU -closure of the remaining sets is verified similarly.

Theorem 2. For all K1, . . . ,K11 if i 6= j, then Ki 6⊆ Kj .

Proof. The validity of the statement follows from Table 1. There is an
unary multioperation f at the i-th row and the j-th column in the table
such that f ∈ Ki and f 6∈ Kj .

Table 1

The pairwise difference of sets K1 −K11

K1 K2 K3 K4 K5 K6 K7 K8 K9 K10 K11

K1 × 0∗ −− −− −− 0∗ 00 01 00 00 00
K2 ∗1 × 11 −− −− ∗1 01 01 11 −− −−
K3 ∗∗ 00 × 0− 0− ∗∗ 00 01 00 0− 00
K4 ∗∗ ∗∗ 11 × −1 ∗∗ 01 01 11 11 11
K5 ∗∗ ∗∗ 11 00 × ∗∗ 01 01 11 11 11
K6 11 00 11 00 −− × 00 11 00 −− −−
K7 ∗∗ ∗∗ −− −− −− ∗∗ × 11 11 11 − 1
K8 ∗∗ 00 −− −− −− ∗∗ 00 × 00 00 00
K9 10 10 10 10 −− ∗∗ 01 01 × −− −−
K10 ∗∗ ∗∗ 10 10 ∗− ∗∗ 01 01 −∗ × 10
K11 ∗∗ ∗∗ 1∗ ∗0 ∗− ∗∗ 01 01 −∗ 0111 ×

3. Completeness criterion

Let fKi
be a multioperation that does not belong to Ki (i ∈ {1, . . . , 11}).

Lemma 2. [0, 1, fK5 , fK6 ] =M2.

Proof. Obviously, [0, 1, ∗,−] ⊆ [0, 1, fK5 , fK6 ]. In paper [9] it is proved that
[0, 1, ∗] = O∗

2. In [1] it is shown that the set O∗
2 is precomplete in M2 with

respect to the composition operator. Thus, the lemma is proved.

Lemma 3. If g1(x) = (−−), g2(x) = (10), then [g1, g2, fK5 , fK6 , fK9 ]=M2.

Proof. Substitute g1(x) and g2(x) into the multioperation fK9 . Consider
the cases when we obtain multioperations u1(x) = (0−) and u2(x) = (−∗).
The other cases reduce to this one or Lemma 2.
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Let v(x1, x2) = g2(x2, x2). Substituting u2 and g2 in v we get

v(u2(x2), g2(x2)) = g2(u2(x2), g2(x2)) = (0∗).

Using the multioperations g1 and (0∗) it is easy to get a constant 0.
Substitute g2(x) into the multioperation fK6 . We get four operations

s1(x) = (0∗), s2(x) = (1∗), s3(x) = (−∗), s4(x) = (∗∗). Consider the last
one. Using the equality predicate branching operator we get

t(x1, x2) =

{
g2(x1), if x1 = x2;

s4(x1), otherwise;
= (1 ∗ ∗ 0).

Thus we have t((0−)(x2), (−0)(x2)) = (11). Now, by Lemma 2, we obtain
that [g1, g2, fK5 , fK6 , fK9 ] is complete in M2.

Lemma 4. If g1(x)= (−−), g2(x)= (11). Then [g1, g2, fK2 , fK5 , fK6 , fK7 ]
is complete in M2.

Proof. It is enough to obtain the constant 0 and use Lemma 2.
The composition fK2(1, . . . , 1) defines the unary operation v1 = (00) or

v2 = (∗∗). There is a binary set (α1, . . . , αn) for the multioperation fK7

such that fK7(α1, . . . , αn) = 0.
Let h(x) = fK7(u1(x), . . . , un(x)) and

ui(x) =

{
xi, if αi = 0;

1, if αi = 1.

Then h(x) is one of the following operations:

t1 = (00), t2 = (0∗), t3 = (01), t4 = (0−).

Clearly, t2(g1(x)) = 0, therefore, it remains to consider two cases for t3
and t4.

Let

p(x1, x2) =

{
v2(x1), if x1 = x2;

t3(x1) (or t4(x1)), otherwise.

The composition p(g1(x2), g2(x2)) defines the constant 0.

Lemma 5. If g1(x) = (−−), g2(x) = (1−), then [g1, g2, fK2 , fK5 , fK6 , fK7 ]
is complete in M2.

Proof. It is enough to obtain constant 0 or constant 1. One of 8 unary
multioperations can be obtained by identifying variables in fK2 :

h1 = (00), h2 = (∗0), h3 = (0∗), h4 = (1∗),

h5 = (10), h6 = (−0), h7 = (∗∗), h8 = (−∗).
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The first four cases allow us to obtain the necessary constant.
Consider h5 = (10). In this case, we have following operations g3(x) =

(0−), g4(x) = (−0), and g5(x) = (−1). There is a binary set (α1, . . . , αn)
for the multioperation fK6 such that fK6(α1, . . . , αn) = ∗. Let us consider
cases when a composition with an external operation fK6 and internal h5
(or variables identification) defines unary operations t1(x) = (∗∗) or t2(x) =
(∗−).

Using the equality predicate branching operator from multioperations
(1010) and (∗ ∗ ∗ ∗) we obtain u(x1, x2) = (1 ∗ ∗ 0). Superposition
u(g3(x2), g4(x2)) defines the constant 1. To conclude the proof, it remains
to note that h5(t2(x2), g5(x2)) = (∗0).

Lemma 6. If g1(x) = (−−), g2(x) = (00), then [g1, g2, fK2 , fK5 , fK6 , fK9 ]
is complete in M2.

Proof. The proof of this statement is similar to the proof of Lemma 4.

Lemma 7. If g1(x) = (−−), g2(x) = (∗∗), then [g1, g2, fK2 , fK5 , fK6 , fK7 ]
is complete in M2.

Proof. By identifying variables in fK7 , we can obtain a multioperation
h(x1, x2) such that on the binary sets (01) and (10) it takes one of the
following four values: (00), (01), (0∗), (0−).

Let

t(x1, x2) =

{
∗, if x1 = x2;

h(x1, x2), otherwise.

Superposition t(x1, g1(x1)) defines unary multioperation p(x) = (0β), where
β ∈ {0, ∗, 1,−}. In the first two cases the validity of the statement follows
from Lemma 6. Consider p1(x) = (01) and p2(x) = (0−).

Using the equality predicate branching operator from multioperations
p1(x2) and (∗ ∗ ∗ ∗) we obtain (∗10∗). Superposition (∗10∗)(p1(x1), g1(x1))
defines multioperation (10). Hence, the set [g1, g2, fK2 , fK5 , fK6 , fK7 ] is com-
plete by Lemma 3.

Similarly, from p2 and ∗ we get multioperation (∗ − 0 ∗). Superposition
(∗ − 0 ∗)(x1, p2(x1)) defines multioperation (∗0). Then we obtain (∗ 0 ∗
0)(p2(x2), g1(x2)) = (00). Finally, we have Lemma 6.

Lemma 8. If g1(x) = (−−), g2(x) = (∗−), then [g1, g2, fK2 , fK5 , fK6 , fK7 ]
is complete in M2.

Proof. Using the ideas and techniques from Lemma 7, we can obtain mul-
tioperation (0−).

Theorem 3. A set of multioperations R is ESU -complete if and only if it
is not contained entirely in any of the classes K1 −K11.
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Proof. One of 8 unary multioperations can be obtained by identifying vari-
ables in fK11 :

f1K11
= (−−), f2K11

= (00), f3K11
= (11), f4K11

= (10),

f5K11
= (0−), f6K11

= (−1), f7K11
= (−0), f8K11

= (1−).

Since f7K11
(f7K11

(x)) = (−−) and f8K11
(f8K11

(x)) = (−−), then it is enough
to consider the first six operations.

Case 1. Consider f1K11
= (−−). By identifying variables in fK1 , we can

obtain one of the following unary multioperations: (10), (11), (1∗), (1−),
(∗0), (∗1), (∗∗), (∗−).

It is clearly that it is enough to consider only six pairs of multioperations:

{(10), (−−)} {(11), (−−)} {(1−), (−−)}
{(00), (−−)} {(∗∗), (−−)} {(∗−), (−−)}.

However, we have Lemmas 3–8 for all these pairs.
Let us remark that (∗1)(−−)(x) = (11) and (∗0)(−−)(x) = (00).
Case 2. Consider f2K11

= (00). Superposition fK3 and f2K11
defines

multioperation (11) or (−−).
It follows from Lemma 2 that the set {(00), (11)} is complete inM2. For

the set of multioperations {(00), (−−)} we use Lemma 6.
Case 3. Consider f3K11

= (11). Superposition fK4 and f3K11
define

multioperation (00) or (−−).
For sets {(00), (11)} and {(11), (−−)} we use Lemma 2 and Lemma 4

respectively .
Case 4. Consider f4K11

= (10). There are a pair of binary sets (α̃) and

(α̃) for the multioperation fK10 such that
(
fK10(α̃)fK10(α̃)

)
∈ {(00), (11),

(0−), (−0), (1−), (−1), (11)}.
Substitute (10) into the multioperation fK10 .We obtain one of the follow-

ing unary multioperations: (00), (11), (0−), (−0), (1−), (−1), (−−). Using
ideas from cases 1–3 for these multioperations, we complete the proof.

Case 5. Consider f5K11
= (0−). Note that fK3(0, . . . , 0) ∈ {1,−}. There-

fore we have fK3(f
5
K11

) ∈ {(11), (1−), (−−)}. As above, we use ideas from
cases 1–3.

Case 6. Consider f6K11
= (−1). We have fK4(1, . . . , 1) ∈ {0,−}. Then

we can obtain fK4(f
6
K11

) ∈ {(00), (−0), (−−)} and use cases 1–3.
This completes the proof of the main theorem.

4. ESU -closed subsets of K9

In this section, we show that precomplete set K9 consists of 20 ESU -
closed subsets.
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Lemma 9. Any ESU -closed class from M2 is generated by the set of all
its multioperations depending on at most two variables.

Proof. This Lemma can be proved by methods of the corresponding state-
ment from [9].

According to the previous Lemma, it can be easily checked that K9

contains the following 16 multioperations only:

K9 =
{
(∗ ∗ ∗ ∗), (∗ − −∗), (∗01∗), (∗10∗), (− ∗ ∗−), (− −−−),

(−01−), (−10−), (0 ∗ ∗1), (0 −−1), (0011), (0101),

(1 ∗ ∗0), (1 −−0), (1010), (1100)
}

Lemma 10. [(∗ ∗ ∗ ∗), (1 −−0)] = K9.

Proof. To prove Lemma, we obtain the remaining 14 multioperations using
g1(x, y) = (∗ ∗ ∗ ∗) and g2(x, y) = (1−−0).

We get

(−−−−) = g2(x, g2(x, y)); (10) = g2(x, x); (01) = g2(g2(x, x)).

All other multioperations in K9 are obtained from the following consid-
eration. Let f1 = (α1α2α3α4) and f2 = (β1β2β3β4). If f1, f2 ∈ K9, then we
can obtain f3 = (α1β2β3α4) and f4 = (α1α3α2α4), where f3, f4 ∈ K9.

Let P1 = {f | f(0, . . . , 0) ∈ {∗} and P2 = {f | f(0, . . . , 0) ∈ {−}}. It is
easy to prove that P1 and P2 are ESU -closed sets.

Now consider the following 20 subsets of K9.
S1 = {(∗ ∗ ∗∗)}; S2 =

{
(− −−−)

}
; S3 =

{
(∗ ∗ ∗∗), (∗ − −∗)

}
;

S4 =
{
(0011), (0101)

}
; S5 =

{
(− ∗ ∗−), (− −−−)

}
;

S6 =
{
(∗ ∗ ∗∗), (∗01∗), (∗10∗)

}
; S7 =

{
(0 ∗ ∗1), (0011), (0101)

}
;

S8 =
{
(0−−1), (0011), (0101)

}
; S9 =

{
(−−−−), (−01−), (−10−)

}
;

S10 =
{
(0011), (0101), (1010), (1100)

}
;

S11 =
{
(∗ ∗ ∗∗), (∗ − −∗), (− ∗ ∗−), (− −−−)

}
;

S12 =
{
(∗ ∗ ∗∗), (∗ − −∗), (∗01∗), (∗10∗)

}
;

S13 =
{
(0 ∗ ∗1), (0 −−1), (0011), (0101)

}
;

S14 =
{
(− ∗ ∗−), (− −−−), (−01−), (−10−)

}
;

S15 =
{
(∗ ∗ ∗∗), (∗01∗), (∗10∗), (0 ∗ ∗1), (0011), (0101)

}
;

S16 =
{
(−−−−), (−01−), (−10−), (0 −−1), (0011), (0101)

}
;

S17 =
{
(∗ ∗ ∗∗), (∗ − −∗), (∗01∗), (∗10∗), (0 ∗ ∗1), (0 −−1), (0011), (0101)

}
;

S18 =
{
(− ∗ ∗−), (− −−−), (−01−), (−10−), (0 ∗ ∗1), (0 −−1),

(0011), (0101)
}
;

S19 =
{
(∗ ∗ ∗∗), (∗01∗), (∗10∗), (0 ∗ ∗1), (0011), (0101), (1 ∗ ∗0),

(1010), (1100)
}
;

S20 =
{
(−−−−), (−01−), (−10−), (0 −−1), (0011), (0101),

(1−−0), (1010), (1100)
}
;
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Theorem 4. The sets S1 − S20 are ESU -closed.

Proof. It is evident that S1, S2, S3, S4, and S5 are ESU -closed. Matveev
in [11] proved the ESU -closure of S6, S7, S10, S15, and S19. We define the
remaining sets as intersections of known ESU -closed classes.

S8 = K1 ∩K3 ∩K6 ∩K9; S9 = P2 ∩K6 ∩K9;
S11 = K7 ∩K9; S12 = P1 ∩K9;
S13 = K1 ∩K3 ∩K9; S14 = P2 ∩K9;
S16 = K1 ∩K6 ∩K9; S17 = K3 ∩K9;
S18 = K1 ∩K9; S20 = K6 ∩K9.

It proves that all S1 − S20 are ESU -closed.

Remark 1. Closed sets from [11] can be represented as follows.

S6 = P1 ∩K3 ∩K5 ∩K9; S7 = K1 ∩K3 ∩K5 ∩K9;
S10 = K5 ∩K6 ∩K9; S15 = K3 ∩K5 ∩K9;
S19 = K5 ∩K9.

Lemma 11. Let Q be an any ESU -closed subset of K9. Let g(x) be an
unary multioperation obtained by identifying variables of some

f(x1, . . . , xn) ∈ Q.

Then g(x) can be one of the following three multioperations:

g(x) = (01), g(x) = (∗∗), g(x) = (−−).

Proof. Consider f(x1, . . . , xn) ∈ Q. Since Q ⊂ K9, it follows that f ∈
Pol R9. Therefore,

f(x, . . . , x) ∈
{
(∗∗), (−−), (01), (10)

}
.

However (01)(x) = (10)(10)(x).

Corollary 1. There are three minimal subsets of K9 only.

In the following lemmas, we will keep in mind that the sets under
consideration are precomplete only in given sets.

Lemma 12. S11 is an ESU -precomplete set in Q iff [Q] = K9.

Proof. Since (∗ ∗ ∗∗) ∈ S11, we need to obtain the multioperation (1−−0).
We consider various cases for fS11 .

Let fS11 = (1α1α20), where α1, α2 ∈ {∗, 0, 1,−}. Hence,

(1−−0) =

{
fS11(x, y), if x = y;

(− −−−)(x, y), otherwise.
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For the set of multioperations {(∗ ∗ ∗∗), (1 −−0)} we use Lemma 10.
Let fS11 = (0α1α21), where α1, α2 ∈ {∗, 0, 1,−}. Now we obtain

(∗01∗) =

{
(∗ ∗ ∗∗)(x, y), if x = y;

fS11(x, x), otherwise;

and
(1β1β20) = (∗01∗)

(
(−−−−)(x, y), fS11(x, x)

)
,

where β1, β2 ∈ {∗, 0, 1,−}. Then we use the previous case.
Let fS11 = (α101α2), where α1, α2 ∈ {∗,−}. We obtain

(∗01∗) =

{
(∗ ∗ ∗∗)(x, y), if x = y;

fS11(x, y), otherwise;

and
(1 ∗ ∗0) = (∗01∗)

(
(− ∗ ∗−)(x, y), x

)
.

Then we use the previous case.
Finally, let fS11 = (α110α2), where α1, α2 ∈ {∗,−}. We can obtain

(α101α2) = fS11

(
y, x

)
.

This completes the proof.

Lemma 13. S17 is an ESU -precomplete set in Q iff [Q] = K9.

Proof. Since (∗ ∗ ∗∗) ∈ S17, we need to obtain the multioperation (1−−0).
Let fS17 = (1α1α20), where α1, α2 ∈ {∗, 0, 1,−}. Then

(1−−0) =

{
fS17(x, y), if x = y;

(∗ − −∗)(x, y), otherwise.

Now we get ESU -complete set in K9.
Let fS17 = (−α1α2−), where α1, α2 ∈ {∗, 0, 1,−}. Using the operator

with the equality predicate branching, we get (− ∗ ∗−) and then

(1 ∗ ∗0) = (∗01∗)
(
(− ∗ ∗−)(x, y), x

)
.

Finally, we use ideas from Lemma 12.

Lemma 14. S18 is an ESU -precomplete set in Q iff [Q] = K9.

Proof. Let fS18 = (∗α1α2∗), where α1, α2 ∈ {∗, 0, 1,−}. The multioperation
(∗∗) can be obtained by identifying variables in fS18 . Using the operator
with the equality predicate branching, we obtain (∗01∗) and then we use
ideas from the final part of Lemma 12.

Let fS18 = (1α1α20), where α1, α2 ∈ {∗, 0, 1,−}. Then we obtain

(∗β1β2∗) = (0 ∗ ∗ 1)
(
x, fS18(x, y)

)

and use the previous case.
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Lemma 15. S19 is an ESU -precomplete set in Q iff [Q] = K9.

Proof. The multioperation (−−) can be obtained by identifying variables
in fS19 . Using (1 ∗ ∗ 0), we get

(1−−0) =

{
(1 ∗ ∗ 0), if x = y;

(−−)(x), otherwise.

Lemma 16. S20 is an ESU -precomplete set in Q iff [Q] = K9.

Proof. The proof is trivial.

Lemma 17. S12 is an ESU -precomplete set in Q iff [Q] = S17.

Proof. Note that S12 contains four multioperations from S17. Let fS12 =
(0α1α21), where α1, α2 ∈ {∗, 0, 1,−}. Using the operator with the equality
predicate branching, we can get the remaining four multioperations.

If fS12 = (−α1α2−), then using E-operator, we obtain the whole set of
S11 and some other operations. By Lemma 12, we get K9.

If fS12 = (1α1α20), then using E-operator, we obtain the whole set of
S19 and some other operations. So, by Lemma 15, we get K9.

Lemma 18. S15 is an ESU -precomplete set in Q iff [Q] = S17 or
[Q] = S19.

Proof. Consider cases for fS15 .
Case 1. Let fS15 /∈ K3 and fS15 /∈ K5. If fS15 = (1−−0), then we have a

complete set for K9. If fS15 = (−α1α2−), where α1, α2 ∈ {∗, 0, 1,−}, then
using E-operator, we obtain the whole set of S11. Therefore we get K9.

Case 2. Let fS15 ∈ K3 and fS15 /∈ K5. If fS15 = (0−−1), then we obtain
(∗ − − ∗). It gives us S17. Similarly, for fS15 = (∗ − − ∗) we obtain S17.

Case 3. Let fS15 /∈ K3 and fS15 ∈ K5. Let fS15 = (1α1α20), where
α1, α2 ∈ {∗, 0, 1}. Using E-operator, we obtain the whole set of S19.

Lemma 19. S13 is an ESU -precomplete set in Q iff [Q] = S17 or
[Q] = S18.

Proof. Case 1. Let fS13 /∈ K1 and fS13 /∈ K3. Let fS13 = (1α1α20), where
α1, α2 ∈ {∗, 0, 1,−}, then we obtain

(∗β1β2∗) = (0 ∗ ∗1)
(
x, fS13(x, y)

)

and

(1−−0) =

{
fS13(x, y), if x = y;

(0−−1)(x, y), otherwise;

Therefore we get K9.
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Case 2. Let fS13 ∈ K1 and fS13 /∈ K3. Let fS13 = (−α1α2−), where
α1, α2 ∈ {∗, 0, 1,−}. Using E-operator, we can get the remaining four
multioperations for S17.

Case 3. Let fS13 /∈ K1 and fS13 ∈ K3. Let fS13 = (∗α1α2∗), where
α1, α2 ∈ {∗, 0, 1,−}. Using E-operator, we can get the remaining four
multioperations for S18.

Lemma 20. S14 is an ESU -precomplete set in Q iff [Q] = S18.

Proof. Case 1. Let fS14 /∈ P2 and fS14 ∈ K1. Let fS14 = (0α1α21), where
α1, α2 ∈ {∗, 0, 1,−}. Using E-operator, we can get the remaining four
multioperations for S18.

Case 2. Let fS14 /∈ K1. If fS14 = (∗α1α2∗), then using E-operator we
obtain the whole set of S11. Adding (−01−) to S11, we get K9.

If fS14 = (1α1α20), where α1, α2 ∈ {∗, 0, 1,−}, then we obtain

(∗β1β2∗) = (− ∗ ∗−)
(
x, fS14(x, y)

)

and

(1−− 0) =

{
fS14(x, y), if x = y;

(− −−−)(x, y), otherwise.

Therefore we get K9.

Lemma 21. S16 is an ESU -precomplete set in Q iff [Q] = S18 or
[Q] = S20.

Proof. Consider the various cases for fS16 .
Case 1. Let fS16 /∈ K1 and fS16 /∈ K6. If fS16 = (1 ∗ ∗ 0), then we obtain

(∗ ∗ ∗ ∗) = fS16

(
x, fS16(x, y)

)

and

(1−− 0) =

{
fS16(x, y), if x = y;

(0−−1)(x, y), otherwise.

Therefore we get K9.
If fS16 = (∗α1α2∗), where α1, α2 ∈ {∗, 0, 1}. The multioperation (∗∗)

can be obtained by identifying variables in fS16 . Using (0101), we get

(∗10∗) =

{
fS16(x, y), if x = y;

(0101)(x, y), otherwise;

and
(1−− 0) = (∗10∗)

(
(0−− 1)(x, y), (− −−−)(x, y)

)
.

Now we get K9.
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Case 2. Let fS16 ∈ K1 and fS16 /∈ K6. Let fS16 = (0∗∗1), then we obtain
(− ∗ ∗−). It gives us S18.

Case 3. Let fS16 /∈ K1 and fS16 ∈ K6. Let fS13 = (1α1α20), where
α1, α2 ∈ {0, 1,−}. Using E-operator, we can get the remaining three mul-
tioperations for S20.

Proposition 1. [(1 ∗ ∗0)] = S19.

Proposition 2. [(1−−0)] = S20.

Propositions 1 and 2 were proved in [11] and [14] respectively.

Lemma 22. S10 is an ESU -precomplete set in Q iff [Q] = S19 or
[Q] = S20.

Proof. Consider the various cases for fS10 .
Case 1. Let fS10 /∈ K5 and fS10 /∈ K6. If fS10 = (−∗∗−), then we obtain

(∗ ∗ ∗ ∗) = fS10

(
x, (1100)(x, y)

)
.

Moreover,

(−10−) =

{
fS10(x, y), if x = y;

(1100)(x, y), otherwise;

and
(1−− 0) = (−10−)

(
x, (1010)(x, y)

)
.

It follows that we get K9.
If fS10 = (∗ − − ∗). The multioperation (∗∗) can be obtained by identi-

fying variables in fS10 . Using (1010), we get

(1−− 0) =

{
(1010)(x, y), if x = y;

fS10(x, y), otherwise.

Now we get K9.
Case 2. Let fS10 ∈ K5 and fS10 /∈ K6. If fS10 = (∗α1α2∗), where

α1, α2 ∈ {∗, 0, 1}. The multioperation (∗∗) can be obtained by identifying
variables in fS10 . Moreover,

(1 ∗ ∗ 0) =

{
(1010)(x, y), if x = y;

(∗∗)(x), otherwise.

Thus we have ESU -complete set for S19 (see Proposition 1).
Trivially, if fS10 = (0 ∗ ∗1) or fS10 = (1 ∗ ∗0) we get S19.
Case 3. Let fS10 /∈ K5 and fS10 ∈ K6. This case is similar to the previous

one. Using Proposition 2, we get S20.
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Lemma 23. The following statements are true.

1) S1 is an ESU -precomplete set in Q iff [Q] = S3 or [Q] = S6;

2) S2 is an ESU -precomplete set in Q iff [Q] = S5 or [Q] = S9;

3) S3 is an ESU -precomplete set in Q iff [Q] = S11 or [Q] = S12;

4) S4 is an ESU -precomplete set in Q iff [Q] = S7, or [Q] = S8, or
[Q] = S10;

5) S5 is an ESU -precomplete set in Q iff [Q] = S11 or [Q] = S14;

6) S6 is an ESU -precomplete set in Q iff [Q] = S12 or [Q] = S15;

7) S7 is an ESU -precomplete set in Q iff [Q] = S13 or [Q] = S15;

8) S8 is an ESU -precomplete set in Q iff [Q] = S13 or [Q] = S16;

9) S9 is an ESU -precomplete set in Q iff [Q] = S14 or [Q] = S16.

The proof is omitted. It uses the ideas and techniques from previous
Lemmas.

Theorem 5. The ESU -precomplete set K9 consists of 20 ESU -closed
subsets.

In conclusion, we present the structure of K9 in diagram 1.

Figure 1. ESU -closed subsets of K9
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5. Conclusion

In this paper, we considered precomplete ESU -closed classes of multi-
operations defined on a 2-element set. The next steps are to obtain all
ESU -closed classes of M2 and to determine properties of multioperations
defined on a 3-element set.
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Критерий полноты для оператора замыкания с разветв-
лением по предикату равенства на множестве мультиопе-
раций ранга 2

В. И. Пантелеев, Л. В. Рябец

Аннотация. Мультиоперации представляют отображения, задаваемые на ко-
нечном множестве и возвращающие в качестве своих значений все подмножества
рассматриваемого множества. Оператор суперпозиции приводит к континууму за-
мкнутых множеств. Поэтому возникает необходимость рассмотрения операторов
замыкания, которые наряду с суперпозицией содержат другие операции. В рабо-
те рассматривается замыкание мультиопераций, полученное применением операто-
ра суперпозиции, основанной на объединении, оператора разветвления по преди-
кату равенства. Для мультиопераций, задаваемых на двухэлементном множестве,
указаны все предполные множества, сформулирован и доказан критерий полноты.
Приведена диаграмма включений замкнутых классов для одного из предполных
классов.

Ключевые слова: замыкание, предикат равенства, мультиоперация, замкнутое
множество, суперпозиция, критерий полноты.

Список литературы
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